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PREFACE 


In accordance with the tradition which allows an author to make his preface 
serve rather as an epilogue, I submit that my aim has been to introduce the 
student into the field of Ordinary Differential Equations, and thereafter to 
guide him to this or that standpoint from which he may see the outlines 
of unexplored territory. Naturally, I have not covered the whole domain 
of the subject, but have chosen a path which I myself have followed and 
found interesting. If the reader would pause at any point where I have 
hurried on, or if he would branch off into other tracks, he may seek 
guidance in the footnotes. In the earlier stages I ask for little outside 
knowledge, but for later developments I do assume a growing familiarity 
with other branches of Analysis. 

For some time I have felt the need for a treatise on Differential Equations 
whose scope would embrace not merely that body of theory which may now 
be regarded as classical, but which would cover, in some aspects at least, 
the main developments which have taken place in the last quarter of a 
century. During this period, no comprehensive treatise on the subject has 
been published in England, and very little work in this particular field has 
been carried out; while, on the other hand, both on the Continent and in 
America investigations of deep interest and fundamental importance have 
been recorded. The reason for this neglect of an important branch of 
Analysis is that England has but one school of Pure Mathematics, which 
implies a high development in certain fields and a comparative neglect of 
others. To spread the energies of this school over the whole domain of 
Pure Mathematics would be to scatter and weaken its forces ; consequently 
its interests, which were at no time particularly devoted to the subject of 
Differential Equations, have now turned more definitely into other channels, 
and that subject is denied the cultivation which its importance deserves. 
The resources of those more fortunate countries, in which several schools 
of the first rank flourish, are adequate to deal with all branches of 
Mathematics. For this reason, and because of more favourable traditions, 
the subject of Differential Equations has not elsewhere met with the neglect 
which it has suffered in England. 

In a branch of Mathematics with a long history behind it, the prospective 
investigator must undergo a severer apprenticeship than in a field more 
recently opened. This applies in particular to the branch of Analysis which 
lies before us, a branch in which the average worker cannot be certain of 
winning an early prize. Nevertheless, the beginner who has taken the pains 
to acquire a sound knowledge of the broad outlines of the subject will find 
manifold opportunities for original work in a special branch. For instance, 
I may draw attention to the need for an intensive study of the groups of 
functions defined by classes of linear equations which have a number of 
salient features in common. 

Were I to acknowledge the whole extent of my indebtedness to others, 
I should transfer to this point the bibliography which appears as an appendix. 
But passing over those to whom I am indebted through their published 
work, I feel it my duty, as it is my privilege, to mention two names in 
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particular. To the late Professor George Chrystal I owe my introduction 
to the subject; to Professor E. T. Whittaker my initiation into research 
and many acts of kind encouragement. And also I owe to a short period of 
study spent in Paris, a renewal of my interest in the subject and a clarifying 
of the ideas which had been dulled by war-time stagnation. 

In compiling this treatise, I was favoured with the constant assistance 
of Mr. B. M. Wilson, who read the greater part of the manuscript and criticised 
it with helpful candour. The task of proof-correction had hardly begun 
when I was appointed to my Chair in the Egyptian University at Cairo, 
and had at once to prepare for the uprooting from my native country and 
transplanting to a new land. Unassisted I could have done no more than 
merely glance through the proof-sheets, but Mr. S. F. Grace kindly took the 
load from my shoulders and read and re-read the proofs. These two former 
colleagues of mine have rendered me services for which I now declare myself 
deeply grateful. My acknowledgments are also due to those examining 
authorities who have kindly allowed me to make use of their published 
questions ; it was my intention to add largely to the examples when the 
proof stage was reached, but the circumstances already mentioned made 
this impossible. And lastly, I venture to record my appreciation of the 
consideration which the publishers, Messrs. Longmans, Green and Co., never 
failed to show, a courtesy in harmony with the traditions of two hundred 

ears. 
r If this book is in no other respect worthy of remark, I can claim for it 
the honour of being the first to be launched into the world by a member of 
the Staff of the newly-founded Egyptian University. In all humility I 
trust that it will be a not unworthy forerunner of an increasing stream of 
published work bearing the name of the Institution which a small band of 
enthusiasts hopes soon to make a vigorous outpost of scientific enquiry. 


E. L. INCE. 


HELIOPOLIS, 
December, 1926. 
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CHAPTER I 


INTRODUCTORY 


1:1. Definitions.—The term equatio differentialis or differential equation 
was first used by Leibniz in 1676 to denote a relationship between the 
differentials dæ and dy of two variables œ and y.* Such a relationship, in 
general, explicitly involves the variables æ and y together with other symbols 
a, b, c, . . . which represent constants. 

This restricted use of the term was soon abandoned ; differential equations 
are now understood to include any algebraical or transcendental equalities 
which involve either differentials or differential coefficients. It is to be under- 
stood, however, that the differential equation is not an identity.t 

Differential equations are classified, in the first place, according to the 
number of variables which they involve. An ordinary differential equation 
expresses a relation between an independent variable, a dependent variable 
and one or more differential coefficients of the dependent with respect to 
the independent variable. A partial differential equation involves one 
dependent and two or more independent variables, together with partial 
differential coefficients of the dependent with respect to the independent 
variables. A total differential equation contains two or more dependent 
‘variables together with their differentials or differential coefficients with 
respect to a single independent variable which may, or may not, enter 
explicitly into the equation. 

The order of a differential equation is the order of the highest differential 
coefficient which is involved. When an equation is polynomial in all the 
differential coefficients involved, the power to which the highest differential 
coefficient is raised is known as the degree of the equation. When, in an 
ordinary or partial differential equation, the dependent variable and its 
derivatives occur to the first degree only, and not as higher powers or products, 
the equation is said to be linear. The coefficients of a linear equation are 
therefore either constants or functions of the independent variable or variables. 

Thus, for example, 

d*y 


a tye 


is an ordinary linear equation of the second order ; 
dy 
ee = 
(a+y)* = 
is an ordinary non-linear equation of the first order and the first degree ; 


* A historical account of the early developments of this branch of mathematics will 
be found in Appendix A. 
+ An example of a differential identity is : 
” a A dy\? d'w „d'y d*x 
(a) ta) aye tae ay? 


this is, in fact, equivalent to : 
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dy\*)' ody 

+z t= de? 

is an ordinary equation of the second order which when rationalised by squaring 
both members is of the second degree ; 


is a linear partial differential equation of the first order in two independent variables ; 
or see Oy 
Dat ay? tot T 
is a linear partial differential equation of the second order in three independent 
variables ; 
0% 0% / 0% 2z N =0 We 
Oa?” Oy? aco Owoy 
is a non-linear partial differential equation of the second order and the second 
degree in two independent variables ; 
udæ +-vdy +-wdz=0, 
where u, v, and w are functions of a, y and z, is a total differential equation of the first 
order and the first degree, and 
æ? dæ? + 2eydady +-y*dy*? —z*dz?=0 
is a total differential equation of the first order and the second degree. 
In the case of a total differential equation any one of the variables may be regarded 
as independent and the remainder as dependent, thus, taking x as independent 


variable, the equation 
uda -+-vdy +wdz =0 
may be written 


upo I + we = 0, 


or an auxiliary variable t may be introduced and the original variables regarded as 
functions of t, thus 


dy |, dz _ 


1:2. Genesis of an Ordinary Differential Equation.—Consider an equation 


(A) I, Yo Cty Cg; ~~ +5 O,)=0, 
in which g and y are variables and c4, c2, . - ., €» are arbitrary and independent 
constants. This equation serves to determine y as a function of æ; strictly 
speaking, an n-fold infinity of functions is so determined, each function 
corresponding to a particular set of values attributed to c1, C2, . . ., Cp 
Now an ordinary differential equation can be formed which is satisfied by 
every one of these functions, as follows. 

Let the given equation be differentiated n times in succession, with respect 
to x, then n new equations are obtained, namely, 


OE SR 

ôx yi bin 
ar CPC: aa! OR N 
da? exo! + a 4 uT =e 


or 
Be laa 


ox” 
where 
2 n 
y= 4, y'=, AT yn UY 
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Each equation is manifestly distinct from those which precede it ; * 
from the aggregate of n+1 equations the n arbitrary constants c1, C2, . © «, Cn 
can be eliminated by algebraical processes, and the eliminant is the differential 
equation of order n : 


Peu U Fh sing YM =O: 

It is clear from the very manner in which this differential equation was 
formed that it is satisfied by every function y=¢(«) defined by the relation 
(A). This relation is termed the primitive of the differential equation, and 
every function y=¢(«) which satisfies the differential equation is known as a 
solution.t A solution which involves a number of essentially distinct arbitrary 
constants equal to the order of the equation is known as the general solution. 
That this terminology is justified, will be seen when in Chapter III. it is proved 
that one solution of an equation of order n and one only can always be found 
to satisfy, for a specified value of x, n distinct conditions of a particular type. 
The possibility of satisfying these n conditions depends upon the existence of 
a solution containing arbitrary constants. The general solution is thus 
essentially the same as the primitive of the differential equation. 


It has been assumed that the primitive actually contains n distinct constants 
Cy, Co, » > +» Cy» If there are only apparently n constants, that is to say if two or 
more constants can be replaced by a single constant without essentially modifying 
the primitive, then the order of the resulting differential equation will be less than 
n. For instance, suppose that the primitive is given in the form 


fiz, Y, o(a, b)} =0, 
then it apparently depends upon two constants a and b, but in reality upon one 
constant only, namely c=d(a, b). In this case the resulting differential equation 
is of the first and not of the second order. 

Again, if the primitive is reducible, that is to say if f(#, y,c,, . . ., Cn) breaks up 
into two factors, each of which contains y, the order of the resulting differential 
equation may be less than n. For if neither factor contains all the n constants, 
then each factor will give rise to a differential equation of order less than n, and 
it may occur that these two differential equations are identical, or that one of them 
admits of all the solutions of the other, and therefore is satisfied by the primitive 
itself. Thus let the primitive be 


y? —(a+b)ay + abu? =0 ; 
it is reducible and equivalent to the two equations 
y—ax=0, y—be=0, 
each of which, and therefore the primitive itself, satisfies the differential equation 
y—ay’=0. 


1:201. The Differential Equation of a Family of Confocal Conics.—Consider 
the equation 
y’? 
Fn tipi b?FÀ PM 
where a and b are definite constants, and à an arbitrary parameter which can 
assume all real values. This equation represents a family of confocal conics. The 


* Needless to say, it is assumed that all the partial differential coefficients of f exist, 
and that oi is not identically zero. 


+ Originally the terms integral (James Bernoulli, 1689) and particular integral (Euler, 
Inst. Calc. Int. 1768) were used. The use of the word solution dates back to Lagrange 
(1774), and, mainly through the influence of Poincaré, it has become established. The 
term particular integral is now used only in a very restricted sense, cf. Chap. VI. infra. 

į Formerly known as the complete integral or complete integral equation (equatio integralis 
completa, Euler). The term integral equation has now an utterly different meaning (cf. 
§ 3°2, infra), and its use in any other connection should be abandoned. 


www.rcin.org.pl 


6 ORDINARY DIFFERENTIAL EQUATIONS 


differential equation of which it is the primitive is obtained by eliminating A between 
it and the derived equation 
2x p W _ 
a?+À bF+)A 
From the primitive and the derived equation it is found that 
a? + A= “ey 


’ b?+A=y?—ayy’, 
and, eliminating À, i 
anapo CI and —y?-+ayy’, 

and therefore the required differential equation is 
ayy’® +(x? —y’? —a® +-b*)y’ —ay =0 ; 
it is of the first order and the second degree. 
When an equation is of the first order it is customary to represent the derivative 


y’ by the symbol p. Thus the differential equation of the family of confocal conics 
may be written : 


wy(p* —1) +(x? —y’? —a? +b°)p =0. 


1:21. Formation of Partial Differential Equations through the Elimination of 
Arbitrary Constants.—Let 2, v2, . . ., &m be independent variables, and let 
z, the dependent variable, be defined by the equation 


Ris Bai PR T E E R E 
where c1, C2, . . «5 Cp are n arbitrary constants. To this equation may be 
adjoined the m equations obtained by differentiating partially with respect 
to each of the variables a1, a, . . ., &m in succession, namely, 
er er Lag A eee. © Oz 
Oa, ' 02 Ot, °° ”? Oty | 2 Ohm 
If m>n, sufficient ae are now available to eliminate the constants 
Cy, Cg, - + + Cn» If m<n the 4m(m-+1) second derived equations are also 
adjoined ; they are of the sry 
of of dz æf of dz 
ar a 0z =1,2,..., m), 
2m, "Baydx Om, Ox? A T e oma i n 


əf OF Os ea Bx "ht ede Of Oa 


OX, 02,02 Olt, da,0z da, d22 da, da, | 02 04,02, ie 
iy; @=1, e o M83 Fae 
This process is continued until enough equations have been obtained to 
enable the elimination to be carried out. In general, when this stage has 
been reached, there will be more equations available than there are constants 
to eliminate and therefore the primitive may lead not to one partial differ- 
ential equation but to a system of simultaneous partial differential equations. 


1:211. The Partial Differential Equations of all Planes and of all Spheres.— 
As a first example let the primitive be the equation 
z=aæ +by +c, 
in which a, b, c are arbitrary constants. By a proper choice of these constants, the 
equation can be made to represent any plane in space except a plane parallel to the 
z-axis. The first derived equations are : 
OR Lam 
$0.0 a 
These are not sufficient to eliminate a, b, and c, and therefore the second derived 
equations are taken, namely, 
Oz 072 Oz 
Bei" Say S =0. 
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They are free of arbitrary constants, and are therefore the differential equations 
required. It is customary to write 
_ 0z _ OB np _ 0% 1 0%. 
seat [= ay’ T= 958? s= Bxby’ ~ oy? 
Thus any plane in space which is not parallel to the z-axis satisfies simultaneously 
the three equations 
f= o BOF) ak 
In the second place, consider the equation satisfied by the most general sphere ; 


it is 
(w—a)*?+(y—b)?+(z—c)?=r?, 
where a, b, c and r are arbitrary constants. The first derived equations are 
(w—a)+(z—c)p=0, (y—b)+(z—c)q=0, 

and the second derived equations are 

1+p*+(z—c)r=0, 

Pq +(z—c)s=0, 

1+q?+(z—c)t=0. 
When z—c is eliminated, the required equations are obtained, namely, 

na ee ee 

T s 
Thus there are two distinct equations. Let À be the value of each of the members of 
the equations, then 
A*(rt —s?)=1+p?+q?>0. 
Consequently, if the spheres considered are real, the additional condition 
rt > s* 

must be satisfied. 


1:22. A Property of Jacobians.—It will now be shown that the natural 
primitive of a single partial differential equation is a relation into which 
enter arbitrary functions of the variables. The investigation which leads up 
to this result depends upon a property of functional determinants or 
Jacobians. 

Let uy, Uo, . . . Um be functions of the independent variables a, £2, . . ., 
&,, and consider the set of partial differential coefficients arranged in order 
thus : 


Ou, OU, Ou, 
ay’ Oa,” s oy og A 
uz Ouo OU, 
aa,’ ðr’ kola eg aa, 
Dum Oum OU» 
Oa,’ day’ ° T 


Then the determinant of order p whose elements are the elements common to 

rows and p columns of the above scheme is known as a Jacobian.* Let 
all the different possible Jacobians be constructed, then if a Jacobian of 
order p, say 


Ou, ou, 

der . . e Oty 

OUp OUp 

a3,’ oa ee OX» 
is not zero for a chosen set of values a=), . « +. Un =E&n, but if every Jacobian 
of order p+1 is identically zero, then the functions uy, Us, .. ., Up are 


* Scott and Mathews, Theory of Determinants, Chap. XIII. 
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independent, but ss remaining functions Up + 
terms of U3, . . 

Suppose that, if values of Wig > 
the functions wu, . . 
identical relationship, 


., @, in the 
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. Um are expressible in 


Ens 


I> * * 


neighbourhood of é, . . ., 


. Up are not independent, but that there exists an 


| plu, ies Up) =0. 
Then the equations 
be sen ps ide ap 
Ou, 0x, ` OUpy À 0a, AREN 
Gh ah fn den A 
du, Oa, Oy Og’ 
are satisfied identically, and therefore 
Olu, . + + Up). | ĉu ôu i 
C Oe E N C O E A 
0x,’ 0x 


identically in the neighbourhood of é . . ., 


hypothesis. 
Uy, + + +, Up, are independent, is true. 
In Upi1, e o. +> Um let the variables x, . . 


now be shown that if u, is any of the functions 
of the variables w)41, . . ., @,, then uis explic 


Oty _ 


Let 
Uy =f1(@4, 1s 


PE 0 ESA 
and let a, .. 


*s Up» Up+1s . 
by the new set of independent variables w, . . 


‘s Um=Sal@is - « 
-» Vp be replaced by their expressions in terms of the new 


En» which is contrary to the 


Consequently, the first part of the theorem, namely, that 


-» UZ, be replaced 
5 thes Debts. >) Dye E wall 
Up+1, + + +» Um, and a, any one 
itly independent of @, that is 


+n), 


independent variables u1, . . ., Up, Up+1, . . - p then differentiating both 
sides of each equation with respect to a, 
ee eg a Sa Oe a 
0a, ls Oly OL, Oi, 
_ fp 2x1 , | 4 Fp Oty fp 
0a, Os Oty Ot, ORE 
don a A GR Of, Oty of, 
Or, O28, OR, Oty Of, Ol 
(r=p+1, , mM). P 
The eliminant of cbt y a sh is 
; Ox, On, 
oft efi of _¢ 
0x,’ Op ; Ox, j 
Ap Gy Lp 
0x’ Oa,’ Ox, 
ee Ae Oty 
ôx’ mp Ox, O2, 
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or 
Afi, . + +> Sp Sr) _ OU, Afr, + - +s Sp) 
O(a, Cet geet) Vp, Xs) Ot, A(x, . . 99 Lp) 
But since, by hypothesis, 
Of, ML Jo, fr) (fi sett | fo) 
ER A Seat SSeS A 
Ullis ee 1s Wos Ba) OERS E ax) + 


it follows that 


ins P, Gap l,i MS CH, oy 
OX, 
Consequently each of the functions Up+1, . . ., Wm is expressible in terms 


of the functions u1, . . ., Up alone, as was to be proved. 


1:23. Formation of a Partial Differential Equation through the Elimination 
of an Arbitrary Function—Let the dependent variable z be related to the 
independent variables æ, . . ., 2, by an equation of the form 

Bhs, thay s a 5, Hy Os 
where F is an arbitrary function of its arguments uz, Wg, . . . Un Which, in 
turn, are given functions of a, . . ., @, and z. When for z is substituted its 
value in terms of 7), . . ., @n, the equation becomes an identity. If therefore 


D,u, represents the partial derivative of uw, with respect to 2, when z has been 
replaced by its value, then 


Diu, ee) ag Duy, | =a; 
fa es TUN 
But 
ôu u, 22 
Pel dx, âz da,’ 
and therefore the partial differential equation satisfied by z is 
i an MPN a id dd NT da lla 
| Bee tae Bae hE Raa OY ae pS Ne 
E tee : : , 3 r 
| dun un 2 ðu, OU, ðZ 


Qa, ' Oda,’ "°° ” On, ' Oz Oa, | 


1:231. The Differential Equation of a Surface of Revolution.—The equation 
F(z, x?-+-y?)=0 
represents a surface of revolution whose axis coincides with the z-axis. In the 
notation of the preceding section, 
@j=@, X=Y, Uj=%, U, =%?+y?, 
and therefore z satisfies the partial differential equation : 
AE.. A PE 
Ca’ y 


22, 2y 
or 
Yon ~ “by S 


Conversely, this equation is satisfied by 
z= G(x +y?) 


where ¢ is an arbitrary function of its argument, and is therefore the differential 
equation of all surfaces of revolution which have the common axis @=0, y=0. 


www.rcin.org.pl 


10 $ ORDINARY DIFFERENTIAL EQUATIONS 


1:232. Euler’s Theorem on Homogeneous Functions.—Let 


2=¢(2, y), 
where ¢(2, y) is a homogeneous function of æ and y of degree n. Then, since ¢(z. y) 
can be written in the form 
y 
n = 
wis) 


ang = 2) k 
g 
In the notation of § 1°23, 
2,=2, æ =y, U,—2 2, w=”) l. 
F(u, U2) =U, —U2, 


and therefore z satisfies the partial differential equation : 


it follows that 


z Oz 
—nae-a—ig pan? > gn 


Ox oy 


Ymp, P a 


and this equation reduces to 


v” Oz 
€m TY oy ier, 


Similarly, if u is a homogeneous function of the three variables æ, y and z, of 
degree n, 
a% SF Te a a =nu. 


This theorem can be extended to any number of variables. 


1:24. Formation of a Total Differential Equation in Three Variables.—The 
equation 
pæ y, 2)=c 
represents a family of surfaces, and it will be supposed that to each value of 
c corresponds one, and only one, surface of the family. Now let (a, y, 2) be a 
point on a particular surface and (w+6z, y+éy, z-+8z) a neighbouring point 
on the same surface, then 


plæ +s, y+dy, z+8z)—d(a, y, 2) =0 
Assuming that the partial derivatives 


Op op a 
du’ dy’ az 
exist and are continuous, this equation may be written in the form 
yale de 9) +e} 80+ {ete v=) Jà atay 4 poste. Ys z ) + gh Ba—0, 


= where €j, €2, €3->0, as ôx, dy, 5z->0. 
Now let €;, € and ez be made zero and let dz, dy and dz be written for ôg, 
dy and ôz respectively. Then there results the total differential equation 


oF e+ Fe dy +5 2 de =0, 


which has been derived from the aor by a consistent and logical process. 
If the three partial derivatives have a common factor p, and if 


% p #9 # 
eee ig PS By IR 
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then if the factor u is removed, the equation takes the form 
Pdzx+Qdy+Rdz=0. 


That there is no inconsistency in the above use of the differentials dx, etc., may 

be verified by considering a particular equation in two variables, namely, 
y—flw) =e. 
The above process gives rise to the total differential equation 
dy —f'(x)dx=0, 

and thus the quotient of the differentials dy, dx is in fact the differential coefficient 
dy/da. 

Example.—The primitive 


(w-+z)(y+z) _ 
oy 
gives rise to the total differential equation 
y?—2? æ? —z? 23+ +y 


mF t @ty Yt aty &=% 
which, after multiplication by (a-+-y)?, becomes 
(y? —2°)da +(x? —z*)dy +(2z +æ +y)(x +y)dz=0. 


1:3. The Solutions of an Ordinary Differential Equation—When an 
ordinary differential equation is known to have been derived by the process 
of elimination from a primitive containing n arbitrary constants, it is evident 
that it admits of a solution dependent upon n arbitrary constants. But 
since it is not evident that any ordinary differential equation of order n can 
be derived from such a primitive, it does not follow that if the differential 
equation is given a priori it possesses a general solution which depends upon 
n arbitrary constants. In‘the formation of a differential equation from a 
given primitive it is necessary to assume certain conditions of differentiability 
and continuity of derivatives. Likewise in the inverse problem of inte- 
gration, or proceeding from a given differential equation to its primitive, 
corresponding conditions must be assumed to be satisfied. From the purely 
theoretical point of view the first problem which arises is that of obtaining a 
set of conditions, as simple as possible, which when satisfied ensure the 
existence of a solution. This problem will be considered in Chapter III., 
where an existence theorem, which for the moment is assumed, will be proved, 
namely, that when a set of conditions of a comprehensive nature is satisfied 
an equation of order n does admit of a unique solution dependent upon n 
arbitrary initial conditions. From this theorem it follows that the most 
general solution of an ordinary equation of order n involves n, and only n, 
arbitrary constants. 

It must not, however, be concluded that no solution exists which is not 
a mere particular case of the general solution. To make this point clear, 
consider the differential equation obtained by eliminating the constant c 
from between the primitive, 

o(a, Y, c)=0, 


pan ap 
+ ay 


and the derived equation, 
d 
~ p=0 (p= = 
The derived equation in Poult involves c; let the primitive be solved 


for c and let this value of c be substituted in the derived equation. The 
derived equation then becomes the differential equation 


Lael + Lape =° 
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where the brackets indicate the fact of the elimination of c. In its total 
form, this equation can be written 


eset 


Now let 2, y and c vary simultaneously, then 
28 ao ay + aoo. 


When c is eliminated as esi a. becomes 


op ap 4g PARN 
[an (22+ lay | + [56 |#=° 
and therefore, in view of the previous equation, 
op 
pa pee 


There are thus two alternatives: either c is a constant, which leads back 
to the primitive, 
p(x, Y, c) =0, 


{i-e 


The latter relation between æ and y may or may not be a solution of the 
differential equation ; if it is a solution, and is not a particular case of the 
general solution, it is known as a singular solution. 


or else 


Consider, for instance, the primitive 
c?+2cy +a?—a?=0, 
where c is an arbitrary, and a a definite, constant. The derived equation is 
cdy —ædæx =0, 
which, on eliminating c, becomes the differential equation 
[—y+ (z? +y? —a*)t]dy —xdæ =0. 
The total differential equation obtained by varying æ, y and c simultaneously is 
(c+y)dc +-cdy —xdx =0 
or, on eliminating c, 
(æ? +-y?—a®)tde +[ —y + (8? +y? —a?)t]dy —adx=0. 
Thus, apart from the general solution there exists the singular solution, 
a+y’?=a*, 
which obviously satisfies the differential equation. 


A differential equation of the first order may be regarded as being but 
one stage removed from its primitive. An equation of higher order is more 
remote from its primitive and therefore its integration is in general a step-by- 
step process in which the order is successively reduced, each reduction of the 
order by unity being accompanied by the introduction of an arbitrary 
constant. When the given equation is of order n, and by a process of 
integration an equation of order n—1 involving an arbitrary constant is 
obtained, the latter is known as the first integral of the given equation. 


Thus when the given equation is 


y” =f(y), 
where f(y) is independent of x, the equation becomes integrable when both members 
are multiplied by 2y’, thus 
2y’y” =2f(y)y’s 
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and its first integral is 


y*=c+2 ff(y)dy, 
where c is the arbitrary constant of integration. 


1:4. Geometrical Significance of the Solutions of an Ordinary Differential 
Equation of the First Order.—Since the primitive of an ordinary differential 
equation of the first order is a relation between the two variables x and y 
and a parameter c, the differential equation is said to represent a one- 
parameter family of plane curves. Each curve of the family is said to be 
an integral-curve of the differential equation. 

Let the equation be 


W f(e, y); 


let D be a domain in the (a, y)-plane throughout which f(z, y) is single- 
valued and continuous, and let (a9, Yọ) be a point lying in the interior of D. 
Then the equation associates with (a, yo) the corresponding value of dy/dæ, 
say Po, and thus defines a line-element * (a, Yo, Po) issuing from the point 
(a, Yo)» Choose an adjacent point (a, y1) on this line-element and construct 
the line-element (a, Yı, pı) By continuing this process a broken line is 


obtained which may be regarded as an approximation to the integral-curve 
which passes through (a9, Yo). 


This method of approximating to the integral-curves of a differential equation 
is illustrated in a striking manner by the iron filings method of mapping out the 
lines of force due to a bar magnet. Iron filings are dusted over a thin card placed 
horizontally and immediately above the magnet. Each iron filing becomes 
magnetised and tends to set itself in the direction of the resultant force at its 
mid-point, and if the arrangement of the filings is aided by gently tapping the 
card, the filings will distribute themselves approximately along the lines of force. 
Thus each individual filing acts as a line-element through its mid-point. 

Let the bar magnet consist of two unit poles of opposite polarity situated at 4 
and B and let P be any point on the card. Then if the co-ordinates of A, B and P 
are respectively (—a, 0), (a, 0), (a, y), if r and s are respectively the lengths of AP 
and BP, and if X, Y are the components of the magnetic intensity at P, 

oe y ie ee _&—a 


rs s?’ r3 sè ` 
The direction of the resultant force at P is 
dy _Y 
dy CA 
fi 73-33’ 
a EET 


and this is the differential equation of the lines of force. Its solution is 
ata nea 
T 


By giving appropriate values to the constant the field of force may be mapped out. 
The integral-curves are the lines of force approximated to by the iron filings. 


= const. 


Since it has been assumed that f(x, y) is continuous and one-valued at 
every point of D, through every point there will pass one and only one 
integral-curve. Outside D there may be points at which f(z, y) ceases to be 
continuous or single-valued; at such points, which are known as singular 
points, the behaviour of the integral-curves may be exceptional. 


* The line-element may be defined with sufficient accuracy as the line which joins 
the points (£o, Yo) and (Xo+ a, yo+ dy) where Sa and dy are small and dy/dx=p,. 
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Similarly, if an equation of the second order can be written in the form 
y” =f(a, Y, y’), 

where f(z, y, y’) is continuous and single-valued for a certain range of values 
of its arguments, the value of y’ at the point (a, yo) can be chosen arbitrarily 
within certain limits, and thus through the point (a, yo) passes a one-fold 
infinity of integral-curves. The general solution involves two arbitrary 
constants, and therefore the aggregate of integral-curves forms a two- 
parameter family. 

In general the integral-curves of an ordinary equation of order n form an 
n-parameter family, and through each non-singular point there passes in 
general an (n—1)-fold infinity of integral-curves. 


1:5. Simultaneous Systems of Ordinary Differential Equations— Problems 
occasionally arise which lead not to a single differential equation but to a 
system of simultaneous equations in one independent and several dependent 
variables. Thus, for instance, suppose that 

P(T, Y, % C1, Co)=0, 

h(a, Ys Z, Cis C2) =0 
are two equations in 2, y, g each containing the two arbitrary constants 
Cy, Cg. Then between these two equations and the pair of equations obtained 
by differentiating with respect to x, the constants cı and cy can be eliminated 
and there results a pair of simultaneous ordinary differential equations of 
the first order, 

D(z, y, y', 2, 3')=0, 

Va, ¥, ¥', %, 2')=0. 

It is possible, by introducing a sufficient number of new variables, to 
replace either a single equation of any order, or any system of simultaneous 
equations, by a simultaneous system such that each equation contains a 
single differential coefficient of the first order. ‘This theorem will be proved 
in the most important case, namely that where the equation to be considered 
is of the form * 


dy Ei 7 dy Eem) 
kpe =F(2, V Gn? °°? dan=i)" 
In this case new variables y;, Y2, - - .; Yn are introduced such that 
dy N dyz = dyn-ı di 
dx =Y2, dæ =W + + + dx =Yn 
where y,;=y. These equations, together with 
dyn 
“es =F(a, Yis Yo, » + +> Yn) 


form a system of n simultaneous equations, each of the first order, equivalent 
to the original equation. In particular it is evident that if the original 
equation is linear, the equations of the equivalent system are likewise linear. 


MISCELLANEOUS EXAMPLES. 
1. Find the ordinary differential equations, satisfied by the following primitives : 


(i) y=Aa™+ Ba" ; (vi) y=a"(A+B log æ); 
(ii) y=Ae™ + Bent ; (vii) y=e"*(4+Ba) ; 
(iii) y=A cos ng+B sin næ; (viii) y=(A+ Bz) cos na+(C+ Dz) sin ng; 
(iv) y=e™(A cos ng+B sin ng); (ix) y=e™*{(A+ Bz) cos na+(C+ Dz) sin nz}; 
(v) y=A cosh (a#/A); (x) y=Az cos (n/x+B), 


where A, B, C, D are arbitrary constants and m and n are fixed constants. 
* D’Alembert, Hist. Acad. Berlin, 4 (1748), p. 289. 
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: ax+b 
2. Prove that if a A 
then 
2 y" = E i we 
and that if a+d=0, then ‘ ” 
(y —x)y” =2y(1+y’). [Math. Tripos I. 1911.] 
3. Prove that if yë —83ag?+æ3=0, then 
dy 2a’x? 
dai tge —° 
Show that the curve given by the above equation is everywhere concave to the a-axis, 
` and that there is a point of inflexion where #=3a. [Math. Tripos I. 1912.] 


4. Show that if 


d d 
21 —2)44—(4—120)9Y —36y=0 
then 
d? +?y d+ly 
a(l — —®) nt — {4—n—(12— on)a} FFL —(4—n)(9— nyo 
Hence prove by Maclaurin’s theorem that the value of y which vanishes when 2=0 and 
is such that its 5th differential coefficient is unity when z=0 is 
H 1265—84 +3627 —98 +0}. [Math. Tripos I. 1915.] 


5. Show that the differential T of a circles in one and the same plane is 


asst! + (ae) $e aes) = 


6. Any conic section which has not an asymptote parallel to the y-axis may be written 
in the form 
(y—ax— B)* =ax?+2ba-+c. 


Hence show that the differential equation of all such conic sections is 


ee) 
oy- dèy dy d'y (d*y\*d5y 


da? dæ? dæ dxt ™*\ dæ?) des 
In particular, show that the differential equation of all coplanar parabolæ is 


ifla) =e 


dye ay d'y 
ke) oe dx 


or 


or 
=0. [Halphen.]} 
7. Verify that if 
2=Bay—y*+(y*—22)', 
0% Oz Oz Oz _ 0% 7 
Gedy you’ Ga öy? \dady 
8. Prove the following extension of Euler’s theorem : If f is a function homogeneous 
and of degree m in 2,, «, and homogeneous and of vit n in Yı, Yz then 


(n£ tm (aZ +03) — (ag Hery, 2 (ug tna )= (n—m)f. 


9. Prove that if the family of integral-curves of the linear differential equation of the 
first order dy 


T + p(a)y=4(2) 


is cut by the line z=, the tangents at the points of intersection are concurrent. 
For curves satisfying the equation 
a GOES 
dx 


2 =~ ai? 


then 


prove that for varying é the locus of the point of concurrence is a straight line. 
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CHAPTER II 
ELEMENTARY METHODS OF INTEGRATION 


21. Exact Equations of the First Order and of the First Degree.—An ordinary 
differential equation of the first order and of the first degree may be 
expressed in the form of a total differential equation, 
Pdx+Qdy=0, 
where P and Q are functions of æ and y and do not involve p. If the 
differential Pdx-+Qdy is immediately, that is without multiplication by any 
factor, expressible in the form du, where u is a function of æ and y, it is said 
to be exact. 
If the equation 


Pdz+Qdy=0 
is exact and its primitive is * 
u=c, 


the two expressions for du, namely, 
ou ou 
Pdx+Qdy and on ad 


must be identical, that is, 


ou ou 
P me ax’? dy > 
Then 
ðP əQ 
(A) dy On’ 
2 
provided that the equivalent expression Ne is continuous. The condition 


of integrability (A) is therefore necessary. It remains to show that the 
condition is sufficient, that is to say, if it is satisfied the equation is exact 
and its primitive can be found by a quadrature. 

Let u(a, y) be defined by 


u= |" Plo, y)de+dly), 


where @p is an arbitrary constant, and ¢(y) is a function of y alone which, 
for the moment, is also arbitrary. Then w=c will be a primitive of 


Pdz+Qdy=0 
if 
ou ou 
ex =P. ? dy =Q. 
The first condition is satisfied ; the second determines ¢(y) thus : 
ou 


* Throughout this Chapter the letter c or C generally denotes a constant of integration. 
Any other use of these letters will be evident from the context. 
16 
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* OF 
=| z dæ+ġ'(y) 
j; zo OY 
fa 
hg da +-'(y) 
=Q(2, y)—Q(xo; y) +y), 
and therefore 
v 
oly) = | Q(x, y)dy, 
: ‘ Yo 
where yọ is arbitrary. 
The condition is therefore sufficient, for the equation is exact and has the 
primitive 
z v 
J] Pie, yjdæ+ f" Qe, yjdy=c. 
To Yo 


The constants æo and yọ may be chosen as is convenient, there are not, in 
all, three arbitrary constants but only one, for a change in @ or in yọ is 
equivalent to adding a constant to the left-hand member of the primitive. 
This is obvious as far as yọ is concerned, and as regards wg, it is a consequence 
of the condition of integrability. 


As an example, consider the equation 
2% —y i 
argy t agy 5O 
The condition of integrability is satisfied. The primitive therefore is 
z — 
Í 2% —y f = a P 
apt? +y’ vo Zo” +Y 
It is evidently an advantage to take x,—0; as the second integral then involves 
log Y, Yo may be taken to be 1. Thus 


2 20 — d 
S eh ae 42 f Y =o, 
23 +y „Y 


ægl|r=zs 
[tog (w?+y?) —are tan z] +2 log y =c, 
z=0 


2y +æ 


that is 


which reduces to 


log (æ? +y?) —are tany =. 


211. Separation of Variables.—A particular instance of an exact equation 
occurs when P is a function of æ alone and Q a function of y alone. In this 
case X may be written for P and Y for Q. The equation 

Xdx -+Y dy 
is then said to have separated variables. Its primitive is 
[Xda + f Ydy=c. 
When the equation is such that P can be factorised into a function X of 


æ alone and Y; a function of y alone, and Q can similarly be factorised into 
X, and Y, the variables are said to be separable, for the equation 


(I) XY,dx+X,Ydy=0 
may be written in the separated form 
X Y 


It must be noticed, however, that a number of solutions are lost in the 


YCINY 


à 
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division of the equation by X,Y. If, for example, =a is a root of the 
equation X,=0, it would furnish a solution of the equation (I) but not 


necessarily of the equation (II). 


Example.— 
(a? +1)(y? —1)da +xydy =0. 


The variables are separable thus : 


x y? =l 
Integrating : 
æ?+log æ?+log (y?—1)=c¢ 
or if c=log C, 

e-z? 

yi=1 hoe ò 
In addition x=0, y=1, y= —1 are real solutions of the given equation. The two 
latter, but not the former are included in the general solution. 


2°12. Homogeneous Equations.—If P and Q are homogeneous functions 
of æ and y of the same degree n, the equation is reducible by the sub- 
stitution * y=væ to one whose variables are separable. For 


P(x, y)=a"P(1, v), P(x, y)=a"Q(1, v), 
P(x, y\dæ+ęQ(v, y)dy =0 


and therefore 


becomes 
{P(1, v)+vQ(1, v)}dx+xQ(1, v)dv=0 
or 
dv dæ 
go) a = 
where 
P(1, v) 


M I, o) 
The solution is 
MW Ml 
gv) er 


Example.— 
(y+ —2a*y)da +(x* —2ay*)dy=0. 


Let y=vz, then 
(vt +v)dx —(1 —20)adv =0 


or 

dx _1—20v* d 

æ o+v4 # 

ae a 
G 1 Ta) sad 
whence 
log e=log v—log (1+-v*) +log c 

or 

a(1 +-0*) =cv. 
Thus the primitive is 

æ? +y? =cay. 

When the equation 


is both homogeneous and exact, it is immediately integrable without the 


* This device was first used by Leibniz in 1691. 
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introduction of a quadrature, provided that its degree of homogeneity n is 
not —1l. Its primitive is, in fact, 


Px+Qy=c. 
For let u=Px-+Qy, then 


ou Id oq 
a iy sa bi a 


-P42 D to =(n+1)P, 
by Euler’s theorem (§ 1:232), and Pa 


ay =(n+1)Q 
Consequently 
ou ou 
du= D dx + ay dy 
=(n-+1)(Pdx +Qdy), 
and therefore 
_ UPx+Qy) 
Hence if n + 1, the primitive is 
Px+Qy=c. 
Example.— 
(æ? +8y?)da +y(y? +3x*)dy =0. 
Solution : a4+6a7y?+y4=c. 
When n=—1 the integration in general involves a quadrature. It is a 
noteworthy fact that the homogeneous equation 
Pdn+Qdy _4 
Pr+Qy 


is exact, for the condition of integrability, namely 


By\ Po + Qy)~ aN Pa tRy 
(a saree ae) 


reduces to 
' OP oP 
T +95, )=Pe oe tu 


which is true, by Euler’s theorem, since P rik Q are homogeneous and of 
the same degree. Thus any homogeneous equation may be made exact by 
introducing the integrating factor 1/(Px+Qy). The degree of homogeneity 
of this exact equation is, however, —1, so that the integration of a 
homogeneous equation in general involves a quadrature. 
An equation of the i 
Ax Aa +By+C Ey 
ax+by+e 
in which 4, B, C, a, b, c are mA such that 4b—aB=+0, may be brought 
into the homogeneous form by a linear transformation of the variables, for 


let 
where €, ņ are new variables and h, k are constants such that 


Ah+Bk+C=0, 
ah+bk+c=0. 
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The equation becomes 
dy _ F A+B 
dé \ ae +bn 7? 
so that F is a homogeneous function of é, ņ of degree zero. The constants 


h, k are determinate since 4b —aB+0. 
When 4b—aB=0, let ņn be a new dependent variable defined by 


n=«+By/A=ax-+by/a, 
dy i , 6, (Ante 
dz =1+2F( an+e / 
The variables are now separable. 


then 


Example.— 
(8y —Ta +7)da +(Ty —3x +8)dy =0. 


a=&+1, yY =n 


(8n —7£)d€ + (7 —8£)dy =0. 
It is now homogeneous ; the transformation y =vé changes it into 
(70 —8) Edv +(70* —7)dé =0 


The substitution 


reduces the equation to 


or 
2 5 7 
=a Huy ona i gem 


(v—1)%v+1)*é? =c, 
where c is the constant of integration, that is 


(n— é)? +8) =e. 


(y—2+1){y+2—1)5=c. 


whence 


The primitive therefore is 


2°18. Linear Equations of the First Order.—The most general linear 
equation of the first order is of the type 


dy o, 
o +y =4, 


where ¢ and W are functions of æ alone. Consider first of all the homogeneous 
linear equation * 


dy 

grt py =0. 
Its variables are separable, thus : 
and the solution is 

y =ce- fiz, 


where c is a constant. 
Now substitute in the non-homogeneous equation, the expression 


y =ve-Spiz, 


+ * The term homogeneous is applied to a linear equation when it contains no term inde- 
pendent of y and the derivatives of y. This usage of the term is to be distinguished from 
that of the preceding section in which an equation (in general non-linear) was said to be 
homogeneous when P and Q were homogeneous functions of æ and y of the same degree. 
There should be no confusion between the two usages of the term. 
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in which v, a function of æ, has replaced the constant e. The equation 
becomes 


T eSiie=, 
whence 
v=C+/pelberde. 

The solution of the general linear equation is therefore 

y=Ce-Sbae +-e-S$az/palbizda, 
and involves two quadratures. 

The method here adopted of finding the solution of an equation by 
regarding the parameter, or constant of integration c of the solution of a 
simpler equation, as variable, and so determining it that the more general 
equation is satisfied, is a particular case of what is known as the method of 
variation of parameters.* 

It is to be noted that the general solution of the linear equation is linearly 


dependent upon the constant of integration C. Conversely the differential 
equation obtained by eliminating C between any equation 


y =Cf(@) +g(2), 
A y' =Cf'(x)+8'(@), 
is linear. 


If any particular solution of the linear equation is known, the general 
solution may be obtained by one quadrature. For let y; be a solution, then 
the relation 


and the derived equation 


d 
a +y: =% 


is satisfied identically. By means of this relation, y% can be eliminated from 
the given equation, which becomes 


fy 91) +$ly —yı)=0. 


The equation is now homogeneous in y—y;, and has the solution 
y—yı=Ce- Spis, 
where C is the constant of integration. 
If two distinct particular solutions are known, the general solution may 


be expressed directly in terms of them. For it is known that the general 
solution has the form 
y=Cf(x)+a(2), 


and any two particular solutions yı and yg are obtained by assigning definite 
values C, and C, to the arbitrary constant C, thus 

Yi =Ci f(x) +ga), 

Y2=C2f(x) +g(2), 


fry Sey 
Yz—yı Co—Cy 


Examples.—(i) y’ —ay=em* (a and m constants, ma). 
The solution of the homogeneous equation 


y’ —ay=0 


and therefore 


* Vide § 5°28. The application of the method to the linear equation of the first order 
is due to John Bernoulli, Acta Erud., 1697, p. 113, but the solution by quadratures was 
known to Leibniz several years earlier. 
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is y=ceaz, In the original equation, let 


Y =vert, 
where v is a function of æ, then 
v’ eat — emt 
m— a)r 
or v=C + a : 
m—a 
Thus the general solution is 
y =Cerw + oe j 
m—a 
(ii) y’—ay=e" 
Solution : y= Centr venr, 
a Hs. ee 
(ii) oy y= 20(@2-41) 
Solution : y=C(xv? +1) +(a?+1)2 
(iv) y’ cos #+-y sin #=1 
Solution : y=C cos æg +sin g. 


2°14, The Equations of Bernoulli and Jacobi.—The equation 
dy lange 


in which ¢ and ¥ are functions of wz alone, is known as the Bernoulli equation.* 
It may be brought into the linear form by a change of dependent variable. 
Let 
à s=y!-*, 
then 
H a -n4 

. dz =(1 —n)y or, 

and thus if the given equation is written in the form 


-nW Sad 
Bae le 5 ella 
it becomes 
dz 
© -+(1—n)po=(1 —n)yp, 


and is linear in z. 

The Jacobi equation, + 

(a; +010 +cyy)(wdy —yda) —(az +b2% +c2y)dy +(az +-b3x +c3y)dx =0, 
in which the coefficients a, b, c are constants, is closely connected with 
the Bernoulli equation. Make the substitution 
æ=X +a, y=Y-+ß, 
where a, Ê are constants to be determined so as to make the coefficients of 
XdY —YdX, dY and dX separately homogeneous in X and Y. When this 
substitution is made, the equation is so arranged that the coefficient of 
XdY —YdX is homogeneous and of the first degree, thus 
(b1 X +c, Y)(Xd¥” —Y dX) 
—{42 +b X +c Y —a(A, +b; X +c Y) —A,X}dY 
+{43 +b X +c3Y —ßp(A: +b; X +c, Y) —Ay, Y}dX ==, 

* James Bernoulli, Acta Erud. 1695, p. 553 [Opera 1, p. 663]. The method of 

solution was discovered by Leibniz, Acta Erud. 1696, p. 145 [Math. Werke 5, p. 329]. 


t J. fiir Math. 24 (1842), p. 1 (Ges. Werke, 4, p. 256]. See also the Darboux equation, 
$ 2°21, infra. 
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where 
A,=a,+b,a +e, (r=1, 2, 8). 


The coefficients of dY and dX also become homogeneous if a and £ are so. 
chosen that 


Ag—aA, ==); Ag—BA, S0; 
or, more symmetrically, if 
Aj =A, A,=aA, Ag =BA, 


that is if 
(A) a, —A+b,a+¢,8 =a + (bo —À)a +c2ß =az +b3a +-(cz —A)B =0. 


Thus A is determined by the cubic equation 


a,—A, bi, Cy 
ado; ba —À, C9 =o 
| a3, bg, c3—A 


and when À is so determined, a and ĝ are then the solutions of any two 
of the consistent equations (/). 
The equation may now be written in the form 


Y ¥ 
; xay —Yax—9({)ay +¥(5)ax=0. 
The substitution Y =Xw brings it into the form of a Bernoulli equation, 
dx 3 
a +U,X+U0,X2=0, 


where U, and Uy, are functions of u alone. 

It will be shown in a later section (§ 2°21) that if the three roots of the 
` equation in Aare A, Ag, Ag and are distinct,* the general solution of the Jacobi 
equation is 

U^- V aW = const. 


where U, V, W are linear expressions in w and y. 


2°15. The Riccati Equation.—The equation 
dy mo 
q; TYY? + by +x =, 


in which %, ¢ and y are functions of æ, is known as the generalised Riccati 
equation.} It is distinguished from the previous equations of this chapter 
in that it is not, in general, integrable by quadratures. It therefore defines 
a family of transcendental functions which are essentially distinct from the 
elementary transcendents.{ 

When any particular solution y=y, is known, the general solution may 
be obtained by means of two successive quadratures. Let 

y =y +3, 

* The case in which they are not distinct is discussed by Serret, Calc. Diff. et Int. 2, p.431. 

+ Riccati, Acta Erud. Suppl., VIII. (1724), p. 73, investigated the equation y’ +ay*=ba™, 
with which his name is usually associated. The generalised equation was studied by 
d’Alembert, vide infra, § 12°51. 

t The elementary transcendents are functions which can be derived from algebraic 
functions by integration, and the inverses of such functions. Thus the logarithmic function 

ræ 

is defined as æ—ldgæ ; its inverse is the exponential function. From the exponential 


1 
function the trigonometrical and the hyperbolic functions are derived by rational processes, 
and such functions as the error-function by integration. 
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then the equation becomes 


d dz 
i Tap THY? +2918 +2") + (yr +2) +x =0, 
and since y =y; is a solution, it reduces to 


© +-2ysb-+o)e-+yx2=0. 


This is a case of the Bernoulli equation ; it is reduced to the linear form by 
the substitution 
%=1/u, 
from which the theorem stated follows immediately. 
Let yı, Y2, Yz be three distinct particular solutions of the Riccati equation 
and y its general solution. Then 


1 
=- 9 uwi = 9 Ug = 1 
YTH Y2 —yı Ys—yı 
satisfy one and the same linear equation, and consequently 


Uu — u 
ig 


where C is a constant. When u, u; and wz are replaced by their expressions 
in terms of y, yı and yz this relation may be written 
Y~Y2 _ Co ¥Ys—Y2, 


yY ¥s—Y1 
This formula shows that the general solution of the Riccati equation is 
expressible rationally in terms of any three distinct particular solutions, and 
also that the anharmonic ratio of any four solutions is constant. It also 
shows that the general solution is a rational function of the constant of 
integration. Conversely any function of the type 


_ Cfitte 
Y= Chsthe 


where fj, fo, fa, fa are given functions of æ and C an arbitrary constant, satisfies 
a Riccati equation, as may easily be proved by eliminating C between the 
expressions for y and the derived expression for y’. 

When 4 is identically zero, the Riccati equation reduces to the linear 
equation ; when ¢ is not zero, the equation may be transformed into a linear 
equation of the second order. Let v be a new dependent variable defined by 


y =v]}, 


then the equation becomes 


dv 

—— 2 = 

+v2+Pv0+Q=0, 
where 


v=w'/u 


The substitution 


now brings the equation into the proposed form, namely, 


d2 d 
Ta +P +Qu=0. 
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In particular, the original equation of Riccati, namely, 
dy 2 — þm 
tie +-ay? =ba", 


where a and b are constants, becomes * 


du 
dx2 —abx"u=0. 


2°16. The Euler Equation.—An important type of equation with separated 
variables is the following : + 


dx , dy 
eo a 
in which 
X =adpx4 +a,v3 +a? +-agv +44, 
Y =agy* +014? +024? +agy +04. 
Consider first of all the particular equation 
dx dy 
——— _¥____ 0), 
Vae) T Va) 
one solution is f 
arcsin g-++arc sin y=c, 


but the equation has also the solution 


aV (1—y?)+y v (1 —a2)=C. 


Since, as will be proved in Chapter III., the differential equation has but 
one distinct solution, the two solutions must be related to one another in a 
definite way. This relation is expressed by the equation 


C=f(e) 


Now let 
æ=sin úv, y=sin v; 
then 
u+v=c, 
sin u cos v-+sin v cos u=f(c) 
=f(u+v). 
Let v=0, then 
sin u=f(u) 


and therefore 
sin u cos v-+sin v cos w=sin (u+v). 


Thus the addition formula for the sine-function is established. 
In the same way, the differential equation 


ea... 4 dy eee 
(1 —a2)#(1—k2a2)t © (1—y2)#(1 —k?y2) 
has the solution 


arg sn @-+-arg sny=c, 
* The solution of this equation may be expressed in terms of Bessel functions 
(§ 7°31). 
t Euler, Inst. Calc. Int., 1, Chaps. V., VI. 
z 


ł} The function arc sin æ is defined as | 4 (1—1?)~tdt; sin æ is defined as the inverse of 


are sin x, so that sin 0=0; and cos 2 is defined as (1—sin*x)* with the condition that 
cos 0=1. No further properties of the trigonometrical functions are assumed. 
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where arg sn @ is the inverse Jacobian elliptic function* defined by 
arg sn g= | = ae 
8 ~ J 9 (1 —#2)4(1 — 242) 


Let 
e=sNnu, y=snv, 
then 
u-+v=c. 
A second and equivalent solution may be found as follows. By definition 


= =(1 —a2)}(1 —k2m2)}, 


and therefore 


de 


FT a —(1+k?)a+2k223. 
Similarly 
d 4 
Ju = dp = kye), 
dy oy y 


Juz doz Ty +2k?y3, 


from which it follows that 
Pe] dx 
Che te 


(W p(T) =(a2—y2)(1 kap). 


=2k2ay(y? —&æ?), 


Hence 
ty dæ 
Tu? I du? da\ 2kay 
ye -(2% du Y Y du/i — —k2æ2y? 
u du 


This equation is immediately integrable ; the solution is 


dy _ 2N —k2æ2y2 
log (aS! -yZ) =const. +-log (1 —k?a2y?) 
or 
dy , du _ 222 
do tign —k2n2y?), 
that is 
sn wsn’v+sn v sn'u =f(c)(1 -—k? sn2u sn2v), 
By putting v=0 it is found that f(u)=snu, and therefore 


sn u sn'v +sn v sn'u 
1 — k2 sn?u sn?v 


sn(u +v) = 


This is the addition formula for the Jacobian elliptic function snu. 
The same process of integration may be applied to the general Euler 
equation.} In particular it may be noted that when ag=0 a linear transfor- 
mation brings the equation into the form 


E. ANA dy a 
y (403 —gow—gs)  /(4y? —82Y —83) 


* Whittaker and Watson, Modern Analysis, Chap. XXII. 
t Cayley, Elliptic Functions, Chap. XIV. 
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If P(z) is the Weierstrassian elliptic function defined by 


cae] gt “idt, 
| Bi, Sot —83) 
and w= P(u), y= Ẹ (v), the general solution of the equation is 
u+v=c. 
An equivalent general solution is 
{(40? —gow —83)? —(4y —goy —83)*}? =(@ —y)(C +4 +4y) 
It may thus be shown that the addition-formula for the {P-function is 
RMP)? 
U+v)= — p (u)— + . 
Peto- p- porr Beet 
22. The Integrating Factor.—Let 
Pdz+Qdy=0 


be a differential equation which is not exact. The theoretical method of i 
integrating such an equation is to find a function p(æ, y) such that the 


expression 
p(Pdz+Qdy) 


is a total differential du. When pu has been found the problem reduces to 
a mere quadrature. 

The main question which arises is as to whether or not integrating factors 
exist. It will be proved that on the assumption that the equation itself 
has one and only one solution,* which depends upon one arbitrary constant, 
there exists an infinity of integrating factors. 

Let the general solution be written in the form 


plx, y)=e, 
where ¢ is the arbitrary constant. Then, taking the differential, 


ô$ , 2$ 
an da + ay dy=0 
or, as it may be written, 
pdx +ydy =0. 
Since, therefore, 
f(z, y)=c 
is the general solution of 
Pdz+Qdy=0, 
the relation 
Pz _ Py 
PEM 


must hold identically, whence it follows that a function p exists such that 
$:=pP, by =pQ. 


p(Pde +Qdy) =dd, 
that is to say an integrating factor u exists. 
Let F(¢) be any function of ¢, then the expression 


pF (p){ Pda + Qdy} =F (¢)dd 
is exact. If, therefore, u is any integrating factor, giving rise to the solu- 


tion ¢=c, then »F(¢) is an integrating factor. Since F(¢) is an arbitrary- 
function of ¢, there exists an infinity of integrating factors. 


Consequently 


* This assumption will be justified in the following chapter. 
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Since the equation 
p(Pdz+Qdy)=0 


is exact, the integrating factor satisfies the relation 


aluP) _ lue) 
oy. A 


Op Op ðP AQ) _ 
tg ee +H(5, ae) °° 
Thus p satisfies a partial differential equation of the first order. In general, 
therefore, the direct evaluation of u depends upon an equation of a more 
advanced character than the ordinary linear equation under eonsideration. 
It is, however, to be noted that any particular solution, and not necessarily 
the general solution of the partial differential equation is sufficient to furnish 
an integrating factor. Moreover, in many particular cases, the partial 
differential equation has an obvious solution which gives the required inte- 


grating factor. 
As an instance, suppose that u is a function of x alone, then 


pdx Q\dy da” 
It is therefore necessary that the right-hand member of this equation 
should be independent of y. When this is the case, u is at once obtainable 


by a quadrature. Now suppose also that Q is unity, then P must be a linear 
function of y. The equation is therefore of the form 


dy +(py —q)dx=0, 
where p and q are functions of œ alone. The equation is therefore linear ; 
the integrating factor, determined by the equation 


or 


d 

ap 
is 

p=elrae, 


(cf. § 2°18). 


An example of an equation in which an integrating factor can readily be 
obtained is 
aady + Bydx +amy”(axdy +bydx) =0. 
Consider first of all the expression axdy+-fydx; an integrating factor is w—lya—1 


and since 
aB—lya—i(axdy + Bydx) =d(aby*), 


the more general expression 
a8—1ya—1Ð(xBya) 
is also an integrating factor. In the same way 
ah—m—1yt—n—1F(abyt) 
is an integrating factor for ay"(axdy+bydz). If, therefore, Ø and F can be so 
determined that 


eB—1ya—1@(a8y2) —xb—m—1ya—n—1 FF (bya), 
an integrating factor for the original equation will have been obtained. Let 
@O(z)=2°, F(z) =z, 
then vy will be an integrating factor if 


A=(p+1)B—1=(r-+1)b—m—-1, 
p=(p+]la—1=(r+lja—n-1. 
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These equations determine p and r, and consequently 4 and p if only a8 —ba+0. 
If, on the other hand, a=ka, b=kf, the original equation is 


(1-+-kamy")(axdy + Bydx) =0. 
The integrating factor is now 
aB—lya—1 
1+ kay" 


2°21. The Darboux Equation.—A type of equation which was investigated 
by Darboux is the following : * 


—Ldy+Mdz+N(ady—ydz)=0. 


where L, M, N are polynomials in æ and y of maximum degree m. 
It will be shown that when a certain number of particular solutions of 


the form 
f (x, y) =0, 


in which f(z, y) is an irreducible polynomial, are known, the equation may be 
integrated. 
Let the general solution be 


u(x, y)=const. 
then the given equation is equivalent to 
ou ou 
and therefore 
ou ou ou ou 
Replace æ by s, y by i , where zis a third independent variable, then u(=, 4 


is a homogeneous rational function of a, y, z of degree zero, and by Euler’s 
Theorem (§ 1:282) 


ôu ‘ôu ĉu 

a0 ia e 

Moreover u(?, Y satisfies the relation 
g8 
=L” y y _ 
A(u) =L an +M By +N a =0, 
in which L, M, N are homogeneous polynomials in a, y, z of degree m. 
The theory depends on the fact that if 
u(x, y)=const. 


is a solution of the given equation, uf =, 2) is homogeneous and of degree 


zero, and satisfies the relation 4(u)=0. The converse is clearly also true. 
Now let 
f(x, y)=0 


be any particular solution, where f(z, y) is an irreducible polynomial of degree 
h, and let 


g(x, Y, 2) =a(<, 2y, 


B, 


* Bull. Sc, Math. (2), 2 (1878), p. 72. 
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Then, since g is PORTE and of pe h, 


og 
8 ye E 428 hy. 
Also dz 
a, 
Ag) =L 7 +My +N 
att sat wt f) 4 fah—¥fN 
=hz—1Ng, 
since f=0 is a solution. This relation may be written in the form 
A(g)=Kg, 


since A(g) is a polynomial of degree m-+-h—1 and g is a polynomial of degree 
h, K is a polynomial of degree m—1. 

The operator A has the property that if F is any function of u, v, w, .. . 
where u, v, w, . . . are themselves functions of a, y, z, 


AR) = (uy + E Aot E Aot... 
Let 
f(x, y)=0, flx, y)=0, . . ., Srl@s y)=0 
be particular solutions of the given equation, where f (æ, y) is an irreducible 
polynomial of degree h,. Let 


Ea, Y, a)=aiyg( 4 t (r=1, 2, ... ., p); 
and consider the function 
p 
Uk, yY, z)= Ht (8r) °rs 


where aj, dg, . - ., a, are constants to be determined. Now 
A(u)= p ag, Ae) 


a Mabry lle AIR 8? ° ae Kg, 
=u>@,K,, 


where K, is, for every value of r, a polynomial of degree m—1. Also u(x, y, z) 
is a polynomial in x, y, z of degree hya;+hoag+...+hpap. If ula, y, 2) 
is to furnish the required solution when z=1, it must be a polynomial in 
x, Y, z of degree zero, and must satisfy the relation 4(w)=0, whence 


hiai +hoag -}- ee e +hpap =S 
Kya, +Koae+ . . +K pap —— 1 
Each polynomial K, contains at most \ m(m-+1) terms, so that the last 


equation, being an identity i in æ, y, 2, iS Seon to not more than 4 m(m +1) 
relations between the constants a1, a9, . . .,a,. There are, therefore, in all, 


at most 
$m(m-+1)+1 


equations between the p unknown constants a. Suitable values can there- 
fore be given to these constants if the number p exceeds the number of 
equations, that is if 

prym(m-+1)+2 
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If, therefore, 4m(m+1)+2 particular solutions are known, the general 
solution can be obtained without quadratures. 

If p=}m(m-+1)+1 and the discriminant of the equations is zero, the 
same result holds. Let p=4m(m-+1)+1 and let the discriminant be not 
zero. In this case, let the constants be determined by the equations 


hyay+heag+ . . . +hyay=—m—2, 
ðL OM aN 
Ka: +K209 + . . +Kypap=— z bat ay ahi Be 


There are now 4m(m-+1)-+1 non-homogeneous equations which determine 
the constants a. This determination of the constants gives rise to a function 
u(a, y, z) such that 


ou ou Ou _ 
cn TY by +35 = —(m+2)u, 
ôu ðu ve oL ƏM aN 
Au) 55 May + NG ~lan t oy + oe 


Bie ô ; 
Eliminate f between these equations, then 


fon Ma tata ta Efe ge +y +(m+2)uhN = 


But since N is ERROR ae of degree m, 
pon oN 2N ta 
"oa Y n as 


and therefore, eliminating x ; 


ðL ƏM oN ON 
(Lz—No) 3 = +(Mz—Ny) 5 +(2 a E iar Voy —2N u=0. 
Let z=1, then u(a, y) satisfies vi equation a 


_ No) 0 Ny 4 SAL—Ne) aM Ny) 
(L—Na) a HM —Ny) 5 +} + ao. 
But this is precisely the condition that u(x, y) should be an integrating factor 
for the equation 

—Ldy +Mdza-+-N(ady—ydax)=0. 
If, therefore, 4m(m-+1)+1 particular solutions are known, an integrating 
factor can be obtained. 


To return to the Jacobi equation (§ 2°14), 
(a, +b% +¢,y)(wdy —ydx) —(a, +b:X +c¢,y)dy +(a, +b x +¢,y)da—0. 
In this case m=1. The equation will have a solution of the linear form 
aw +ßy +y =const. 


a a 
A(f) = (az +b: +c) A +(az +b% + CY) A Hag+bye-+ey) t =f, 


where A is a constant and f=ax+fy+yz. This leads to three equations between 
a, B, y, A, namely, 


y(a,—A)+aa,+fa,=0, yb,+a(b,—A)+fb;=0, yce,+ac, + B(c;—A) =0, 
whence i 


a,—A, Qs, as | =0, 
ie SS a ae 
Cy Cas C3 —À | 
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It will be assumed that this equation has three distinct roots, À}, A,, Àg, to which 
correspond three values of f, namely, U, V, W. Then 
UiViWk =const. 
will be the general solution, when z is made equal to unity, if 
i+j+k=0, 
Ai + ÀJ + Àk = 0. 
It is sufficient to take i= À — Às, J =À — À, K=A,—A,. The general solution 
is therefore 
U*2— 3 s— 1 py —*2 const. 


2°38. Orthogonal Trajectories——The equation 
D(x, y, c)=0, 


in which c is a parameter, represents a family of plane curwes. To this family 
of curves there is related a second family, namely, the ffamily of orthogonal 
trajectories or curves which cut every curve of the given family at right angles. 
To return to the instance given in § 1:4, the first familiy of curves may be 
considered as the lines of force due to a given plane magmetic or electrostatic 
distribution. The family of orthogonal trajectories will then represent 
the equipotential lines in the given plane. 
Let 
F(x, y, p)=0 
be the differential equation of the given family of curves ; it determines the 
gradient p of any curve of the family which passes throwgh the point (a, y). 
The gradient w of the orthogonal curve through (æ, y) iis connected with p 
by the relation 
po=—l, 


and consequently the differential equation of the family of orthogonal tra- 
jectories is 
í 1 
F\ x, y,—— )=0. 
(x, y D 
Since the differential equation of the given family is obtained by elimi- 
nating c between the two equations 
oð  əð 
N W ae 
the differential equation of the orthogonal trajectories arises through the 
elimination of c between the equations 
aP _ 3P o 
ie ay 
Examples.—(i) The family of parabolas, 


0, 


®=0, p 


y? =4cg, 
where c is a parameter, are integral-curves of the differential equation 
2æp =y. 
The differential equation of the orthogonal trajectories is therefore 
2x +py =0, 
and the trajectories themselves are the curves 
2%? +-y2?—c? ; 


they compose a family of similar ellipses whose axes lie along the co-ordinate axes.. 
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(ii) The family of confocal conics, 
a? y? 
aiT 
where À is the parameter, are integral-curves of the differential equation 
(x +py)(y —px) +(a* —b*)p =0. 
This equation is unaltered by the substitution of —p—1for p. The family is there- 
fore self-orthogonal. 


=1, 


2°31. Oblique Trajectories.—An oblique trajectory is a curve which cuts 
the curves of a family at a given angle. Let the given angle be arc tan m. 
Then if p and w are respectively the gradients of a curve of the given family 
and the trajectory at a point where they intersect, 
Fe an, 
=e +mp` 
If the differential equation of the given family is 
F(x, y, p)=0, 
that of the family of oblique trajectories will be 


F(a, Y, r= =0. 


Example.—Consider the family of concentric circles, 


æ? +y’ +c’; 
their differential equation is 
æ+yp =0. 
The family of curves which cut the circles at the angle arc tan m is therefore 
EF L 
ory +mp = 


or 
(mæ +y)p +2 —my=0. 
This equation is homogeneous : its solution is 


log V (2? +y?) +m are tan“ =const. 


In polar co-ordinates, the equation of the trajectories is 
r=Ce—md, 
the curves are therefore equiangular spirals. 


2°32. Conformal Representation of a Surface on a Plane.—Another 
important application of differential equations of the first order is to the 


conformal representation of an algebraic surface upon a plane. The real 
quadratic form 


dS? = Edu? +-2 Fdudv +-Gdv2 (EG—F?=-0) 
represents an element of surface. Since it is essentially positive, its linear 
factors, 
adu+bdv, a’du-+b'dv 

are such that a and b are, in general, complex functions of u and v, and 
a’ and b’ are respectively the conjugate complex functions. 

Let u(u, v) be an integrating factor for adu+bdv, then the conjugate p’ 
will be an integrating factor for a’du-+-b'dv. If 

p.(adu-+-bdv) =dV, p'(a'du+-b'dv)=dV"' 
then V and V” will be conjugate complexes, and 
pp’ dS2=dV dV". 
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Define æ and y as new variables by the equations 
V =æ4-iy, V'=a—ty 


and let 
Vamp’, 
then 
dS? =i2(dx? +-dy?) 
=)2ds2, 


Thus the surface (u, v) is conformally represented on the plane (a, y).* 


Example.—Consider the representation of the sphere 


dS? =a*du? +a? sin2u dv? 
on the plane. 
dS*=a*(du+i sinu dv)(du—i sinu dv) 


=a" sin*u(cosecu du +idv)(cosecu du —idv). 


Let 
cosecu du=dy, dv=dz, 
that is 
y=log tan ju, w=v. 
Then 


dS? =4a* sech*y (dx? +-dy?). 


This correspondence between the sphere and the plane is Mercator’s projection t 
Meridians on the sphere are represented by lines parallel to the y-axis in the plane, 
and parallels of latitude by lines parallel to the a-axis. The whole sphere is 
represented by that strip of the plane which lies between æ= —r and = +r. Any 
straight line in the plane represents a loxodrome on the sphere, that is a curve which 
cuts all the meridians at a constant angle. 


2°4. Equations of the First Order but not of the First Degree——An 


equation of the first order and of degree m may be written 


dy (dy\" dy\"—} dy bi 
(A) F(a, Y, 2 )=(2) +P) Aae Aa +HPmi gy +Pm=0, 
where P4, . . ., Pm are functions of wand y. Theoretically, the equation 
may be brought into the factorised form, 
d \d d 
(in Pian Pe) - «= (Gh Pm) =9 
where p1, Po, - - - , Pm are functions of x and y. 
Let 
h(a, Y, Cr) =0 
be the general solution of the equation 
d 
= —p,=0; 
it will also be a solution of the given equation. Conversely if 
(x, y, C)=0 
is a solution of the given equation, it must satisfy one or other of the equations 
4 —p,=0 Cara Pe ARSE 


* For the general theory of conformal'representation, see Forsyth, Theory of Functions, 
Chap. XIX. 

t Gerhard Kremer (latine Mercator) published his map of the world in 1538. The 
underlying mathematical principles were first explained by Edward Wright in 1594. 
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It follows that every solution of (A) will be included in the solution 
plx, y, c)Px(a, Y, c) - - » Pm(2, Y, c)=0, 
which is therefore the general solution. The one arbitrary constant c is 


sufficient for complete generality, for a particular solution is obtained 
explicitly by solving one or other of the equations 


p(x, Y, c)=0, 
in which c has any numerical value. 


Example.— (E 7 —(1 +y?) =0. 

In the factorised form the equation is 

d d 

S-va tivat <0, 
the two factors give rise to solutions 
y =sinh (c+2) 

respectively, where c is a constant. The general solution therefore is 

yY? =}(ec+* —e—e—2)(ec—% —e—Ct2) 

= }(e2¢ + e—2¢ —e2% —e— 22) 


=4(C —cosh 22), 
where C=cosh 2c. 


2°41. Geometrical Treatment.—The theory of the differential equation 
dy\ _ 
ra wit, )=0 


may also be approached from a geometrical point of view. Replace ou by z 


and regard z as the third rectangular co-ordinate in space. Then the equation 
F(a, y, 2)=0 
represents a surface S. 
Let 


=ġ(æ 
be any solution of the differential baste then the pair of equations 
y=$(2), z=ġ'(x) 
represents a space-curve J” which, since 
Fiz, $(x), $'(w)}=0 
identically, lies upon the surface S. There is not a solution of the differ- 


ential equation corresponding to every curve which lies on S, but only to 
those curves at all points of which the differential relation 


dy —zdx=0 
is satisfied. 
Let 


w=at), y=y(t), z=z(t) 
be the parametric representation of a curve J’ upon S for which the relation 
dy —zdx =0 
is satisfied. The projection of J” upon the (a, y)-plane will be the curve C 
a=x(t), y=y(t) 


y=9(2). 


or 
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Sincegat all points of the curve I” the equation 


F(x, y, 2)=0 
becomes . 
F{a, $(2), $'(0)}=0, | 
the curve C, or | 
y=$(2) 
is an integral-curve of the equation 
F(x, y, y')=0. 


Let the parametric representation of the surface S be — 
æ= f(u, v), y=g(u,v), 2z=h(u, v), 
then the relation 


dy —zdx =0 
becomes 
8 4, 1 8 ay p a 
aut 35 h aut +35 dv=0 
or, say, 
ii dv 
EPA =k(u, v) 


Any solution of this differential equation is a relation between w and v | 
which defines a curve J’ on the surface § such that the projection of this 
curve on the (a, y)-plane is an integral-curve of the differential equation. 


Consider, as an example, an equation which can be written in the form 
y —g(x, p)=0. 
The corresponding surface S is then representable parametrically as 
=v, y=g(x, p), 2=P, 
and the relation dy —zdæ =0 becomes 


g ôg 
Poe * ap? ` 
This is a differential equation of the form 
dp 
— =k(a, p) ; 
wo p) 
let its general solution be 
Ux, p, c)=0. 


Then the integral-curves are the projections on the (x, y)-plane of the intersection 
of the surface 


y —g(x, z)=0 
with the family of cylindrical surfaces 
Uz, z, c)=0. 


The general solution of the given equation is therefore obtained by eliminating p 
between the two equations 
y=g(z, p), Ux, p, c)=0. 


242. Equations in which x or y does not explicitly occur.—When an 
equation of either of the forms 
F(a, p)=9, Fly, p)=0 
can be solved for p, the equation can be integrated by quadratures. On 


the other hand it may occur that the equation is more readily soluble for 
æ (or y as the case may be) in terms of p. Let 


a=f(p) | 
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be the solution, then, on differentiating with respect to y, 
Lio ee 
whence y=c +fpf '(p)dp 
=c+g(p), 


w=f(p), y=ce+s(p) 


may be regarded as a parametric representation of the solution, which is 
obtained explicitly by eliminating p between the two equations. 

If the equation does not involve 2, it is solved for y and then differentiated 
with respect to œ. The solution is then obtained in the parametric form 


y =f(p), g= +g(p), 
s(p)=/p-*f'(p) dp. 


More generally, it may be possible to express the equation 
F(x, p)=0 


say. Then the equations 


where 


parametrically in the form 
a=u(t), p=v(t), 
then, on differentiating the former with respect to t, 
Lidy ., 
whence 


y=c+ f v(t)u’'(t)dt. 


The solution is then obtained by eliminating ¢ between the expressions for 
æ and y. The equation 
F(y, p)=0, 


if expressible in the form 


y=u(t), p=v(t), 
is solved by eliminating ¢ between 


y=u(t) and ome |p at 


Example.—Consider the equation 

p*?—p?+y?=0. 

It may be represented parametrically as 
y=t—, p=1 —t?. 

Differentiate the first equation with respect to ¢, then 

p se =1 — 8t? 

dt á 

whence 


=c + ae MEP PPTA Ocoee: 
r er PETSERI T 


Thus & and y are expressed in terms of the parameter t. 


2°48. Equations homogeneous in æ and y.—An equation which is homo- 
geneous and of degree m in æ and y may be written 


amk”, p)=0. 
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If it is soluble for p, equations of the type 


p=s(4) 


already considered (§ 2°12) will arise. This case, therefore, presents no new 
features of interest. Consider, however, the case in which the equation is 


soluble for 2 ; thus 


æ bd 
Jz 
a =f(p) 
or 
y=af(p). 


Differentiate this equation with respect to a, then 
nt 
p=f(p) +af PE. 


Let p be taken as dependent variable, then in this equation the variables are 
separable, and it has the solution 


_ | T (p)dp 

108 a=) pfo) 
or, say, ©) 
cv=g(p). 


The simultaneous equations 
y=af(p), cæ=g(p) 
furnish the general solution of the equation. 


Example.— y=yp*+2pe. 


Solve for æ, thus 
1 
2x =(= -p) : 
Pp 


differentiate with respect to y, then 


or 
e SANIE 
dy oy 
whence 
py=c. 


Eliminating p from the original equation gives the required solution 


y?=2cxr+c?. 
2°44, Equations linear in v and y.—A general type of equation whose 


solution can be obtained in a parametric form by differentiation is the 


following : * 
y=x9(p)+(p). 
The derived equation is 


p=$(p) Happ) Woy; 


* The equations appear to have been integrated by John Bernoulli before the year 1694. 
Its singular solutions were studied by d’Alembert, Hist. Acad, Berlin 4 (1748), p. 275. 
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if æ is regarded as dependent variable, and p as independent variable the 
equation may, when p—¢(p)-+0, be written 

de gp) Wp) 

dp p—(p) p—ġlp) 
and is then a linear equation in the ordinary sense. Its solution in general 
involves two quadratures ; let it be 


av =¢f(p) +g(p), 


then æ may be eliminated from the original equation, giving an expression 


for y in the form 
y=cfi(p) +81(p)- 
The general solution is thus expressed parametrically in terms of p. 


x 


Consider now those particular values of p, say p;, po, . . . , for which 
p—$(p)=0 ; 
for those values of p, 
dp _ 
E =0. 


Thus there arises a certain set of isolated integral curves such as 


y=x(pi)+(p1). 


They are straight lines such that if an integral curve of the general family 
meets one of them, it will have, in general, an inflexion at the common point. 
The straight lines furnish an example of singular solutions, that is of solutions 
of the equation which are not included in the general family of integral 
curves, and not obtainable from the general solution by attributing a special 
value to the constant of integration. 


Example.— y =2px —p*. e 
The derived equation is cw 
dp yt s yi 
Ah ta aca PN Dn T 

whence, if p0, r A P RAN 

dx Bee. =2 j PRN a ERO 

dp p OM 
The solution of this linear equation is PETN 

C. 8 shail 
7 p? + gP 


which, combined with the original equation, gives the required solution. 
On the other hand, when p=0, there is a solution 


y=0. 


2°45. The Clairaut Equation.—The Clairaut equation,* 
y=pr+y(p), 


is not included in the class of equations studied in the preceding section 
because, in the notation of that section, 


$(p)=p 
identically, and therefore the method adopted fails. 
The derived equation is 


d 
p=p+ +p PE ; 


* Hist. Acad. Paris (1734), p. 209. 
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it can be satisfied either by p=c, a constant, or by 


2+'(p)=0. 
The first possibility, p =c, leads to the general solution 
y=ca+7(c). 
The second possibility leads to a particular solution obtained by eliminating 
p between the two equations 
l y=pe+(p), @+%'(p)=0. 
It contains no arbitrary constant, and is not a particular case of the general 
solution ; it is therefore a singular solution. 
Now the envelope of the family of straight lines 
y=cv +(e) 
is obtained by eliminating c between this equation and 
0=2+w¥'(c), 
and is identical with the curve furnished by the singular solution. In the 
case of the Clairaut equation, therefore, the singular solution represents the 


envelope of the family of integral-curves. 
Conversely, the family of tangents to a curve 


y=f(x) 
satisfies an equation of the Clairaut form, for if 


y=ar+B 
ax+B=f(z), o=f(2). 


The elimination of æ between these equations gives rise to a relation 


is a tangent, then 


B=(a), 
and since, on the tangent, a=p, the tangents satisfy the equation 
i y=pr+y(p). 
Example.— 4 y=pæ +1/p. 


Differentiating, 
2P 
p=p+(e—l/p"), 
whence either p=c, giving the general solution 
y =cæ+1/c, 
or else 
p= lje. 
The singular solution is found by eliminating p between 
p?=l1/e and y=pæ+1/p 


and is 
y? 42. 


2°5. The Principle of Duality.—There exists a certain transformation, 
due to Legendre, by which a dual relationship can be set up between one 
equation of the first order and another of the same order. Let X and Y 
be new variables defined by the relations 

X=p, Y=«p—y, 

and let 

dY 
P= dX . 
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Now, assuming that e =0, 
dX =dp, dY =adp-+pdx—dy 


=adp, 
and therefore 
P=e. 
Also 
y=ap—Y 
=XP-—Y. 


Thus the transformation 
X=p, Y=«p—y 
is equivalent to 
a=P, y=XP—Y. 
They are therefore reciprocally related to one another.* 
By means of this substitution, either of the equations 


F(a, y, p)=0, F(P, XP—Y, X)=0 


may be transformed into the other, and in this sense a dual relationship 
exists between them. When one of the equations is integrable, the other 
may be integrated by purely algebraical processes. 

For instance, let 


HX, Y)=0 
be a solution of the second equation, then on differentiating with respect 
to X, 

Op | Oy 

aX + 5Y P=0. 


Now X, Y, P may be eliminated between these two equations and 
ger, y=rRP-Y, 
thus giving a solution of the equation 
F(a, y, p)=0. 
In particular, an equation of the form 
- D(ap—y)=2 F(p) 
@(Y)=P¥(X). 


The variables X and Y are now separable, and the equation is integrable 
by quadratures. 


would become 


Example.— (y —pæjæ =y. 
The transformed equation iş 
X 
-FPR 


it is homogeneous, and has the solution, 
xX 
log Y — — = $; 
og Y cons 


Differentiate with respect to X, then 
P Y—XP EA 
y i 


* If (x, y) and (X, Y) are regarded as points in the plane of the variables u, v, the 
locus of (x, y) is the polar reciprocal of the locus of (X, Y) with respect to the parabola 
u?=2v, and conversely. 
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whence 
Y—XP y 
vi Perene 
and consequently 
a ae 


Hence the solution of the original equation is 


A 0 
log (B -= const. 
a] 2 
or 
y=caellz, 
d 
Nore.—In the case of the Clairaut equation the condition that = +0 is violated 
for the general solution ; this method therefore leads only to the singular solution. 


2°6. Equations of Higher Order than the First.——The simplest of all 
differential equations of general order n is the following : 


TY fia). 


Its integration is simply the process of n-ple integration and may be carried 
out in successive stages as follows. Let a be a constant, chosen at random, 
then 

d"-1 x 

- = i fa)de+Co, 


a a a: oh fla)da+-Co(w—a) +C1, 


y=[_ af da . poses eh aie oir 


where Co, C,, Pit) Sg ees arbitrary constants. 
The multiple integral may, however, be replaced by a single integral. 
Let 


¥= Gani), soa 
then me 


oe cc ay), (w—t)"—2f(t)dt, 


oy i 
a a fa JOu 
whence, finally, i : 
dY 
dan ~J(2)- 


Y is therefore a solution of the equation which, together with its first (n—1) 
derivatives vanishes when =a. It is therefore identified with the multiple 
integral. The general solution of the equation is therefore 


(v—ao)"~} 


Y= piyi f, C9- Medd OS -}- ets) 's +Cy-1.- 
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Apart from this simple case, and the case of linear equations with constant 
coefficients, which will be dealt with in Chapter VI., there are but few equations 
of order higher than the first which yield to an elementary treatment. In a 
number of very special cases, however, the order of an equation can be 
lowered by means of a suitable transformation of the variables, combined 
with one or more quadratures. The main cases of this kind which can arise 
will be dealt with in the three following sections. 


2°61. Equations which do not explicitly involve the Dependent Variable. 
Consider the equation 


dřy dk+ly ay 
M2 Ze dat? * > > dg) =% 
in which y and its first k—1 derivatives do not appear. The transformation 
dy 
v= dx® 


reduces the equation to an equation in v of order n—k. If this equation can 
be integrated and its solution is v=v(x), it only remains to integrate the 
equation 


dy 
dat =C), 
which is of the type dealt with in the preceding section. 
More generally, however, the reduced equation has a solution of the 
form 
d(x, v)=0, 


which is not readily soluble for v. For the method to be practicable it is 
necessary to express a and v in terms of a parameter t, thus 


y)—v(t), w=a(t). 


dy*—1)—v(t)dx=v(t)a’ (t)dt 
which, on integration, gives y*-. The process is tepeated, k times in all, 
until the explicit solution is reached. 
An important particular case is that of equations of the form 
d'y d” Y), 
dar ` =f ( ir- 1 
such equations are integrable by quadratures. 


Then 


2:62. Equations which do not explicitly involve the Independent Variable.—- 
When an equation has the form 


- dy dy it 
UA dx?’ ate Jan )=0; 
its order may be reduced to n—1 by a change of variables. Let y be taken 


as a new independent variable, and p as the dependent variable. The 
formulæ by means of which this transformation is effected are 


dy _ dy dp dy d/ dp 
de P daz” Pay da’ =P al? ay) ` 


The given equation is thus reduced to one of the form 


Oy p E a Ge) 0. 
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Let it be supposed that this equation can be integrated, and that its solution 
is expressible in the parametric form 

y=f (t), p =g(t), 
where f and g are functions of the auxiliary variable t, and depend also on 


n—1 constants of integration. Then @ is obtained, in terms of t, by a 
quadrature, thus : 
o= |% 
J Pp 


i pe 
J g(t) 
In particular, an equation of the second order, which does not explicitly 
involve 2, namely 


dy dy) _ 
> 1 > 1 4)=0, 
is transformed into the equation 


Fly, p, pib)=0, 


which is of the first order. 
An equation of the form 


dn—*y 
oS (aars) 
is reduced, by the substitution 
d"—2y ; 
da"—2 = 
to 
d*v 
J dg2 =f(v) 
dv i ho 
If ae this last equation becomes 
dp. 
Pp dv =f (v), 
whence 


p?=c+ f flv)do, 


af {c +f f(v)dv}-*dv. 


In order that y may be obtained, v must be expressed in terms of 2; 
the solution is then completed by n—2 quadratures. 


and therefore 


2°68. Equations exhibiting a Homogeneity of Form.—'Two classes of 
equations will be discussed, the first class being that of equations which are 
homogeneous in y, y’, y”, . y™, and which may also involve « explicitly. 
An equation of this class may, if m is the degree of homogeneity, be written 


y"F(a, ” £, a ete i) =0. 


Let u be a new dependent variable, defined by the relation 
y=esudz, 
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then 
y' =uelvdz, y" =(u' + u?)elvdr, Bae et 
and in general 
ym =U, elude, 


where U,, is a polynomial in u, w’, . . .. u®-0D, The change of dependent 
variable from y to u therefore reduces the order of the equation from n to 
n—l. 

The second class includes those equations which are homogeneous in 
Y, wy’, wy", . . ., ey and do not otherwise involve æ. Let 


Fly, ay’, ay”, RR L. ary™)=0 


be the typical equation. Change the independent variable by the sub- 
stitution 

oe 
then 


and, in general, 
dy d/d d 
gaa: t | essai ale HA 
ie qe 1) siga tea r+1)y. 
Thus the transformed equation is of the form 
op ee o afia 
AE E R ae) 


and does not explicitly involve æ. It thus comes under the heading of 
§ 2°62. 


An equation which comes under the last class, but which can be integrated by 

a simpler method is the following : * 
Fly’, y’—ay", y—ay’ +3x*y")=0. 
The derived equation is simply 
y” .(F\—aF,+422F;) =0, 
where F, F,, F, are the partial derivatives of F with respect to its first, second, and 
third arguments respectively. It is satisfied by y’’=0, or 
y=A+Ba+}Cz2?, 


where A, B, C are arbitrary constants. This will be the general solution of the 
original equation provided that 
F(C, B, A)=0. 


2°7. Simultaneous Systems in Three Variables.— Before the general theory 
of the integration of simultaneous systems of differential equations is 
attacked, it will be convenient to dispose of a simple case in which the equa- 
tions are integrable by the methods which were detailed in the earlier sections 
of the chapter. 
Consider the system 
dæ dy dz. 
a a i 


€, ņ and € are, in general, functions of æ, y and z. A very special, but 


* Dixon, Phil. Trans. R. S. (A) 186 (1894), p. 568. The generalisation to any order 
is obvious. See also Raffy, Bull. Soc. Math. France, 25 (1897), p. 71. 
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important case is that in which é and 7 are independent of z. In this case 
the equation 

soil 

Ehn 


involves only g and y ; it will be supposed that this equation can be integrated 
and that its solution is 


D(a, y, a)=0, 
where a is the constant of integration. Let this equation be solved for y, 
thus 
y=$(z, a), 


and let é and ¢, be what é and ¢ become when y is replaced therein by 
p(x, a). Then the equation 
dæ dz 


IA 
does not involve y. Its solution will be of the form 
O(a, z, a, B)=0, 


where £ is the constant of integration. Now let a be eliminated between the 
two solutions 

(x, y, a)=0, O(a, z, a, B)=0; 
the solutions then take the form 

D(a, y, a)=0, P(w, y, z, B)=0. 


2°701. Integration of a Simultaneous Linear System with Constant Co- 
efficients.—The system 
eel. Pilla 
a ae a 
E=a,e+by+e%+d), 
9 = gt bY +C% +s, 
C=a,x +b y +¢,2+ds, 
is not of the form dealt with in the preceding section. It can, however, be dealt 


with in a similar manner after a linear transformation of the variables has been 
made. To simplify the working a new variable ¢ is introduced such that 


where 


then, whatever constants l, m, n may be, 
dt _ ldx +mdy +ndz 
t lE +m +ný 
Let l, m, n be so chosen that 
la; +ma, +na;=lp, 
lb, +mb, +nb, =mp, 
Ic, +me,-+ne,=np, 
then 
= p(la+-my pnz +r 


where rp=Id,+md,+nd;. This choice of l, m, n is possible if p is a root of the 
equation 


dt d(la +-my +-nz) 
t 


| a,—P; As, as | =0. 
| by, b.—p, b; 
| Cis C2, ĉ3— pP 
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Let the roots of this equation, supposed distinct be re : pak -, and let the corre- 
1 2 3 
sponding values of l, m, n, r be 
li» Mijs Ns Ti G= 2, 3), 

then 

dt = A,d(la-+my +n,2) 

t let+my+tnz+r;’ 
whence 


t=C,(la+my +nz+7))- 
The solution of the system is therefore 
C (læ +m y +242 +r) =C,(1,@ +My +N +7122 =Cy(Lgu +My +N% +15) 
and contains three constants of integration, C,, C, C3, of which two are arbitrary. 


2°71. The Equivalent Partial Differential Equation—Let æ and y be 
regarded as independent variables, and z as a dependent variable. Let 
p and q be the partial derivatives of z with respect to æ and y respectively, 


then 

cptng=e 
is a linear partial differential equation of the first order and is known as 
the Lagrange linear equation. If 

z=f(x, y) 


is a solution of the equation, then 


i- ROT: MM 
for all values of æ, y. This solution represents a surface, known as an integral- 
surface of the partial differential equation. Since the direction cosines of 
the normal to a surface z=/(z, y) are proportional to 


Y oS a 
8 æ’ ôy’ > 
the differential equation expresses a distinguishing property of the tangent 


plane to the integral-surface. 
Now consider the system of simultaneous ordinary differential equations 


dæ _dy _dz 
SA A i 


and let its solutions be solved for the constants of integration, thus 


ulw, ¥,%)=a, v(a, y, 3)=p. 
These solutions represent a two-parameter family of curves in space, which 
are known as the characteristics of the system. If €, 7, ¢ exist and are one- 
valued at a point (ao, Yo, Zo), and at least one of them is not zero at (%p, Yo, Z0)» 
one and only one characteristic passes through that point. 

It will now be shown that the characteristics of the simultaneous differ- 
ential system bear an intimate relationship to the integral-surface of the 
partial differential equation. In the first place it will be proved that, if an 
integral-surface passes through (2p, Yo, 2), it contains the characteristic through 
that point. Let the integral surface through (a, Yo, Zo) be 


z=f(x, y) 
and, supposing that € does not vanish at (a, Yo, Zo), consider the differential 
equation 
= PE 
de g 
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in which z has been replaced by f(z, y) The equation defines y as a 
function of œ and is therefore the differential equation of a family of cylinders 
whose generators are parallel to the axis of z. The cylinder through (a, yo, 0) 
intersects the integral-surface in a curve through (a, Yo, Zo). Along this 
curve 

dx dy _ pdx+qdy dz 

Pie eer ee os 


The curve so defined is therefore a characteristic, and the theorem is proved. 
An immediate consequence of this theorem is the fact that every integral 
surface is a locus of characteristics. In particular if any non-characteristiec 
curve in space is drawn, the characteristics which pass through the points 
of this curve build up an integral-surface. 

In the second place, the converse of this theorem will be shown to be 
true, namely, that in general every surface which arises as a locus of character- 
istic curves is an integral-surface of the partial differential equation.* The 
tangent line to the characteristic at any arbitrary point (2%, Yo, žo) is 


B—% _Y—Yo _*—% 
Eo No lo” 
where £o, yo, Čo are the values of £, n, E at (a, Yo, %). The equation of the 
tangent plane at (a, Yo, Zo) to the surface which envelopes the characteristics 
will be 
(x —a)Po +(Y —Yo)Yo=2 —*o; 


where pọ and qo are respectively the values of £ a on the surface at 


(%o, Yos Zo). Since the characteristic lies in the surface, the tangent line lies 
in the tangent plane, and therefore 
EoPo +1090 =$o- 


But (a, Yo; Zo) is any point on the surface ; the latter is therefore an integral- 
surface of the partial differential equation 


Ep +nq=6. 


2°72. Formation of the Integral-Surface.—The aggregate of character- 
istics form a two-parameter family or congruence of curves. Just as a plane 
curve is formed by selecting, according to a definite law, a one-fold infinity 
of the two-fold infinity of points in a plane, so an integral-surface is formed 
by selecting a one-fold infinity of curves of the congruence. Let 


Uz, y,2)=a, v(a, y, 2)=B8 
be the aggregate of characteristics from which a one-fold infinity is chosen 
by setting up a relationship between a and f, say 


2(a, B)=0. 
The equation to the integral-surface is therefore 
Q(u, v)=0, 
and this equation, in which the function Q is arbitrary, is the general solution 
of the partial differential equation. 
In the theory of ordinary differential equations of the first order, it is 


often required to find that integral-curve which passes through a given 
point of the plane. The corresponding problem in the case of partial 


* The exceptional case arises when the surface has a tangent plane parallel to the 
z-axis, for then p and g become infinite and the proof fails. 
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differential equation is to find that integral-surface which passes through a 
given (non-characteristic) base-cwrve in space. This problem, in its general 
form, is known as Cauchy’s problem. 
Let 

p(x, Y, z)=0, p(x, Y, 2)=0 
represent the base-curve, and let 

u(x, y, 2)=a, -olw y, 3)=ß 
be the characteristics. If, between these four equations, 2, y, z are eliminated, 
there remains a relation between a and 8 which expresses the condition that 


the characteristics and the base-curve have points in common. Let this 
relation be 
(a, B)=0, 


(u, v) =0 


then 
is the required integral-surface. 


Example.—Consider the partial differential equation 
Oz 


ô 
(cy —b2) = ED 


ba —ay. 


The subsidiary differential system is 
an AAN. AE ae 


cy—bz az—cæ bæ—ay 
This system is equivalent to 

adx +-bdy +cdz=0, 
elle +2dz=—0, 


and therefore the equations of the characteristics are 
ax +by +cz=a, 
æ? +y’ +z” =$, 


where a and ĝ are arbitrary constants. The characteristics are the intersections 


of all spheres whose centre is at the origin with all planes which are parallel to the 
straight line 
o yp ig 
(1) 


that is to say, they are the aggregate of circles whose planes are perpendicular to, 
and whose centres lie on, this line. 


The integral-surfaces have the equation 
æ? +y? +2? =f(aa+by +cz), 


and are surfaces of revolution which have the line (l) as axes of symmetry. 

Now consider that particular integral-surface which contains the y-axis; it 
is built up of those characteristic curves which pass through the y-axis. The 
characteristics are those for which a and £ are such that the equations 


ax+by+cz=a, 2?+y?+22=f, z=0, z=0 
are consistent. The condition that they are consistent is obtained by eliminating 


y from 
by=a, y*=B 
bB =a? 


and therefore is 


The required integral-surface is 
bw? +y? +z?) =(ax +by +¢2)* 
(a? —b?)æ? + (c? —b*)z?-+ 2abay + 2bcyz+-2caza =0. 


or 
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2°78. The Homogeneous Linear Partial Differential Equation When ¢ is 
identically zero, the equation has the so-called homogeneous form 
ép +ng=0. 
The equations of the characteristics then become 


The last equation gives at once 
TEGN 


and therefore the characteristics are plane curves whose planes are perpen- 
dicular to the z-axis. 
The most important case is that in which ¿ and y are independent of z; 
the equation of the characteristics is then 
z=a, u(x, y) =f, 
and the equation of the integral-surface may be written in the form 


g= f(u). 


Now consider the equation 


of nit a 
where é, 7, ¢ are functions of a, y, z and do not involve f. If 

f(e, y, z)=0, 
where c is a constant, is a solution of the partial differential equation, then 


d'= Y tn +F ay + Las =o, 


ey 
and therefore f(a, y, 2)=c is a solution of the simultaneous system 
= a 
ie ee 


The converse is also true, for if 
u(x, y, z) =a 
is any solution of the simultaneous re then 


du =F, oe a +y KES od = 0. 
and therefore 
ou ou ou 
$r KIT T a 
Let 
v(@, Y, 2)=B 


be a second, and distinct, solution of the simultaneous system ; it will also 
be a solution of the partial differential equation, so that 


Ov Ov v 
E ia 


If any other solution 
w(x, Y, 2)=y 


ow Ow Ow 
UP es AE 0, 


exists, then 
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and, eliminating é, », €, 


O(u, V, w) _ Ou ou ou —0 
a(@, y, 2) = Oa’ dy’ Oz 

dv dv Ov 

Ou’ dy’ az 

ôw Ow dw | 

ax’ dy? az 


identically. Consequently w is a function of u and v,* and therefore the 
partial differential equation admits of two and only two distinct solutions. 
From the three equations 


U(x, y, z) =a, v(x, y, 2)=B, w(x, y, 2)=y, 
two of the variables, say æ and y, may be eliminated, and the eliminant can 
be expressed in the form 
w=ġ(u, V, 2). 


Now 
seg Ata My eee 
= O(a, y,%) alw, v, 2) Aa, y, 2) 
3 Paaki ie od . O(u, v) 
The first determinant on the right is simply Be? the second is Ao. The 


second of these is not zero, since u and v are supposed to be independent. 
Consequently 
od 0 


as 


that is to say, ¢ is explicitly independent of z, or in other words w is a 
function of u and v alone. 
The general solution of the partial differential equation 


fF pF _ 
oa, dy TETN 
is therefore i 
Q(u, v)=const., 

where {2 is an arbitrary function of its arguments, and 

=a; v= 
are any two independent solutions of the subsidiary system 

R. 

ie D, o 
The extension to the case of n variables is obvious. An exceptional case 
occurs when é, ņ, have a common factor ; the result of equating this factor 


to zero provides a special solution of the partial differential equation which 
may or may not be included in the general solution. 


As an example consider the equation 


of Sf A 
2 es 224 
a 2 +æy ay +2 a $ P 
The subsidiary system 
dx dy dz 
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has the two distinct solutions 


The general solution is 


2°8. Total Differential Equations.—An algebraic equation in 
variables, of the form 


plx, Y, z) =c, 


where c is a constant, leads to the total differential equation 


Bede 4 dane 
Ag et dy + z; dz=0. 


oy 
op Op Op ; 
If om By’ az have a common factor u, and if 
Op _ op op 


the total differential equation may be written in the form 


Pda+Qdy+Rdz=0. 


three 


On the other hand, if P, Q, and R are arbitrarily-assigned functions of 
@, Y, 2, the total differential equation does not necessarily correspond to 


a primitive of the form 
f(a, y, 2) =c. 


For if such a primitive exists, P, Q, R are respectively proportional to the 
three partial differential coefficients of a function ¢(a, y, z), which is not in 
general true. The problem therefore arises, to find a necessary and sufficient 
condition that a given total differential equation should be integrable, that 


is to say, derived from a primitive of the form considered. 


_ It is first of all necessary that functions ¢(a, y, z) and p(a, y, z) exist such 


that the conditions 


op Op _ Op _ 
ag HE Gy PG, =H 
are satisfied. Then * 
ô _ 2o 
ap ra) 
dwey az PO) 
that is 
aP ®Q)Y_ gH _ pôu 
j aiea Po 
and similarly 
CE 9% 
of OU e a 
ƏR aP)_ pm _ pôu 
nia -3P R 


* It is, of course, assumed that the change of order of differentiation is valid. 
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The unknown p is eliminated from these three equations by multiplying 
respectively by R, P, Q and adding. The resulting equation 


0Q aR) (aR Py, pjðP _3Q)_ 
Plog ~ ty + tam a Play a 
is a necessary condition for integrability.* 
It is obvious from the above demonstration, and may easily be verified 
independently, that if A is a function of æ, y, z and 


F SAR, QI =ÀQ, R,=AR, 


the condition for integrability is satisfied by P;, Q;, Ri- 

It will now be proved that the condition of integrability is a sufficient 
condition, that is to say, when it is satisfied, there exists a solution involving 
an arbitrary constant. The proof incidentally furnishes a method of obtain- 
ing the solution when the condition for integrability is satisfied. 

Let one of the variables be, for the moment, regarded as a constant. If 
the variable chosen is z, the equation reduces to 


Pdz+Qdy=0, 


where P and Q are to be regarded as functions of œ and y into which z enters 
as a parameter. This equation has a solution 


u(x, y, 2)=const. 
where, if A(v, y, z) is the integrating factor, 


Ou Ou 
on =AP=P,, dy =AQ=Q), 
but, of course, it does not follow that 
ou 
kad 
Let 
ou 
Rı az Dh az +S, 


then since, by hypothesis, 


ORs _ a OR, oon ôP: _ a} 
Yon ae ae =0, 
it follows that 


This relation is not satisfied in virtue of 
u(x, yY, 2)=const., 


it is therefore an identity. Consequently S and u, regarded as functions of 
æ and y are functionally dependent upon one another. The functional 
relationship between them, however, involves also the third variable z, and 
thus S$ is expressible in terms of u and z alone. 

Now 


\Pdo + Qdy +R) = 2" de+ 5 dy + dz-4 Sde 
du Se 


* Kuler, Inst. Calc. Int. 3 (1770), p. 1. 
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The original equation is therefore equivalent to 
du+Sdz=0 ; 
let u(u, z) be an integrating factor, then 
Ap( Pda +Qdy +Rdz) =p(du-+Sdz) 
is an exact differential dy. The primitive is 
wu, 2)=c ; 
and if u is replaced by its expression in a, y, z the primitive takes the form 
(a, y, 2)=c. 


Similarly it may be proved that a necessary and sufficient condition that 
the equation in n variables 


X,da,+Xodao+ ... +X,dx,=0 
should have a primitive of the form 
$(@, Hon + + +9 Ba) =l 


is that the set of equations 
y (2Xe _ OX a ae Am A 
j A a it da, Oa “aay, On, 
OITA a R AE o 
are satisfied simultaneously and identically. The total number of such 
equations is \n(n—1)(n—2); of these 4(n—1)(n—2) are independent. 


The main lines upon which the integration proceeds is illustrated by the 
following example : 
yz(y +z)dæ +zæ(z +x)dy +ay(x +y)dz=0. 
P=yz(y +2), Q=zæ(z +8), R =æy(x +y). 


and the condition for integrability is satisfied. 
When z is regarded as a constant the equation reduces to 


yz(y +z)dæ +zæ(z+æ)dy=0, 
and this reduced equation has the solution 


In this case 


u= (z+2)(z+y) =const. 
wy 
Now 
du__»>zty)_ l p 
OT i E i N 
hag tae a PUARE 
T, ay? rl gy? ’ 
so that 
į 1 
gy” 
Also 
ĝu 
BAE 5 
O ety TEIN getut 
E: xy xy 
te; aus 


and therefore 
aa 
\Pdx +Qdy 4+-Rdz)=du—2"— dz. 
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or 
or 


An integrating factor is 4 =z-*, and 


du ?2(u—l)dz 
Au( Pda +Qdy + Rdz) = Py a 33 H 


u—l 
KES 
u—l 
g2 


The primitive therefore is 


=C 


or, replacing u by its expression in terms of g, y, z, 


au A. ATMA 
xyz 


2°81. Geometrical Interpretation—-When R is not zero, the total 
differential equation may be written 


£ Q 
dz=— 7, du — RY 
or 7 
dz=Udæ +V dy. 
Since 
dz=pdæ +qdy, 


the total differential equation is equivalent to the two simultaneous partial 
differential equations 
p=U(x, y, 2), q=V(a, y, 2). 


The equation of the tangent plane at (®o, Yo, 2) to the integral-surface which 
passes through (a, Yo; %) is therefore, 


%—% =U (x —a) +V o(y —Yo), 
where Uy and Vo are respectively the values of U and V at (a, Yo, 2). 

The problem of integration is therefore equivalent to finding a surface 
such that the direction cosines of its normal at every point (a, y, z) are 
proportional to 

U(x, y, 2), V(x, Y, 2), —1. 


This problem is, in general, insoluble ; in order that it may be soluble the 
condition for integrability, which reduces to 


must be satisfied. 
The general solution of each of the partial differential equations 


represents a family of surfaces, such that through every curve in space there 
passes, in general, one and only one surface of each family.* Their common 
solution represents a family of space-curves 


u(x, Y, 2) =a, v(x, Y, z) A 


depending upon the two parameters a and f, and such that through each 
point in space then passes one and only one integral-curve. 
An integral-surface of the total differential equation cuts every curve of 


* This depends upon the fact that a partial differential equation possesses, in general, 
a unique solution satisfying assigned initial conditions. The truth of the underlying 
existence-theorem is assumed. 
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this family orthogonally, that is the tangent plane at any point P of an 
integral-surface must contain the normals at P of the two surfaces u=a, 
v= which pass through P. Hence 


ou ou _ ĉu 


ions ey Oz =e 


pe on ata “aga 
These two equations determine 
p=U(a, y,2), q=V(a, y, z). 
These are consistent if, and only if 


op _ ôq 
dy ôx 
that is, if the condition for EET 
A ae 


is satisfied. 


2°82. Mayer’s Method of Integration—The method of integration 
developed in § 2°8 depends upon the integration of two successive differential 
equations in two variables. In Mayer’s method * only one integration is 
necessary. Let (a, yo) be any chosen pair of values of (æ, y) and let 2 be 
an arbitrary value of z such that the four differential coefficients 


au aU Wa 
Oy’ oz’ Ou’ OB 
exist and are continuous in the neighbourhood of (a, yo, 2%). Then if the 
equation is integrable, its solution will be completely determined by the 
initial value z. The value of z at (x, y) can therefore be obtained by following 
the variation of z from its initial value z as a point P moves in a straight 
line in the (a, y)-plane from (a, yo) to (æ, y). 

There is no loss in generality in supposing that the point (x, yo) is the 
origin, and this will be assumed. On the straight line joining the origin to 
(x, y), 

y=Ka, dy =kdx, 
where « is constant. The equation therefore becomes 
dz=(U,+«V1)dx 


where U, and V, are what U and V become when y is replaced by kæ. This 
equation, in the two variables x and z, has a solution of the form 


f(a, z, K)= const. 
or, since z=% when 7=0, 
o(a, Z, K) =¢(0, Zo K) 
On replacing « by y/z, the solution 
$lx, z, y/w)=$(0, zo, y/x) 


is obtained in a form which indicates its dependence upon the arbitrary con- 
stant 2. 
* Math. Ann., 5 (1872), p. 448. 
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Example —Consider the equation 


L LEYE gy 4 CEB) yy, 
1+ay 1+ay 
the coefficients of dæ and dy are continuous in the neighbourhood of z=0, y=0, 
2=2Z and so are their partial differential coefficients. 
Let 


dz 


y=ka, dy=Kkda, 
then the equation reduces to 
dz 2kg é 1—Ka? 
dæ 1+Ka? l+ kg?’ 
it is now linear, and has the solution 
z=@ +2z(1 +Kæ?). 
The solution of the given equation is therefore 


2=2+2,(1+2y). 


2°83. Pfaff’s Problem.—When the condition for integrability is not 
satisfied, the total differential equation is not derivable from a single primitive. 
On this account such an equation was at one time regarded as meaningless.* 
Further consideration, however, brought to light the fact that the total 
differential equation is equivalent to a pair of algebraic equations known 
as its integral equivalents. In general, when the equations for integrability 
are not all satisfied, a total differential equation in 2n or 2n—1 variables 
is equivalent to a system of not more than n algebraic equations.{ The 
problem of determining the integral equivalents of any given total differential 
equation is known as Pfaff’s Problem. A sketch of the method of procedure, 
in the case of three variables, will now be given.§ 

The first step consists in showing that the differential expression 


Pdx+Qdy+Rdz 
can be reduced to the form 
du-+vdw, 
where u, v, w are functions of æ, y, z. The two forms are identical if 
ou ow ou Ow Ou ow 
(A) aei "Oe? Ee ” By’ TE va 
Let 
, 9Q OR , OR aP “OP ee 
£ ~ OB dy’ © te To et ~ Oy Oa’ 
then 
pr 00 ow _ 00 dw 
08" Oy Og” Gx” 
_ Ov ðw ow Ow 


, 
i Oa Oz 3z ôw’ 
, 00 ôw v ðw 
by" æ da’ dy” 
* Euler, Inst. Calc. Int., 3 (1770), p. 5. 
+ Monge, Mém. Acad. Sc. Paris (1784), p. 535. 
į} Pfaff, Abh. Akad. Wiss. Berlin (1814), p. 76. 


§ An extended treatment in the general case is given in Forsyth, Theory of Differential 
Equations, Part I., and in Goursat, Leçons sur le Problème de Pfaff. 
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It follows that 


v Qe +R S =0, 


id 
+O +R EHO. 


Thus v and w are solutions of one wp the same linear partial differential 
equation ; the equivalent simultaneous system is 


oad = dz 
QR 


alæ, y, 2)=const., B(®%, y, z)=const. 


Let 


be two independent solutions of the simultaneous system, then v and w are 
functions of a and $. 
Now return to the variable u; since 


air afo- Mle eM fr ea + eZ} 
iP- aP He ee Tees TA a Ey E oes T 
it follows that 
, OU , OU it eee , , 

EHR grn z TPP +R + RE. 

But the condition 
PP’ +-QQ'+ RR = 

is the condition for integrability ; since it is supposed not to be satisfied, 


u does not satisfy the same partial differential equation as v and w. 
Now w may be any function of a and £ ; for simplicity let 
w=a. 
Then if the relation 
a(@, Y, z)=4, 
where a is a constant, is set up between the variables a, y, z, the differential 
form Pdzx+Qdy+Rdz reduces to du, and therefore becomes a perfect 
differential. Thus the relation a(x, y, z)=a is used to express any variable, 
say z, and its differential dz in terms of the other two variables and their 
differentials, and when these expressions are substituted for z and dz in 
Pdx+Qdy-+Rdz, the latter becomes a total differential ddé(z, y, a). When 
a is replaced by a(a, y, z) this differential becomes du. Thus u is obtained, 
and since u and w are known, v may be deduced algebraically from any one 
of the equations (A). The total differential equation 


Pda+Qdy+Rdz=0 
is thus reduced to the canonical form 
du-+vdw =0. 
The canonical equation may be satisfied in various ways, as follows : 
(i) w=const., w=const. (ii) w=const., v=0. 


More generally, if Hu, w) is any arbitrary function of u and w, an integral 
equivalent is 
Op op 


(iii) y(u, w)=0, v aa a = 0; 


(iii) includes (ii) but not (i). In each case, the integral equivalent consists 
of a pair of algebraic equations. 
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As an example, consider the equation 
ydx -+-zdy +-adz—0. 


In this case 
P=y, Q=2, R=2a,. P’=Q =R =], 


PP’ +QQ’+RR’=+0, 
that is, the condition for integrability is not satisfied. 
The simultaneous system is 


and thus 


dx =dy =dz ; 
one solution is 
a=r2—y=a. 


Let w=a, and eliminate x from the given equation, which becomes 
(y +2)dy +(y +a)dz=0. 
This reduced equation is immediately integrable and its solution is 
b= ty’ +yz +az=const. 
When a is replaced by a—y, ¢ becomes u, thus 
u= ty? +yz +(x —y)z 


=4ty*?+az. 

Finally v is obtained as follows : 
Ow ou 

° Ox "E 02’ 

that is 
v=y—z. 
Thus 
yd +2dy +adz—du-+vdw, 

where 


u=}y?+ay, v=y—z, w=æ—y. 
Integral equivalents are therefore 
(i) 4y2+az—const., #—y=const., 
(ii) 4y?++-e@z=const., y—z=0. 


(iii) y(u, w)=0, ot = y ==0, 


Other integral equivalents are obtained by permuting @, y, 2, cyclically. 


2°84. Reduction of an Integrable Equation to Canonical Form.—'The 
foregoing reduction to canonical form may equally well be performed in 
the case of an integrable equation, but since, in this case, 


PP’ +QQ’ + RR’ =0, 


identically, wu satisfies the same partial differential equation as v and w 
and therefore u, v and w are functions of a and £. 
It follows that 
du+vdw=Ada+BdBp, 


where A and B are functions of a and f alone. When a and ĝ have been 
determined, A and B are derivable algebraically from any two of the three 
consistent equations, 


Thus the total differential equation is transformed into an ordinary equation 
in the two variables a and £. 
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This leads to a practical method of solving an integrable equation, as is shown 
by the following example (cf. § 2°8) : 


yxy +2)da +zæ(z +æ)dy +ay(a+y)dz=0. 
Here 
P’=22(z—y), Q’=2y(x—z), R’=2xy—z2), 


and the condition for integrability is satisfied. The simultaneous system 


ee... SME. 

eee az—y) y(a—z) x(y—2) 
is equivalent to < 

dx dy dz 


de+y+2)=—0, — + m e atl, 


and has the solution 
a=a2+y+z=const., B=axyz=const. 


Thus the given equation reduces to 
Ada + Bdgp=0, 


where 
YA Y+2) =A + Byz, 
za(z+ax)=A + Ba, 
ay(@+y)=A + Bay. 
Hence 


A=—ayz, B=2+y+2, 


that is to say, the equation becomes 


adß —Bda=0, 
and has the solution 


MISCELLANEOUS EXAMPLES. 


1. Integrate the following equations : 


(i) (1—a*)tda + (1 —y?)Pdy=0 ; (xiii) wp —ay=2" ; 

(ii) a(1 +y?)bde+y(1 +a*)'dy =0 : (xiv) ap—y=a? sin g 4 

(iii) (w? + 2ay —y*)dax —(a* —2ay —y?)dy =0 ; (xv) p+2ay=ae~" 5 

(iv) (y?—ay)da +(x? —ay)dy=0 ; (xvi) p sin 2 cos a—y=sin*e ; 

(v) v*yda + (x*—y*)dy=0 ; (xvii) (y*—ay)da+(x+1)dy=0 ; 
(vi) (w+y)da —(2%—y—1)dy=0 ; (xviii) (y—ap)*=4p ; 

(vii) (w+-2y + 1)da —(2x+4y +3)dy =0 ; (xix) y—pa+p(p—1)=0; 
(viii) (2x* + Gay +y?)da + (Ba? + 2ay + 4y*)dy =0 ; (xx) ayp?+(a*+y?)p+ay=0 ; 
(ix) (w®+-y?)da+aydy=0 ; (xxi) yp?+-2pa—y=0 ; 

(x) (1+a*)p+ay=1 ; (xxii) y—(a+5)p+p*=0 ; 

(xi) p+y tan a=sin 22 ; (xxiii) (ew+1)p?—(a+y)p+y=0; 
(xii) p+y cos ae” ; (xxiv) y—2pa+p*?=0. 


2. Determine n so that the equation 


24 Ob, 2 
i AIA Rete 


is exact. 


3. Show that the equation 
(y*—2y*)dx +(3xy* —4ay +y)dy=0 


has an integrating factor which is a function of æy?, and solve the equation. 
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4. Show that cos æ cos y is an integrating factor for 
(2a tan y sec x+y? sec y)da+(2y tan æ sec y+ a? sec a)dy 

and integrate the resulting product. {Edinburgh, 1915.] 

5. From the relation 

A(x? +y*)—2Bay+C=0 
d 
V (a*—c?) pi E AET Ry 

where c?=AC(B?—4A?). Deduce the addition theorem for the hyperbolic cosine. 

6. Verify that a solution of 


derive the differential equation 


_ eS a 
V(i+a%) V(1+y%) 
is wy? + 2avy(x+y)+a(x—y)*?—4(x+y) +4a=0, 


where a is an arbitrary constant. In what way is this result connected with the theory of 
elliptic functions ? 


7. Find the curves for which 
(i) The subnormal is constant and equal to 2a ; 
(ii) The subtangent is equal to twice the abscissa at the point of contact ; 


(iii) The perpendicular from the origin upon the tangent is equal to the abscissa at 
the point of contact ; 


(iv) The subtangent is the arithmetical mean of the abscissa and the ordinate ; 
(v) The intercept of the normal upon the a-axis is equal to the radius vector ; 
(vi) The intercept of the tangent upon the y-axis is equal to the radius vector. 


8. P is a point (x, y) on a plane curve, C is the corresponding centre of curvature, and 
T the point in which the tangent at P meets the a-axis. If the line drawn through T 
parallel to the y-axis bisects PC prove that 
2yy” =y'*(1 +y’*), 
and hence prove that the curve is a cycloid. [Paris, 1914.] 


9. Prove that every curve whose ordinate, considered as a function of its abscissa, 
satisfies the differential equation 


(ay’—y)*=a(1+y’?)V (a?+y?), 


where a is a constant, has the following property. If H is the foot of the perpendicular 

from the origin O upon the tangent at any point P of the curve and Q is the foot of the 

perpendicular from H upon OP, then P lies upon the circle of centre O and radius a. 
Change the variables by the substitution 


x=r cos b, y=r sin 0 
and integrate the equation thus obtained. [Paris, 1917.] 
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CHAPTER III 


THE EXISTENCE AND NATURE OF SOLUTIONS OF ORDINARY 
DIFFERENTIAL EQUATIONS 


8:1. Statement of the Problem.—The equations of the type 


Y f(x, y), 


whose solutions were found, in the preceding chapter, by the application of 
elementary processes, are integrable on account of the fact that they belong 
to certain simple classes. In general, however, an equation of the type in 
question is not amenable to so elementary a treatment, and in many cases 
the investigator is obliged to have recourse to a method of numerical approxi- 
mation. The theoretical question therefore arises as to whether a solution 
does exist, either in general or under particular restrictions. Researches 
into this question have brought to light a group of theorems known as 
existence-theorems, the more important of which will be studied in the present 


chapter.* 
Let (x, Yọ) be a particular pair of values assigned to the real variables 


D- OX =L 
P +X 


Fie. 1, 


(x, y) such that within a rectangular domain D surrounding the point (a, yo) 
and defined by the inequalities 


|e—a| <a, |y—yo| <b, 
f(a, y) is a one-valued continuous + function of æ and y. 


* See also Chap. XII., where the question is discussed from the point of view of the 
theory of functions of a complex variable. 

+ f(x, y) is a continuous function of æ and y in D if, given an arbitrarily small positive 
number e, a number 6 can be determined such that | f(w+h, y+k)—f(a, y)! <e, provided 
that (a, y) and (#+h, y+k) are in D and |h'<8, |k| <5. It is important to note that 
h and k vary independently. 

62 
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Let M be the upper bound of | f(x, y) | in D and let h be the smaller of a 
and b/M. Ifh<a, the more stringent restriction 


|w—ay| <h 
is imposed upon æ. (Fig. 1.) 
Yet another condition must be satisfied by f(x, y), namely that, if (a, y) 
and (æ, Y) be two points within D, of the same abscissa, then 


| fæ, Y)—fla, y)| < K | (¥—y) |; 
where K is a constant. This is known as the Lipschitz condition.* 

Then, these conditions being satisfied, there exists a unique continuous 
function of x, say y(x), defined for all values of œ such that |æ—gæ|<h, which 
satisfies the differential equation and reduces to yo when x=ap. 

Two entirely distinct proofs of this existence theorem will now be given, 
known respectively as the Method of Successive Approximations and the 
Cauchy-Lipschitz Method. 


8'2. The Method of Successive Approximations.;—Suppose for the 
moment that a solution y(æ) is known, which reduces to yọ when =æ ; 
this solution evidently satisfies the relation 


yla) =yo+ |" fit, wdi 


This relation is, in reality, an integral equation,{ involving the dependent 
variable under the integral sign. Let the function y(@) be now regarded as 
unknown ; the integral equation may then be solved by a method of successive 
approximation in the following manner. 

Let g lie in the interval § (a, +h) and consider the sequence of functions 
Yi(@), Yo(x), . . - , Y,(w) defined as follows : 


wile) =yot| es ode 


yal) =Yot| f, nydt 


Ynle)—yot] Fit, ynale)}at. 
It will now be proved ; 
(a) that, as n increases indefinitely, the sequence of functions y,(z) 
tends to a limit which is a continuous function of g, 
(b) that the limit-function satisfies the differential equation, and 
(c) that the solution thus defined assumes the value yọ when æ=&æ and 
is the only continuous solution which does so. 


* It will be seen, as the theory develops, that it is only necessary that the Lipschitz 
condition should hold in the smaller region | &—æo|<h, y—yy |<M |a—ay)|. 

t This method, though probably known to Cauchy, appears to have been first published 
by Liouville, J. de Math. (1) 2 (1838), p. 19 ; (1) 3 (1838), p. 565, who applied it to the case 
of the homogeneous linear equation of the second order. Extensions to the linear equation 
of order n are given by Caqué, J. de Math. (2) 9 (1864), p. 185; Fuchs, Annali di Mat. 
(2) 4 (1870), p. 36 [Ges. Werke, I. p. 295]; and Peano, Math. Ann. 82 (1888), p. 450. In 
its most general form it has been developed by Picard, J. de Math. (4) 9 (1898), p. 217 ; 
Traité d’ Analyse, 2, p. 301 ; (2nd ed.) 2, p. 340 ; and Bôcher, Am. J. Math. 24 (1902), 
p. 811. 

{ Bôcher, Introduction to the Theory of Integral Equations ; Whittaker and Watson, 
Modern Analysis, Chap. XI. 

§ This restriction is a matter of convenience, not of necessity, and will shortly be 
removed. 
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In the first place, it will be proved by induction that, when g lies in the 
interval considered, |y,(7)—yo|<b. Suppose then that | y,—1(«)—yo | <b ; 
it follows that | f{t, y,—1(t)} | <M, and consequently 


| vate) —yol< | ft, ynx(0)} | a 


<M(a—a) 
<=Mh 
Sb. 
But evidently 
| yi(x) —Yo | Sb; 
it is therefore true that 
| Yn(@) —Yo | < b, 


for all values of n. It follows that f{a, y„(@), SM when ap<av<ay+h. 
It will now be proved, in a similar way, that 


[ya(2)—yn-1(0) | < YET (aay) 


For suppose it to be true that, when aS æ Sap-+h, 
MK”-2 
| Yn—1(®) —Yn—2(2) | < a (a—ay)"—}, 
then 


| Yn(2) —Yn—-1(2) | S [- | fit, Yn—1(t)} —f{t, Yn—2(t)} | dt 


T 
< [Ý E yn- —yn-2() | dt, 
by the Lipschitz condition, so that 


MK"-1 f7 
| Yn(@) —Yn—1(@) | < m-i, | t—ap |"-1dt 
0 
MKr-1 
1g |". 


But the inequality is clearly true when n=1, it is therefore true for all values 
of n. In the same way it can be proved to hold when ay—ASa<ap, it is 
therefore true for |x —a | Sh. 

It follows that the series 


+ Sore) —Yr—1(2)} 


is absolutely and uniformly convergent when |#—a)|<h and moreover 
each term is a continuous function of æ. But 


Ynl®) =Yo +> {y(v) —y,—1(a)} ; 


r=1 
consequently the limit-function 


y(x)=hm y,() 
n>% 
exists and is a continuous function of x in the interval (a—h, xo +h).* 


* Bromwich, Theory of Infinite Series, § 45. 
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Now if it is true that 
lim yq(#)=yo-+lim | fft, Yn—x(0)}dt 
n=>% n=>0 To 


v 
=yo+| lim fft, yn—x(0)}dt, 
Ly Nn—> 0 
it will follow that y(x) is a solution of the integral equation 


y(#)=Yo+ | ; fit, y(t)}dt. 


That the inversion of the order of integration and procedure to the limit 
is legitimate may be proved as follows : 


|| UFE MS Yn- (ONIKE | |y —yn- 1) | dt 
To K 
<Ke, | w—a | <Ke,h, 
where e, is independent of x and tends to zero as n tends to infinity. 


The function f{t, y(¢)} is continuous in the interval a—h<t<ay+h; 
consequently 


“te. = dn) SE wea 


=f{v, y(x)}. 


The limit-function y(x) therefore satisfies the differential equation; it also 
reduces to yo when æ assumes the value ap. 

It remains to prove that this solution y(v) is unique. Suppose Y(z) to 
be a solution distinct from y(æ), satisfying the initial condition Y(a)=yo, 
and continuous in an interval (a, %-+h’) where h’<h and h’ is such that the 
condition 

| ¥(x)—yo | <b 


is satisfied for this interval. Then, since Y (æ) is a solution of the given equa- 
tion, it satisfies the integral equation 


¥(a)=yot | tt, Yat 


and consequently 


Y(a)—ynla)= | [fb YOSE, Yn- 10d. 
Let n=1, then hy 


¥(e)—u(a)= | Ut, Y0}, yoldt, 
and it follows from the Lipschitz condition that 
| Y (%)—yı (x) | <Kb(w—ay). 


Similarly, when n=2, 


| Y(e)—yalo)] < | f° Lf, YOA y (Hat 
<K | | ¥W—w Ide 


<K | " Kb(t—a)dt=4K2b(a—m)2, 
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and in general 
K"b(a—ap)" 
| ¥ (a) —yp(v) | <ET 


| 


whence 
Y (x)= lim y,(a@)=y(a) 
n> 


for all values of œ in the interval (a, +h’), and therefore the new solution 
is identical with the old. There is therefore one and only one continuous 
solution of the differential equation which satisfies the initial conditions. 


3°21. Observations on the Method of Successive Approximation.—The 
two main assumptions which were made regarding the behaviour of the 
function f(æ, y) in the domain D, namely the assumption of continuity and 
that of the Lipschitz condition are quite independent of one another. The 
question arises as to the necessity of these assumptions ; it is therefore well 
to look a little more closely into them and to enquire whether or not they 
may be unduly restrictive. 

In the first place, it will be seen that the continuity of f(a, y) is not 
necessary for the existence of a continuous solution; in fact all that the 
previous investigation demands is that f(x, y) be bounded, and that all 
integrals of the type 


MEZZI 


To 


exist. In particular, f(z, y) may admit of a limited, number of finite dis- 
continuities. * 


Thus, for instance, the differential equation 


s = y(1—2a) when &>0, 


= y(2æ—1) when &<0 


admits of a continuous solution satisfying the initial condition y=1 when a=1. 
This solution is 
y=e7—? when a>0, 


—ev*—2 when a <0, 


and the solution is valid for all real values of x, moreover it is unique. 


On the other hand, the Lipschitz condition, or a condition of a similar 
character, must be imposed in order to ensure the uniqueness of the solution. 
It is not difficult to construct an equation for which the Lipschitz condition 
is not satisfied, and which admits of more than one continuous solution 
fulfilling the initial conditions. t 

Thus, for instance, in the equation 


dy 


the Lipschitz condition is violated in any region which includes the line y=0. The 


* These may be discrete points or lines parallel to the y-axis ; any other lines of dis- 
continuity imply a violation of the Lipschitz condition throughout an interval of finite 
dimensions. Mie, Math. Ann. 48 (1893), p. 553, has shown that solutions exist whenever 
f(æ, y) is continuous in y and discontinuous but integrable (in Riemann’s sense) with 
respect to a. 

t Peano, Math. Ann. 37 (1890), p. 182; Mie, loc. cit., ante; Perron, Math. Ann. 
76 (1915), p. 471. 
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equation admits of two real continuous solutions satisfying the initial conditions 
x=0, y=0, viz. 
(1°) y=0, 
(2°) y=ł4æ? when 230, 
= —}a? when g <0. 
Another example is given by the equation 


GAB! NET A AEM ATYCZNY 


Warszaweklege 
Fp “fe, y). Towarzst pd besi oR 


\ 


where 


43 
f(a, y) = re when & and y are not both zero, 
= 0 when z=y=0. 


It is easily proved that f(z, y) is a continuous function of æ and y. On the 
other hand 
4a(at—yY) 


T @ yet +¥9) 


If y=pe*,; Y =e; 
Re pe | OEE a: a | Y—y| 
| f(x, Y)—f(æ, y) | =4 (+p +43) | |a| ° 


and therefore the Lipschitz condition is not satisfied throughout any region con- 
taining the origin. 
The equation admits of the solution 
y= — y (21+), 


c being an arbitrary real constant, and thus there is an infinity of solutions 
satisfying the initial conditions æ=0, y=0. 


The question has been placed on a firm basis by Osgood,* who proved 
that, if f(a, y) be continuous in the neighbourhood of (a, Yo), there exists 
in general a one-fold infinity of solutions satisfying the initial conditions. 
These solutions lie entirely within the area bounded by two extremal solutions 


y=Y (w), y=Y2(2). 
A necessary and sufficient condition that there be a unique solution is that 
Y (x) and Y.(wz) be identical. This is the case when the Lipschitz condition 
is satisfied, but it is also true when the Lipschitz condition is replaced by one 
or other of the less restrictive conditions 


1 
a, Y)—f(a, < K| Y-y| log ——__, 
| fe, Y)—fl@, y) | < Ki | Y—y | ‘WF mal 
| f(z, Y )—f(z, y) | < Ke | Y—y| log Ir rg) Mee (ry “a 


in which K b Ka, . . . are constants. 
The constant K which occurs in the Lipschitz condition determines, for 
any given value of x, the rapidity with which the comparison series 


converges, and therefore gives an indication of the utility of the series 
n 
yot > {y(x)—yr-(2)} 
r=1 


as an approximation to the limit-function y(æ). Thus if K were small, 


* Monatsh. Math. Phys. 9 (1898), p. 381. 
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y,(v) would tend to the limit y(w) more rapidly than if K were large. Now 
in most cases occurring in practice K is the upper bound of 


ey 
in the domain D. To make use of this fact, consider the family of curves 
f(a, y)=C, 

for all values of the constant C. The typical curve of this family is such that 
it intersects each integral curve in a point at which the gradient of the latter 
curve is C. For this reason the curves are known as the isoclinal lines.* Let 
the isoclinal lines be plotted for a succession of discrete equally-spaced (e.g. 
integral) values of C, and let a line be drawn parallel to the y-axis. Then 
the intervals along this line in which the points of intersection with the 
isoclinal lines are densely packed correspond to large values of K, whereas 
those intervals in which the intersections are more widely spaced correspond 
to smaller values of K. This brings out the fact that the regions in which 
the method of successive approximations may most successfully be applied 
as a practical method of computation are those in which the isoclinal lines 
tend to run more or less parallel to the y-axis. 

The method of successive approximations leads to a solution which was 
shown to converge in the interval |a—ay|<h, where h is the least of a and 
b/M. But, as was remarked in passing, the assumption originally made that 
certain conditions are satisfied throughout the region |w—a | <a, |y—yo| <b 
was unnecessarily: restrictive. If a region |v—a|<k, |y—yo|<M|x—ap| 
can be found such that f(z, y) satisfies the necessary conditions in that region, 
and M is the upper bound of | f(z, y)|, then k will certainly not be less, and 
may quite conceivably be greater, than h. Several writers have succeeded 
in thus extending the range in which the solution can be proved to converge, - 
but no general method of determining the exact boundaries of the interval 
of convergence has yet been discovered. 


3°22. Variation of the Initial Conditions.—Let the given initial condition, 
that y =y when «=a be replaced by the new condition y =yọ +y when v=a, 
where (a, Yo+n)is a point within the domain D such that |y|<6. Then, in 
place of the sequence of functions 


yi(@), Y2(@), ei RB BS Yn(2), 
as defined in § 3°2, there now arises the sequence 


Y;(a), Y2(z),..., Y al) 
defined as follows : 


Y (x) =Yo +n + fit. Yo +n}dt, 


¥alo)=vo-+n+| fits YOt, 


Yala) =y t+ | fit, Yn- (Dit. 


* The term is due to Chrystal, see Wedderburn, Proc. Roy. Soc. Edin. 24 (1902), p. 400. 

t Practical methods of approximate computation based upon the method of suc- 
cessive approximations have been devised by Severini, Rend. Ist. Lombard. (2) 81 (1898), 
pp. 657, 950; Cotton, C. R. Acad. Sc. Paris, 140 (1905), p. 494; 141 (1905), p. 177; 
146 (1908), pp. 274, 510; Math. Ann. 31 (1908), p. 107. 

į Lindelöf, C. R. Acad. Sc. Paris, 118 (1894), p. 454; J. de Math. (4) 10 (1894), p. 117. 
See Picard, Traité d Analyse, 3, p. 88 ; (2nd ed.) 2, p. 340; and also § 3°41 below. 
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The existence and uniqueness of the solution 
Y(#)=lim Y,(z2) 
then follow as before. Now 
| ¥i(z)—yr(z)| <8+]|] [At yotn}—fft, yoplat | 
Bg 
= ð+Kò | w—LXo |, 
| Yoo)—yolo)| <3-+|[ (Ab Ya} ys hat | 


< §+K6 | w—ayq | +4K28 | a—ap |?, 
and, by induction, 
| ¥n(@)—ya(a) |< 8-+K8|e—ay |+ - - - + K%8|e—a |” 
ERY aii 
so that, in the limit, 
| ¥(w)—y(a) | <87 ol, 


Consequently, when |x —go| <h, the solution is uniformly continuous in the 
initial value yọ To bring out this fact, it may be written in either of the 
forms 


y(x, Yo) and y(w—ao, Yo). 


Moreover, 
Yale. WEDYN W| <1 4K [e—a + ..- +K" e—a", 
and consequently 
dYnlL, Yo) l n 
| a Rein SILK | oa | a AR, +77 K" | e—ao > 


from which it may be deduced that the series 


y(x, Yo) a4 < fynt, Yo) —Yn—1(@; Yo)} 
aS an ` 


ð Fs 2Yo 


is absolutely and uniformly convergent. Therefore y(a, yo) is uniformly 
differentiable with respect to yọ when |æ —æp| <h. 

A proof proceeding on similar lines to the above shows that if the 
differential equation involves a parameter A, that is to say if 


dy _ ; 
du =f(æ, y; A), 


where f(x, y; A) is single-valued and continuous and satisfies the Lipchitz 
condition uniformly in D when A,<A<Ag, then the solution depends 
continuously upon A, and in fact is uniformly differentiable with respect to 
A when |a—a| <h. 


3°23. Singular Points.—A singular point may be defined as a point of 
the (x, y)-plane at which one or other of the conditions necessary for the 
establishment of the existence theorem ceases to hold. In fact if for the 
initial value-pair (a9, yọ) the solution 


(a) is discontinuous, (b) is not unique, or (c) does not exist, 


then the point (a, yo) is a singular point of the equation. As illustrations 
of the diverse ways in which the solutions of an equation may behave at or 
in the neighbourhood of a singular point, the following examples may be 
taken. 
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(1°) Ae =o" 


The conditions requisite for the existence of a unique and continuous solution 
are fulfilled except in the neighbourhood of x=0. The solution corresponding to 
the initial value-pair (a 9, Yo) is 


when 2 =+0. If #)=0 and y,+0, the solution reduces to 
x=0. 
The only exceptional case is when 2),=y,)—0; the only singular point in the finite 


part of the (æ, y)-plane is the origin. | Now every integral-curve passes through the 
origin, which is a node of the integral-curves. 


d 4 
(2) Bam. 
In this case also, the only singular point is the origin. To any other point 
(£o Yo) corresponds the solution 
& \m 
¥=Yo x) * 


The family of integral curves corresponding to all possible values of (a, Yọ) touch 
the a-axis at the origin if m>1 and the y-axis at the origin if 0<m<1. Thus if 
m>O, every integral-curve passes through the origin. 

On the other hand, if m<0, say m= —p, the solution is 


Yu? =Y gly”. 
The family of integral-curves is asymptotic to the æ- and y-axes. The degenerate 
curve 
ya” =0 
passes threugh the origin, but no other integral-curve does so. The origin is a 


saddle-point, for in its neighbourhood the integral-curves resemble the contour 
lines around a mountain pass. 


Ce ne 


The origin is the only singular point ; to any other point (Œo; Yọ) corresponds 
the solution 


Yo | @ | 
= m l re 
y gere KAEN 


The origin is a node of the integral-curves. 
dy x 
0 SOE ech 
w B--; 
The solution is, in general, 
æ? +y?=2," +Yo?. 
No real integral-curve, except the degenerate curve x*+-y?=0_ passes through the 
origin, which is a focal point. 
0 pes se wes 
(5°) = 
This equation is most effectively dealt with by means of a transformation to 
polar co-ordinates 
x=r cos 0, y=r sin 0. 
It then becomes 
do — 
the integral-curves are the family of logarithmic spirals 


r=ce. 
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One curve of the family goes through each point of the plane except the origin. No 


integral-curve passes through the origin, which is a focal point of every curve 
of the family. 


It will be noticed that all these examples are particular cases of the general 
form 


dy _ ax+by 
dx” cæ +dy’ 
which may be integrated by the method of § 2°12. It will be found that, from 
the point of view of the behaviour of the integral-curves in the neighbourhood 
of the origin, the equation is of one or other of three main types according as 
I. (b—c)?+4ad>0, 
II. (b—c)?+4ad<0, 
Ill. (b—c)?+4ad=0 
In Case I. the origin is a node of ad—bc<0, and a saddle-point if ad—be>0; in 
Case IT. the origin is a focal point, and in Case III. a node. 


3°3. Extension of the Method of Successive Approximation to a System of 
Equations of the First Order.—Let the system of equations be 


d 
a =f(x, Yis Yar s+ + » Ym): 


d 
i =f(@, Yis Ya. + + +5 Ym)s 


dy 
“a =f alo, Yis Y2 + + + Ym)» 


then, under conditions which will be stated, there exists a unique set of con- 
tinuous solutions of this system of equations which assume given values yy, 
29... Ym? when w=a. A bare outline of the proof will be given; the 
method follows exactly on the lines of the preceding section. 
The functions fi, fo, . . - fm are supposed to be single-valued and con- 
tinuous in their m-+1 arguments when. these arguments are restricted to 
lie in the domain D defined by 


| 7a | <a, | yi—y1° |< bis - +» -> | Ym—Ym? |< b 
Let the greatest of the upper bounds of f1, Ios . . «+ fm in this domain be 
M;; if h is the least of a, 6,/M, . . ., On My let g be further restricted, if 
necessary, by the condition | æ —æo | <h. 
The Lipschitz condition to be imposed is 


FACA Vas Ves < ss Fg) SAGU Ye + + +a) | )| <Ky | rnr pH Yo—ye | 


Ky m —Ym ? 
for r==1) By aM, 


Now define the functions y,” (æ), yo” (@), - ~ +» Ym” (æ) by the relations 


T 
yea) =y0-+ | felts y- Oy yo" Oy o Yat! Old, 
Y To 
then it can be proved by induction that 


M(K,+Ko+... +K,)""! 
|y” (a) —y”-! (a) | eet E R 


and the existence, continuity, and uniqueness of the set of solutions follow 
immediately. 

Since the differential equation of order m 
ay of dy dm—ly 

s =f(a, Y, dz’ alle ag dam- 1 ) 


|e —ao|", 
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is equivalent to the set of m equations of the first order 


d d 
are at = Ye T da =Ym -1> 


dym- 
Fai ofig, Y, Yr - + +» Ym—1)> 


it follows that if f is continuous and satisfies a Lipschitz condition in a 
domain D, the equation admits of a unique continuous solution which, together 
with its first m—1 derivatives, which are also continuous, will assume an 
arbitrary set of initial conditions for the initial value v=&o. 


3°31. Application to a System of Linear Equations.— Consider the set of m 
linear equations 


dy; , 
Fo =Pi1Y1 HPizY2 + Ele s +PimYm tri GST 2, tr 9y m), 


in which the coefficients p; and 7; are continuous functions of œ in the 
interval a<æ<b. The right-hand member of the equation is therefore 
continuous for all values of 41, Ys, . - -, Ym When @ lies in the interval (a, b). 
No further restrictions are necessary ; the set of continuous solutions 


yYı(®), Y2(@), pike sn Yn(2) 


exists and is unique in the interval (a, b). 

If, moreover, the coefficients are continuous for all positive and negative 
values of x, then the set of solutions will be continuous for all real values 
of æ. This is the case, for instance, when all the functions pj and 7; are 
polynomials in g. 

Suppose now that the coefficients p;; and 7;, in addition to being con- 
tinuous functions of æ in (a, b), are analytic * functions of a parameter A in 
a domain A. The moduli |p; | are therefore bounded ; let K (a number 
independent of A) be their upper bound. 

Now the integrals such as 


pe (2, =YP | PaO NE - - - Pin Yn Ub, A)-+ nt) 


are continuous in æ and analytic in À. Also 


M(mk)"1 
| yin, ajya, a) | < MOY ay | 
Thus the comparison of the series 
yOt dyle, A)—yi" (a, A)} 
n=1 


with the power series 
< M(mK)"-1 
Mt > n! 


shows that the functions y;”(æ, A) tend respectively to their limits y;(%, À) 
uniformly in (x, A), when a<av<b and Aisin A. Consequently the solutions 
yi(æ, A) are continuous in æ and analytic in A. In particular, if the coefficients 


| e—ay|* 


* It is inexpedient to restrict the discussion to real values of A, as it so frequently 
happens that imaginary or complex values have to be considered. Let A, then, be a com- 
plex number restricted to such a region A of the Argand diagram (or A-plane) that the 
coefficients are analytic in A, that is to say, they are single-valued, continuous, and admit 
of a unique derivative (i.e. a derivative independent of the direction of approach), at each 
point of the domain A. 
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are integral functions (or polynomials) of A, the solutions y;(x, A) will them- 
selves be integral functions of A, and may be written in the form 
ydo, A)=ujp-Huy A+... ++... 

Ch By anny ED 
uniformly convergent for all values of A when a<a<b. If the initial con- 
ditions do not themselves involve the parameter A, Wip must alone satisfy 
the appropriate initial conditions, whilst each w;; (7>0) reduces to zero for 
the initial value of x. 

Frequently a convenient method of obtaining a series-solution of an 
equation, or set of equations, involving a parameter A is to assume’a solution 
of this form and then to proceed by a method of undetermined coefficients.* 


3°32. The Existence Theorem for a Linear Differential Equation of Order n.— 
It has already been pointed out (§ 1°5) that the linear differential equation 


d” d1 d 
pola) 4 +pi(2) “aoe + SRED Pail) F HPalajy=rla) 


is equivalent to the system of n linear equations of the first order 


d d dy,- 
az =y; p FURAT E an Es atest =Yn-1> 
|i ra) Pale) Paala) Pa, 
dæ po(t) pole) pola) pola)” 
It follows from the preceding section that if po(æ), pı(æ) - - - Palæ) and 


r(æ) are continuous functions of x in the interval axw<b and p(x) does not 
vanish at any point of that interval, the differential equation admits of a unique 
solution which, together with its first (n—1) derivatives, is continuous in (a, b) 
and satisfies the following initial conditions : 
Y(%o) =Yos ¥'(®o)=Yos - +» -» Yao) =Yo"—Y 

where & is a point of (a, b). 

A direct proof of this theorem will now be given, but in order to abbre- 
viate the work, it will be restricted to the equation of the second order 


io I. i ai 
da? +p it +qy=r", 
associated with the initial conditions 
yle)=y, y'(c)=y. 
where c is an internal point of the interval (a, b) in which p, q and r are 


continuous. 
As a preliminary, consider the equation 


d?y 
dx2 
a solution which satisfies the initial conditions is 


gje ll (z —t)o(t)dt+y'(æ—e) +y, 


and this solution is unique. 
Let yo(z) be any continuous function of œ such that yọ'(æ) is also con- 
tinuous in (a, b), and form the equation 


TY =r(0)—qyo(@)—pyo'(e). 


=v(æ) ; 


* See Poincaré, Les Méthodes nouvelles de la Mécanique céleste, I., Chap. Il. 
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Let y=y;(%) be the solution of this equation which satisfies the initial 
conditions y;(c)=y, yı (c)=y', and form the equation 

d ; 

daz (®) —gy(x) —py1 (2), 


of which the solution which satisfies the initial condition will be denoted 


by yo(2). say A) 3 
By proceeding in this way, a sequence of functions 


TT EE A R 
continuous and differentiable in (a, b) and such that 
Yne) =Y, Yn (e) =y 


is obtained. It will now be proved that this sequence has a limit, and that 
the limit function is the solution required. Write 


U,(@) =Y,(@) —Yn—1(@), 


d2u,(a ’ 
Puel) g,_3(2) —pu' p12) 


r 


then 


and since 
Unle) =0, Un (c) =0, 
it follows that 


TO r OO OO 


w 
ten (a) = | {—9(t)tenx(8) -POU ndt. 
The coefficients p(x) and q(@) are finite in (a, b), so that 
| p(w) | + | (x) |< M, 
also, a number A exists such that 
| ux(a) |< A, | ay'(2) |< A, 
Let L be the greater of 1 and b—a. Then it follows by induction that 
AM”-1L2"-2 


| w,,(a) | ~ ~ (n—1)! ve 


and |u, (æ) | satisfies the same inequality. 
The series 


yox) +{yr(v)—Yyo(@)}+ - - - +{Yn(@)—Ynale)}+ - - 
Yo (®) +{y1'(@) —Yo (@)}+ - - - +f{Yn'(@)—Y'n-a(@)}+ - - - 
are therefore absolutely and uniformly convergent in (a, b). Consequently 
y(x) =lim Yn(@), Yn (x) =lim Yn (2) 


exist and are continuous in (a, b). Now 


gla)y(w)-+p(@)y’() =q(a)yo(x) +plæyo (2) + X tjue) +-p()uy'(0)} 
n=1 
=r(æ)—y"(2)— > un'a) 
=1(x)—y"(z), 


since the series which represents y”(x) is uniformly convergent in (a, b). 
The limit-function y(æ) therefore satisfies the differential equation ; it 


and 


www.rcin.org.pl 


EXISTENCE AND NATURE OF SOLUTIONS 75 


remains to show that it is the only solution which fulfils all the conditions 
specified. 
Suppose that two such solutions y(a) and Y(#) exist, and let 
o(@) =¥ (x) —y(2). 
Then v(x) would satisfy the homogeneous differential equation 


dv do 
daz TPO) Gg, T= 
together with the initial conditions 
v(c)=0, v'(c)=0. 


Now this is impossible, for if v;(v) and və(æ) are any two distinct solu- 
tions of the homogeneous equation, then 


04(&){02"(w) +-p(w)v2'(w) +-9(a)o(x)} —02(a){01"(@) +p) (x) +g) = 


whence 
d A r r + 
qo e 22 (x) —vole)vr (x)} +ple) ole) (x) —v9(@)o1'(w)} =0, 
a linear differential equation of the first order whose general solution is 


-f sar 
04(@)02'(w) —v9(a)v4'(w) =Ce 
where C is a constant determined by the initial values te 03(2), Vo(@), vı (æ), 
vo'(x). This is known as the Abel identity.* 

Now let v;(x) be the solution which satisfies the initial conditions 

v1(¢c) =0,'(c)=0, 
then C=0 and $ 
A 04(a)02' (wv) —v9(a)0y'(a) =0 
identically. 

If v;(z) is not identically zero, this identity may be written 

ve'(w) _ orla) 

va(æ) v(x) 
which implies that və(x) is a constant multiple of v(x), or that the solutions 
v(x) and v(æ) are not distinct. This contradiction proves that v,(z) is identi- 
cally zero, and therefore the solution y(a) is unique. 

If the coefficients p(x), g(x) and r(x) oer upon a real parameter A, and 
are continuous for all values of œ in (a, b) when A ranges between Ay and 
Ag, then y(x) can be proved to depend continuously upon A when A lies within 
a closed interval interior to (4,, A,). For it is sufficient to assign such a 
value to the number M that the inequality 


| p(x) | + | gœ) |<M 
holds for all values of A in (4;, 42). Then the subsequent inequalities 
prove the uniform convergence of the series 
Yo() +{yi(@) —yo(@)}+ - - - +{Ynlv)—Yn—i(@)}+ - + 


and of its derivative for all values of æ in a<a<b and for any closed interval 
of A in (Ay, As). The existence and uniform continuity of the limit-func- 
tions y(v) and y'(x) follow immediately. By a slight change of wording the 
theorem may be extended to cover the case of a complex parameter À. 


3°4, The Cauchy-Lipschitz Method.—This method of proving the existence 
of solutions of a differential equation or system of equations is essentially 


* Abel, J. fiir Math. 2 (1827), p. 22 [Œuvres complètes (1889) 1, p. 93; (1881) 1, p. 251]. 
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distinct from the method of successive approximations. It is in reality a 
refinement of the primitive existence theorem invented by Cauchy.* 
Let (a, Yo) be the initial pair of values to be satisfied by the solution of 


dy _ 
dæ =f (2, y) > 
dividing the interval (ap, æ) into n subdivisions 


(29, @1), (%1, @ə), oa De (2n-15 a) 
such that 
Eo LE LEa AA i E e A 
consider the sequence Y, Y1, Ya - + +» Yn—1 Yn defined as follows : 
Y¥1=Yo +f (Lo Yo)(%1—%): 
Y2=Y1 +f(@1; Y1)(@2—a1), 


Yn =Yn—-1tf(tn- 1> Yn—1)(@—@p—3)- 
Then the sum 
Yn=Yo tf (0, Yo)(%1—Xo) +f(@1, Ys\(@a—@1) + - - © Af(@n—15 Yn—1)(@—@n-1) 
offers a close analogy to the sum which leads to Cauchy’s definition of the 
definite integral. This sum will now be generalised in a way which exhibits 
the closest possible analogy with the more general Riemann definition. 
Consider the triangle ABC (Fig. 2) formed by the three straight lines 
X=a+h, Y=yo+M(X—a), Y =yo—M(X—ap), 
B 


Fic. 2. 


* The original method was developed by Cauchy in his lectures at the Ecole poly- 
technique between the years 1820 and 1830 ; it is summarised in a memoir, Sur l’intégration 
des équations différentielles, lithographed Prague, 1835, reprinted Ewercises d’ Analyse, 
1840, p. 327 [Giuvres complet?s, (2) 11, p. 899]. In a fuller form, it was preserved by 
Cauchy’s pupil, abbé Moigno, Leçons de calcul, 2 (1844), pp. 885, 518. The essence of 
the method, however, goes back to Euler, Inst. Calc. Int. 1 (1768), p. 498. The improve- 
ment due to Lipschitz was given in Bull. Sc. Math. 10 (1876), p. 149. 

t This generalisation is due to Goursat, Cours d’ Analyse, 2 (2nd ed.), p. 875. A generali- 
sation on different lines is given by Cotton, Acta Math. 31 (1908), p. 107. 
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where h is as defined in § 3:2. Then if a continuous integral-curve passing 
through the vertex A exists, this curve will lie below AB and above AC, 
because for any æ such that a<a<a)-+h the gradient of the integral-curve 
is less than that of AB and greater than that of AC. Now let the triangle 
be divided up into strips by the lines X=a,, X =g, . . .. X=a, parallel to 
BC. The first of these strips is the triangle 4b,c;, the second the trapezium 
c1b1b2C9, and so on. 

me the triangle Ab,c, let the upper and lower bounds of f(z, y) be M, and 
Mı, then 


—M <m,<M, <M. 


Let P; and pı be the points on the line X=a, whose ordinates are 
respectively Y,=yo+M,(v,—ap) and yy=yo-+4(@1—a@). Draw P,Q. and 
P192 parallel to AB and AC respectively, to meet the line X =a, in Q and 
9g. Let M, and mg, be the upper and lower bounds of f(a, y) in the trapezium 
PiP ede, then since this trapezium lies entirely within the trapezium c,b;boce 
it follows that —M <m <M <M. Let P and p be points on the line 
X =v, of ordinates Y =Y; +Mə(%—&ı) and y2=y; +M2(@2—@) respectively. 
The process is continued from one trapezium to the next until points P, 
and p, on the X =g are reached, whose ordinates are 


Ya Se Ysi +M,(« —En— 1) and Yn=Yn-1 +m,(# —&n— 1): 


Thus two polygonal ares 4P,P, ...P, and ApıP2 . . . Pn are defined 
and lie entirely within the angle CAB. 
The sums 
1 Yn, =Yo +My (a1 —20)+M(£2—81)+ . - . +M,(t—ay-1) 
an 
Yn =Yo HM (21—20) +Mə(L2—81)+ . . . +m,(7—*y-1) 


are exactly analogous to the sums S, and s, in the classical Riemann theory 
of integration.* To take full advantage of the analogy, S,, will be written 
for Y, and s, for y,. If, then, S, and s, are the corresponding sums 
arising from a new mode of subdivision of the same range (%, æ) into v 
intervals, 

Sys: Ge. 


As the number, n or v, of subdivisions increases by the addition of new 
points of subdivision, the existing points being retained, S, and S, do not 
increase, nor do s, and s, decrease. Let the lower bound of Sa "anid the 
upper bound of s,, be Y and y respectively, then 


Sots. S45, Yay. 


Sn —Sn=(Sn —Y)+(Y —y) +(y —Sx); 


and each of the three bracketed terms is positive or zero. If, therefore, it 
is proved that, as n> , 


Now 


S,—S8,->0, 
it will follow that 
S,-Y, Sry, Y=y, 


since Y and y are independent of n. Hence 
lim S, and lims, 
will both exist and will be equal. 


* For a full explanation of the steps which are here merely outlined, see Whittaker 
and Watson, Modern Analysis, § 4°11. 
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It is therefore sufficient to prove that, e being assigned, N can be deter- 
mined such that 
S,—Sn<e when n>N. 


This is true if, in ABC, 
(i) f(z, y) is a uniformly continuous function of x, i.e. given A, arbitrarily 
small, a number o, independent of æ and y, may be found such that 


| f(@’, y) f(x", y) | <À when | 2’ —2” | <o. 
It will be supposed that the subdivision of (a, œ) has been carried so far | 
that the length of every interval w,_ @; is less than ø. 
(ii) The Lipschitz condition, 
| f(a, y) fle, y”) | <K | y’—y" |, 
is satisfied for all pairs of points in the triangle ABC which lie on lines 


parallel to BC. 
In any given mode of subdivision with a pre-assigned value of A, let 


ò= Y, —Yr 
then 
ô, =8,-1 +(M,—m,)(&, —@y-1). 
M, —™M, =f(ar’; Yr) —f(a,", Yr”) 
={f(2,', Yr ) Fite s Yr )} +{ f(a,"; Yr ) fla," Wr Vhs 


where (@,’, Y, ) and (a,”, y,”) are the co-ordinates of two particular points in 
the trapezium p,_,P,_19,9,.. Hence 


M,—m,<A+K | We Yr |. 


But 


But 

| Yr Yr" | <8, <6,_1+2M(z,—2a,_3), 
and therefore 

M,—m,<A+2MK(a,—a#,_;)+K6,_4. 

Let the intervals be taken so small that 
2MK(«,—za,_1)<A 
for7=1,'2, . . ., n, then 
M,—m,<2A+K6,_1, 

whence 


ô, <ô,- i{1 +K(a, —@,_1)} +2A(2,— @y_1)s 
and therefore 


2A 2X 
ô+ K <(8,-1 + K ) fı +K(a, —a,_1) 
<(8,-1 a ie eRe 
<(5,-2+ Fe eRe ao) 
< = eEl(tr— zo), 


Consequently 
Ôn + D < 2 eK(a—2,), 


WWW.FCIN.OFg.f 


= 


— 
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that is 
h f Pr =O, < Rew 


2X 
ee i Kh 
<7 I<, 


provided that A, and therefore o, is sufficiently small. Now A is quite 
arbitrary ; if therefore n is sufficiently large, and each interval sufficiently 
small, 
Sn—Sn<e. 

But ø is independent of æ and consequently a number N, independent of a, 
exists such that this inequality holds for n> WN and for all æ in the interval 
(£o, +h). The expressions S,, and s,, therefore tend uniformly to a common 
limit F(a). 

Let the two polygonal arcs AP,P, ...P, and Apypo... Pa be 
continued right up to the line BC, and let P(æ) be the ordinate of a point on 
the upper, and Q(z) the ordinate of the corresponding point on the lower 


are. Then 
P(x) —Q(a) <e. 
The two polygonal arcs therefore tend uniformly to a limit-curve J’, namely 
the curve 
y=F(2). 
But P(x) and Q(z) are continuous, therefore F(x) is continuous and I" is a 
continuous curve. 

Now any other continuous polygonal are which lies below AP,P,... 
and above Apip.... has the same limit-curve J. In particular the 
polygonal are A, the angular points of which have ordinates defined by the 
relation 

p= 2-1 tf(@r—1, %—1)(%r —@r—1); 
is so situated (Fig. 3) and its limit is the curve I. If therefore (z,’, Yr) is 


P M Pp 
Ro (Zr) Pp- 
(Xp, Zra) (Xps Yp) 
M' 
(X15 Ypg) 
Pr- Pr-ı 
Pr Pr 
Fie. 3. Fic. 4. 


any point on the curve J" lying in the trapezium p,—, P,—,P,p,, then the 
differences 


Ly —Bp—y, | Y —žr—1 | 
may be made arbitrarily small by assigning a sufficiently small upper bound 
to 


1i — Zo, To—Vy, - - s Ty—Tr—i» 


www.rcin.org.pl 


80 ORDINARY DIFFERENTIAL EQUATIONS 


and therefore 
| f(a’, Yr) —f(@r—-1, %p—1) | 
may be made arbitrarily small. Consequently the gradient of I at (æ%', y’) 
is f(x’, y’) and therefore T is an integral-curve of the differential equation. 
Moreover I’ passes through the point (a, yp). Thus the limit-function 
y=F(x) 
is a solution of the differential equation and satisfies the initial conditions. 

The integral-curve J" is the only continuous integral-curve which passes 
through the point Æ. For if another such integral-curve existed, the sub- 
division of the interval (a, v%-+h) could be carried to such a degree of fine- 
ness that this integral-curve would pass across one or other of the polygonal 
ares corresponding to this mode of subdivision. Suppose, for instance, that 
it crosses the are P,— P, at the point M, and let M’ be the point in which it 
cuts p,—P,— (Fig. 4). Then the gradient of the chord M’M is equal to the 
gradient of the curve at a point (2,’, y,’) of the are M’M. But the gradient 
of the integral-curve at (@,’, y,’) is f(a,’, yr) which is by definition less than 
the gradient of P,_, P,, thus leading to a contradiction. 

Consequently there exists one and only one continuous solution of the 
differential equation which satisfies the initial conditions. 


3°41. Extended Range of the Cauchy-Lipschitz Method.—The method of 
successive approximation and the Cauchy-Lipschitz method lead to a demon- 
stration of the existence and uniqueness of a continuous solution in the 
minimum interval (a, %-+h). The ideal method would be one which leads 
to a solution which converges uniformly throughout any greater interval 
(£o %-+k) in which the solution, defined by the assigned initial conditions, 
is continuous. The advantage of the Cauchy-Lipschitz method is that it 
does actually furnish a solution which converges in a maximum interval. 

To show that such is the case, let 

y=F(z) 


be the solution such that yy=F (a). Let S be the strip bounded by the two 
straight lines 
=t L=%+k, 
and by the parallel curves 
y=F(x)—», y=F(x)+y 

where 7 is an arbitrarily small positive number. It will be supposed that 
k is such that F(x) is continuous in (%, +k) and that 7 is so small that a 
Lipschitz condition is satisfied by f(#, y) throughout S. 

Let the interval (vp, @o+k) be subdivided by points whose abscisse, in 


increasing order, are 
Ho, Vy, + + +» Cn—is Vp, 


En =t +k; 


where 


let 
Yos Yis - + +» Yn—1> Yn 
be the corresponding ordinates of the integral-curve I’, and let 
Yos Zis + + +9 Sn—19 Žn 
be the corresponding angular points of the polygonal line A defined by the 
recurrence formulze 
ADOS ý Zr =r —1 Hf(2r—1s %—1)(%r —@r—1), 
with") =yo%(Fig. 3). 
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It will now be proved that if the subdivision of the interval (a, v-++k) is 
sufficiently fine, then the polygonal line A will be wholly within the strip 
S, and if d,=|2z,—y,|, then d, <e where e is arbitrarily small. Let it be 
supposed that the angular points up to and including the point (a, , 2,—1) 
are within the strip S. Then, by the mean-value theorem, 

Yr=Yr—1 tS (@r's Yr Tr —Er—1) 
where (a,’, Yr) is a point of J’ lying between the points (a1, y,—;) and 
(x ? Yr). 
i Consequently 


Zr —Yr =r 1 —Yr—a Hf (Eris Zr—1)—f (y's Yr }(@p —tr1). 
But 


Sri, #r—1)—f (Ur, Yr) ={f (Er Zr—1) —F(@r—as Yr—1)} HEF Eri Yr—1)—f (@r's Yr )} 
and by the Lipschitz condition, since (®@,—1, Zr—1), (@_1, Yr—1ı) are both in S, 


| S(@p~15 2-1) —f(@r—1» Yr—1) |< Kd,_ı. 


Also since f(z, y) is continuous in S, it is a continuous function of æ along I’, 
and therefore, if A is arbitrarily assigned, ¢ may be chosen sufficiently small 
that 


(Flr Yr) —S(@r’s Yr’) | <2A if | v—a,_1 |<. 
Thus if the sub-interval (z,, z,_1) is sufficiently small, 
d, <d, 1 +(%,—2@y_1)(2A+-Kd,_), 


whence, as in the preceding section, 
Ò < A {eKr t) —]}. 


If, therefore, À is so chosen that 
2A(eX#—1)< Kn, 
then it follows by induction that 
| di |<n, - - + | dn |<n, 

that is to say all the angular points of A lie within the strip S. 

Let A’ denote the polygonal line formed by joining the successive points 
ot abscissz a, #1, . . ., n Of the integral-curve J”; let P(w) be the ordinate 
of any point of A and Q(z) be the ordinate of the corresponding point of A’. 


Then, if the difference between the greatest and least values of F(x) in each 
sub-interval (z,_1, @,) is less than $e, 


| Q(x) —F(@) |<te. 
Now 7 is arbitrary ; let y<4e, then 
| P(w)—Q(2) | <te, 


P(@) —F (a) ={P(@) —Q(2)} +{Q(x) —F(a)}, 
it follows that, throughout the interval (a, &o +k), 
| P(z)—F(z) | <e. 
Thus if the equation possesses a solution 
y=F (a) 
continuous in the interval (£o, &o+k), and e is an arbitrary positive number, the 


Cauchy-Lipschitz method will, for a sufficient fineness of subdivision of the 
interval, define a function P(x) such that 


| P(w)—F(a) | <e 
for 


Ly Kæ Sto +k. 


and since 
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3°5. Discussion of the Existence Theorem for an Equation not of the First 
Degree.—Consider a differential equation of the form 


in which F is a polynomial in of and is single-valued in æ and y. Let 


(£o Yo) be any initial pair of values of (x, y). Then if the equation 
F(a, y, p)=0 
has a non-repeated root p=pp when «=a, y=Yo, it will have one and only 


one root 
p=f(x, y), 
which reduces to pọ when #=a, y=Yo, and f(a, y) will be single-valued in 
the neighbourhood of (x, Yo). 
Now if f(a, y) is continuous and satisfies a Lipschitz condition throughout 
a rectangle surrounding the point (a, yy), the equation 


Y fa, y) 


will possess a unique solution, continuous for values of æ sufficiently near to 
&, and satisfying the assigned initial conditions. This solution clearly 
satisfies the original equation for the same range of values of œ, and thus in 
this case the problem presents no new features. 

On the other hand, when the given equation 

F(x, y, p)= 

has a multiple root p=pp for x=a, y=Yo, then p is å non-uniform function 
of (x, y) in any domain including the point (a, yo) and therefore the existence 
theorem is not applicable. 

If p=pp is a root of multiplicity u at (a, yo), then 


ôF Dar a R 


so that if 
«=r +X, y=YotY, p=po+P, 
the equation F(a, y, p)=0 takes the form 
oF oF oR Pe 
Bay” + aye” tapë pi 
Y=poX T Kiis 


OT OX ae 


Let 


then 


and therefore 
_ 4; 
DUA S 
Since X and P are small, Y} is of a higher order than X. Thus, retaining 
only terms of lowest order, 


oF aF Pe 
aoe. sore, ee 
ga ii m” + apo" Opo" i 
from which, with the assumption that 


oF oF 
Oat, + Pod, + 0, 
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it follows that 
dY: 
dX 


where K is a constant, not zero, whence 


pee Vvmns cen 


1 
eee ten See 


where K, depends upon K and p and is not zero. Thus when the equations 


oF ov—1 FF OLR oF oF 
= PES —— —— — 0 
op 0, o 8 89 3p”! 0, op +0, ou aF P oy = 


F(a, Y, p)=0, 


are simultaneously satisfied for 


t=, Y=Yo P =Po: 
the solution which assumes the value yo when «=p is, in the neighbourhood of 
(2%; Yo): of the form 
1 e 
Y¥=YotPo(e—a) +Ky(w—ay) r+ . 
and is a function having p values which become equal when x=xo. 

The most general case in which F=0, F,=0 are satisfied simultaneously 
is when F=0 has a double root p=pọ for «=a, y=Yo, and therefore u =2. 
In this case the solution is of the form 

{y —Yo — Pole —%o)}? =A(w—ay)P +... 
and therefore in the most general case the integral-curve has a cusp at (xo, Yo). 


3°51. The p-discriminant and its locus.—A triad (£o, Yo, Po) for which 
F=0,, .Fysel 
is said to be a singular line-element. The corresponding pair of values 
(@o Yo) must satisfy the equation obtained by eliminating p between 
F(a, Y, p)=0, F(x, Y, p)=0. 
The eliminant * is termed the p-discriminant t of the differential equation 
and is denoted by 
ApF(x, y, p); 


A,F (æ, y, p)=0 
in general defines is known as the p-discriminant locus. 
Assuming for the moment that a=0, yọ=0, the differential equation 
can be written 
F(x, y, p)= Up+Ui(p—po)+ - +» +U mP —po)”=0, 


where the coefficients are developable in series-of ascending integral powers 
of x and y, and since F(a, y, p) is to be of the second order in p—pọ when 
æ=0, y=0, Ug and U, must be of the forms 


Up =a +Boy + sikala U =a;æ +p1Y + HYT 
Then the approximation to the p-discriminant at the origin is p=po or 
ag + Boy =0. 


* It should be observed that in the process of elimination no variable factor is to be 
discarded. The use of a general method such as Sylvester’s dialytic method of elimination 
(Scott and Mathews, Theory of Determinants, Chap. X., § 10) is therefore to be recommended. 

+ For references, see § 3°6. 


the curve which the equation 
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But the integral curve has the equation 


(y—pot)?=Aas+ ... 
and is therefore not, in general, tangential to the p-discriminant locus (Fig. 5). 


In general the p-discriminant locus is the locus of cusps on the integral-curves 
of the differential equation. 


Fic. 5. 


[The p-discriminant is the broken line, the integral-curve which meets the 
p-discriminant at the origin is the full line.] 


At a point on the p-discriminant locus, the equation 


F(a, y, p)=0 


has at least two equal roots in p. This is in general owing to the presence 
of a cusp of an integral-curve at the point in question. When more than 
two roots in p become equal, there is in general a multiple point with coin- 
cident tangents. The preceding theorem thus becomes still more general 
if the term locus of cusps is understood to mean locus of multiple points with 
coincident tangents. 

But the p-discriminant locus is not necessarily only a locus of cusps, 
because equal roots in p may occur through circumstances other than the 
presence of a cusp. The most important case of all is when consecutive 
members of the family of integral-curves have the same tangent, that is to 
say at points on the envelope of the family of integral-curves. The p- 
discriminant therefore includes the envelope in all cases in which an envelope 
exists. Moreover, the envelope is an integral-curve, for the line-elements of 
the envelope coincide with the line-elements of the integral-curves at the 
points of contact, and thus the envelope is built up of continuous line- 
elements which satisfy the differential equation. But the line-elements on 
the p-discriminant are, by definition, singular ; the envelope is therefore said 
to be a singular integral-curve. An example of an envelope singular solution 
has been met with in the Clairaut equation (§ 2°44). 

A singular integral-curve is not, however, necessarily an envelope; the 
exceptional case arises when the singular integral-curve touches every 
member of the family of integral-curves at a point which is the same for 
all curves. In this case the singular integral-curve is a member of the 
general family of integral-curves and is obtained by assigning a particular 
value to the parameter of the family. It is generally known as a particular 
curve. 


As an example, consider the equation 
(20 —p)* + aly —a) (2x —p) —(y—2*)?=0, 


www.rcin.org.pl 


EXISTENCE AND NATURE OF SOLUTIONS 85 
c? 

1+ca 

The p-discriminant of the equation, as well as the c-discriminant of its solution, 

contain the factor y—z*, and yet the curve y=2? is not an envelope. In fact this 


curve does not have any finite point in common with any integral-curve for which 
c40. It is therefore a particular curve, and corresponds to c=0. 


whose general solution is y =g? + 


There remains one other possibility, namely that two non-consecutive 
integral-curves have the same tangent at a point on the p-discriminant locus. 
Such a point is said to be a tac-point; the locus of tac-points is a tac-locus. 
In general the common tangent to the integral-curves is not a tangent to 
the p-discriminant locus, and therefore the tac-locus, like the cusp-locus, is 
not, except in very special cases, an integral-curve of the differential equation. 


3°52. The c-discriminant.—When the differential equation can be in- 
tegrated, and its solution is 
D(x, y, c)=0, 
the envelope, if it exists, is given by the c-discriminant equation 
A(x, y, c)=0, 
obtained by eliminating c between the two equations 
ot 
dc 
But, as will now be proved, the c-discriminant does not furnish the envelope 
alone. 


Let the equations ®=-0, ©,=0 be solved for æ and y, thus giving the 
ce-discriminant in the parametric form 


a=4(c), y=y(c), 
then the direction of tangent at any point of the c-discriminant locus is 
v'(c)/P'(c). 
oD oD 
ae t oy 
the tangent at any point of the integral-curve c=cọ has the direction 


_ E(w, y, co) eee A 
ou oy 


Let (a, Yo) be the co-ordinates of a point of intersection of the two curves 


@=0, 0. 


Since 


dy=0, 


D(a, Y, Co) =0, 0, 


Oey 
and if the functions ¢ and ẹ% are many-valued let them be so determined 
that 

P(Co) =, (Co) =Yo- 
Then the parametric equations 


æ=¢(c), y =%(c) 
represent a branch of the c-discriminant locus through (æo, Yo). 
Now at any point of the c-discriminant locus 


OD Ox oð dy 
ie tee 
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and therefore, at (a, Yo), 


EOE AOR 


Thus the integral-curve through (a, yo) and the c-discriminant locus have a 
common tangent unless 
(Fe), (= 
Oyo 


that is to say, unless the integral-curve has a singular point at (%, Yo). 

Thus the branch of the c-discriminant locus through (ao, yo) is either an 
envelope or a locus of singular points. In general the c-discriminant locus 
breaks up into two distinct parts, of which one furnishes the envelope, whilst 
the other furnishes the locus or loci of singular points. In the most general 
case the singular points are cusps and nodes, so that the c-discriminant locus 
includes the cusp- and node-loci. As in the example of the preceding section, 
a particular curve may also be included. The e-discriminant and p- -dis- 
criminant loci, therefore, have in common the envelope and cusp-locus and 
possibly also a particular curve. 

It is not always possible to obtain the explicit general solution of an 
equation and therefore it is necessary to investigate criteria for the dis- 
crimination of the various curves which may occur in the p-discriminant 
locus without having recourse to the solution. These criteria will be obtained 
after the foregoing discussion has been illustrated by examples. 


3°521. Examples of Discriminant-loci. 


(i) The curves of the family 
(y +c)’ =æ(x —a)(x —P), 


where c is the parameter of the family and a and £ are constants (8>a>0), are 
integral-curves of the differential equation 


4p*a(x —a)(æ —B)={3a* —2(a +£)x +af}’. 
The p-discriminant equation is 
æ(x —a)(x —B){8x* —2(a +8)x +af}*=0, 
and the c-discriminant equation is 


æ(læ —a)(x —ß)=0. 


æ=0, z=a, #=8 


The three lines 


are common to both discriminant loci, each line touches every member of the 
family, and therefore the three lines form the envelope. The remaining part of 
the p-discriminant locus breaks up into two pairs of coincident straight lines 


3x=a +8 +V (a?—aß+£?), 
8a=a+p—V(a?—aB+?). 


These are tac-loci; the former is the locus of imaginary, and the latter of real, 
points of contact of non-consecutive curves of the family. 
(ii) Now let B=a>0; the differential equation of the family 


(y+c)?=a(x—a)? 
4p°a =(8a—a)?. 


is 


The p-discriminant equation is 

æ(3x —a)?=0, 
and the c-discriminant equation is 

a(a—a)?=0. 


The common ocus 2=0 is the envelope. The p-discriminant locus also contains 
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the line ex=}a which is the tac-locus, and the c-discriminant locus contains the 
line =a which is the node locus. 
(iii) Finally, let B=a=0; the differential equation of the family 


(ye)? =a 
4p? =92. 


The p-discriminant locus is v=0 and the c-discriminant locus is #*=0. Every 
member of the family of integral-curves has a cusp on the y-axis, which is therefore 
a cusp-locus. 


is 


3°6. Singular Solutions——When a continuous succession of singular 
line-elements build up an integral-curve of the equation, that integral-curve 
is singular, and the corresponding solution is known as a singular solution.” 
Since singular line-elements exist, by definition, only at points on the p-dis- 
criminant locus, a singular integral-curve must be a branch of the p-dis- 
criminant locus. 

To obtain the direction of the tangent at any point of the p-discriminant 
locus, differentiate the equation 


F(a, yY, p) =0 
OF dy _ oF dp 


7a +h dy dx ij ap de 
But at any point on the p-discriminant locus 


with respect to a, thus 


a 
n Nh 
and therefore the direction of the tangent is given by 
oF dy 
oa tte dy dæ +? 


But since the tangent to the p-discriminant locus now coincides with the 
tangent to an integral-curve, 


da TP» 
and therefore a necessary condition for the existence of a singular solution is 
that the three equations 
F(x, y, p )=0, 


OF (#, y, P) o 
op : 
OF (a, y, p) , OF, y, p) _ 
ate. Mein 


should be satisfied simultaneously for a continuous set of values of (æ, y) 


* The first examples of singular solutions were given by Brook Taylor in 1715 (see 
Appendix A). The earlier attempts at a systematic treatment of the subject, such as 
Lagrange, Mém. Acad. Sc. Berlin, 1774 [Œuvres, 4, p. 5]; De Morgan, Trans. Camb. Phil. 
Soc. 9 (1851), p. 107; Darboux, C. R. Acad. Sc. Paris, 70 (1870), p. 1831; 71, p. 267; 
Bull. Sc. Math. 4 (1873), p . 158 ; Mansion, Bull. Acad. Sc. Belg. 34 eg 149 : Cayley, 
Mess. Math. 2 (1873), p. 5; 6 (1877), p . 28 [Coll. Math. Papers, 8, p. 529 ; 10, p. 19]; 
Glaisher, ibid. 12 (1882), p. 1 ; an T. für Matk. 112 (1893), p. 205, are not altogether 
satisfactory. The first complete direct treatment of the p-discriminant is due to Chrystal, 
Trans. Roy. Soc. Edin. 38 (1896), p. 803. Other noteworthy papers are: Hill, Proc. 
London Math. Soc. (1) 19 (1888), p. 561; 22 (1891), p. 216; Hudson, ibid. 33 (1901), p. 380 ; 
Petrovitch, Math. Ann. 50 (1898), p. 103. See also Bateman, Differential Equations, 
Chap. IV. The theory has been extended to equations with transcendental coefficients 
by Hill, Proc. London Math. Soc. (2) 17 (1918), p. 149. 
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Conversely suppose that the equations 


F(a, y, A)=0, 

OF (a, y, A) __ 0 

oA Cah 

oe Y, A) 4 ae À) i 


where A is a parameter, represent a curve. Then by differentiating the first | 
equation and simplifying the derived equation by means of the second, the 
direction, p, of the tangent at any point of the curve is given by 


OF (a, y, Ma +p OF (a, Y, À) 


ew TE = aea 
and therefore, in view of the third equation, 
(p—a) - vat - fe a 
Consequently, if F, is not zero at a points of the curve, 
A=p, 
and therefore the curve is an integral-curve of the differential equation 
F(a, y, p)=0. 


Thus the conditions 
F=0, #,=0,. F,+pF,=—0, 


together with the condition F40, are sufficient for the existence of a singular 
solution.* 


3°61. Conditions for a Tac-locus.—It was seen in § 3°5 that if 
< +p oe #0 
at all but a finite number of points of a branch of the p-discriminant locus, 
that branch is a cusp-locus or locus of multiple points. At any point at which 
OF oF 
Oa TP ay 
two distinct integral-curves touch one another. If, in the notation of the 
preceding section, A+-p, the integral-curves do not touch, and therefore are 


both distinct from, the p-discriminant locus, or in other words a tac-point 
occurs. Necessary conditions for a tac-point are therefore 


=(, 


a, =0, oy =0, 
which implies that at a tac-point a double-point of the p-discriminant locus 
occurs. 

In order that the p-discriminant may furnish a tac-locus it is necessary 
that every point of some particular branch should be a double-point, which 
is impossible unless that branch is a double-line. The p-discriminant must 
therefore contain (as in § 3°521, (i) and (ii)) a squared factor, which, equated 
to zero, gives the equation of the tac-locus. 

It follows that a necessary condition that the p-discriminant should furnish 
a tac-locus is that the four equations 


ie, y,p)=0, F,=—0, F,=—0, F,=0 
should be satisfied for a continuous set of values of (x, y). 


* The examples of § 3-521 show that an envelope may exist when /', =0. 
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Since these equations are satisfied at every point of a tac-locus 
F,,dp+F pzd +F pdy =0, 
F pdp +F,da +F dy =0, 
j Fpydp +F rydæ +F „dy =0, 
and thus the condition for a tac-locus becomes 
Pips Pes Sey |) 8. 
ion Magi dyes: | 


3:611. A Deduction from the Symmetry of the Condition for a Tac-locus.— 
It appears from the symmetry of the conditions for a tac-locus that if the p-dis- 
criminant of the equation F(z, y, p)=0 furnishes a tac-locus, the same is true, in 
general, with regard to the equations 

F(y, x, p)=0, F(a,p,y)=0, Fly, p,2)=0, F(p, 2, y)=0, F(p, y, x)=0. 


In particular cases, however, the tac-locus may reduce to a tac-point. 
Consider, for example, the equation * 


F(a, y, p) = (w* —a®)p*—2ayp —x?=0. 

The conditions for a tac-locus are 

zp*—yp—x=0, æp=0, (x#?—a?*)p—ay=0, 

whence 
æ=0, y=y, p=0. 

The tac-locus isz=0. In the case of the equation 

Fy, x, p) = (y?—a*) p* —2ayp —y*=0, 

the conditions are 
æ=æ, y=0, p=90, 

and the tac-locus is y=0. But in the equation 


F(a, p, y) = (x? —a*)y? —2apy —x?=0, 
the conditions are 


æ=0, y=0, p=p, 
and there is no tac-locus, but a tac-point at the origin. 


3°62. The Locus of Inflexions.—An integral-curve may be regarded 
either as the locus of its points or as the envelope of its tangents. Now 
the analytical conditions for a cusp, in point-co-ordinates, are formally iden- 
tical with the analytical conditions for an inflexion in line-co-ordinates. Since, 
therefore, the family of integral-curves has.in general a cusp-locus, it will 
have, in general, also an inflexion locus. 


Since 
OF | OF OF dp _ 
aa T ay? * ap da T” 
and at an inflexion æ =0, the inflexion locus is furnished by the p-eliminant 


of the equations 
F(a, y, p)=0, F,+pF,=0. 
In the general case a is finite on the inflexion locus. But 
F OF | OF oF dp _ 


hes bait 0, 
Ou? +8 Oudy TP oy? +p dx? 


* Glaisher, Mess. Math. 12 (1882), p. 6. 
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and therefore it is necessary that 
Fy--0. 


3°7. Discussion of a Special Differential Equation.—The equation 
F(x, y, p)=ay+Pa?+yep+p?=0 


will now be considered.* It will first of all be proved that when the equation 
has an envelope singular-solution, its integral-curves are algebraic. When 
the equation is solved for p, 


p=—Hyw tv (y?x? —4pa? —4ay)}. 
Let y=væ?, so that 
wo’ +20 = —}{y +V (y?—48 —4av)}, 
and, assuming that a+0, write 
u? =y? —48 —4av. 
The equation is now rational, and its variables are separable, thus 
udu dx 
Lace are = = — =0; 
ay+y2—4B+au—u2 æ 
The conditions F,=0, F,+pF,=0, for a singular solution, are respectively 
ye+2p=0, 28e-+yp+pa=0, 
whence, eliminating p, 


ay -+y2—4B=—0. 

With this condition the equation in u and g is reduced to 
du de 
iia @« i 


and has the general solution 
æ(u +a)=const., 
or 
ax +V/( —ayx? —4ay)=c, 


where c is the parameter of the family of integral-curves. In its rationalised 


form the solution is 
(aw —c)? +-a(yo?-+-4y) =0, 


and the integral-curves constitute a family of parabola, whose envelope is 
the parabola 
4y +-ya? =0. 

Thus, when there exists an envelope singular-solution, the integral- 
curves are algebraic. The converse is not, however, true. In order to obtain 
a condition that the general solution be algebraic, express the equation in 
the form 


udu dx 
(u—A\u—p)  @ 
where 
(w—A)(u—p) =u? +au—ay—y? +48. 
Let 


Q=+a+Vk, 2n=+a—Vk, 


* This equation is effectively the first approximation in the neighbourhood of the origin 
to the equation F(a, y, p)=0, when the axes are so chosen that an integral-curve touches 
the z-axis at the origin. The investigation here reproduced is due to Chrystal, Trans. 
Roy. Soc, Edin. 38 (1896), p. 813, 
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then 
a? —k =4( —ay —y? +48), 


k=(a-+2y)2—16. 


that is 


The solution now is 


a a 
1) log (uw—A)— -1) log (u— log «2=log c?, 
rr g (u—A) Gara g (u—u)+log g 
whence 
ta/Vk 
(u—A)(u—p)a2=e2, 
where 
u= +V (y2 —4ß —4aya-2). 
Thus, assuming that a, 8 and y are rational numbers, a necessary and suffi- 
cient condition that the general solution be algebraic is that k, or 


(a +2y)2—168, 


be the square of a rational number. 
But when this condition is satisfied, the condition for an envelope singular- 
solution, namely 


ay +y? —48 —0, 
is not necessarily satisfied. On the other hand, when this condition is 


satisfied, 
(a+2y)? —168 =(a+2y)? —4(ay +y?) 


=a’, 


and the general solution is algebraic. 


The equation 
3y +3” — jap +p*?=0 
has an algebraic primitive, namely, 
(x? -+12y)c? —2a(x? +-9y)c +(#?+3y)?=0. 


The c- and p-discriminants are effectively y? and y respectively. The negative 
half of the y-axis is a locus of real cusps. There is no true envelope because the 
point of ultimate intersection of consecutive curves is the same, namely the origin, 
for all curves of the family. 


MISCELLANEOUS EXAMPLES. 


1. Modify the method of successive approximations so as to prove the following existence 
theorem. If a, yo, a, b, and K have the meanings attributed to them in § 3:1, but M 
now signifies the upper bound of | f(z, Yo) | for values of æ in the interval (Xo, Xo +4), then 
there exists a unique solution of the equation 


y’ =f (æ, y), 
which reduces to yy when =g, and is contfnuous in the interval (a5, 2 +p), where p is 
the smaller of the two numbers a and K- log (1+ KbM~—}). 
[Lindeléf, J. de Math. (4) 10 (1894), p. 117.] 


2. Investigate the behaviour, near the origin, of solutions of 


(i) y=y?; (ii) wy’ =y; 
NREN 223 Pee. 
(iii) y - Gv) oss 
(v) ay’+y?=0 ; (vi) y’ +y =x, 
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3. Discuss the p- and c-discriminants of the equations : 
(i) 8ay=2pa?—2p?, Primitive: (8y-+2c)?=4ca ; 
(ii) p*—4ayp+8y?=0, Primitive: y=c(w—c)?; 
(tii) ap?—2yp+4a—0, Primitive: cy=c*v?+1; 
(iv) p(2—8y)?=4(1—y), Primitive: y?—y*=(a—c)?; 
(v) yp?—4ap+y=0, Primitive: y*®—3a?y!+ 2ca(8y?—82?)+r?=0; 
(vi) 8p°x=y(12p*—9), Primitive: 3cy*?=(#-+c)*. 
4. Integrate the equation (y+-px)*=4ap and discuss the discriminants. 


5. Show that the equation 
(1—a?)p?=1—y? 
represents a family of conics touching the four sides of a square. 
6. Let (x, y, c)=0 be a general family of integral-curves. Then (a, y, z)=0 repre- 


sents a surface, and the c-discriminant locus is the orthogonal projection on the (a, y} 
plane of the curve of intersection of the two surfaces 


Od 
(2, Y, z)=0, Oz =0. 


By considering the section of ¢@=0 by a plane parallel to the z-axis, prove that in general 
Ale, y, ¢)=EN?*C%, 


where E =0 is the envelope, N =0 is the node-locus and C=0 is the cusp-locus. 
[Cayley, Hill, Hudson ; see Salmon, Higher Plane Curves, 3rd ed., p. 54.] 


7. Show that the locus of inflexions on the orthogonal trajectories of F(a, y, p)=¢ 
is a branch of the curve 
F(a, y, p)=0, pFr—Fy=0. 


Discuss the case in which this curve has a branch in common with 
F(a, Y, p)=0, Fz+pFy=0. [Chrystal.] 


8. Show that an irreducible differential equation of the first order, polynomial in a, ¢ 
and p, whose degree in x, y and p collectively does not exceed the second, can have ne 
tac-locus. [Chrystal.] 
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CONTINUOUS TRANSFORMATION-GROUPS 


4:1. Lie’s Theory of Differential Equations.—The earliest researches in the 
subject of differential equations were devoted to the problem of integra- 
tion in the crude sense, that is to say to finding devices by which particular 
equations or classes of equations could be forced to yield up their solutions 
directly, or be reduced to a more tractable form. The next stage was the 
investigation of existence theorems, which served as criteria to settle, in a 
rigorous manner, the question of the existence of solutions of those equations 
which were not found to be integrable by elementary methods. Thus on 
the one hand, there exists a number of apparently disconnected methods 
of integration, each adapted only to one particular class of equations, whilst 
on the other hand, the existence theorems show that, except possibly for 
certain very unnatural equations, every equation has one or more solutions. 

This heterogeneous mass of knowledge was co-ordinated in a very striking 
way by means of the theory of continuous groups.* The older methods of 
integration were shown to depend upon one general principle, which in its 
turn proved to be a powerful instrument for breaking new ground. In the 
following sections this co-ordinating method will be explained in its simplest 
aspects and with reference only to equations of the first order in one inde- 
pendent and one dependent variable. 


4:11. The Transformation-Group of One Parameter.—Consider a trans- 
formation 


(T) æı=ġ(x, y) Yı =(z, Y) 
by means of which the point (æ, y) is transferred to the new position (a, Y1) 
in the same plane and referred to the same pair of rectangular axes. If the 
equations which represent the transformation are solved for œ and y in terms 
of xı and y4, thus 
a=P(21, yı) y=P(x, yı) 

they represent the inverse transformation (Tı), namely the operation of 
transferring the point (@ı, yı) back to its original position (a, y). The result 
of performing the transformations T and T, in succession, in either order, is 
the identical transformation 


a=, Yi=y- 
Now consider the aggregate of the transformations included in the family 


zı=ġ(2, y; a) w=, y; a), 


* Klein and Lie, Math. Ann. 4 (1871), p. 80; Lie, Forhand. Vid.-Selsk. Christiania 
(1874), p. 198 ; (1875), p. 1; Math. Ann. 9 (1876), p. 245; 11 (1877), p. 464; 24 (1884), 
p. 587 ; 25 (1885), p. 71 [Lie’s Ges. Abhandlungen, iii. iv.] See also Lie-Scheffers, Vorle- 
sungen über Differentialgleichungen mit Bekannten Infinitesimalen Transformationen (1891) 
and Page, Ordinary Differential Equations (1896). 
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where a is a parameter which can vary continuously over a given range.* 
Any particular transformation of the family is obtained by assigning a parti- 
cular value to a. Now, in general, the result of applying two successive 
transformations of the family is not identical with the result of applying 
a third transformation of the family, for in general ag cannot be found such 


that 
plx, y; as) =pip(x, y; ai), Ww, Ys a1)3 az}, 
or in particular, taking 
$ (x, y; a)j=a—v, Hw, y; a)=y 
it is not true that ag can be so chosen that for all values of a, 
as —& =z —(a,—2). 

When, however, any two successive transformations of the family are 
equivalent to a single transformation of the family, the transformations 
are said to form a finite continuous group. It will be assumed that every 
group considered contains the inverse of each of its transformations, and 
therefore also the identical transformation. Since the transformations 
which form the group depend upon a single parameter a, the group will be 
referred to as a G, or group of one parameter. 


4'111. Examples of G,.— 
(a) The group of translations parallel to the a-axis 
@y=a@+a, Yi=y- 
The result of performing in succession the transformations of parameters a, 
and a, is 
gı=8 +41 +4, Yi=y, 
and is the transformation of parameter a,+-a,. The inverse of the transformation 
of parameter a, is 
: MERE Y¥i=Y¥; 
its parameter is —a, 
(b) The group of rotations about the origin 
@,=xcosa—ysind, y,=« sin a+y cos a. 
The result of performing successive transformations of parameters a, and a, is 
æı=(æ cos a,—y sin a.) COS 4, —(& SİN a,+Y COS 4o) sin ay 
= COS (dı +4) —y Sin (a1 +4); 
Yı =(& COS a,—y SİN Gg) sin a, +(X sin a,+yY COS Ay) COS ay 
=& sin (a1 +4) +y cos (a, +43), 
and is the transformation of parameter a,-+-a,. The inverse of the transformation 
of parameter a, is 
@,=x# COS 4, +Y sind, Yı=—& sin a,+yY Cos a, ; 
its parameter is —d,. 
(c) The group 
æ =4%, Yy,—ay. 
The transformations of parameters a, and a, applied in succession are equivalent 
to the transformation of parameter a,a,. The inverse of the transformation of 
parameter a, is the transformation of parameter 1/a,. 


4°12, Infinitesimal Transformations.—Let a) be that value of the para- 
meter a which corresponds to the identical transformation, so that 
p(z, y; a) =a, p(x, Y; ao)=Y, 


* It will be assumed that ¢ and 4 are differentiable with respect to a in the given range. 
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then if «e is small, the transformation 


zı=p(2, y; aote), Yi=P(w, y; do +e) 
will be such that æ, differs only infinitesimally from a, and yı from y. This 
transformation therefore differs only infinitesimally from the identical trans- 
formation, and is said to be an infinitesimal transformation. It will now 
be shown that every G, contains an infinitesimal transformation.* 
Let a be any fixed value of the parameter a, and f the parameter of 
the corresponding inverse transformation. Thus 


ævı=ġ(v, y; a) yi=Y(a, y; a), 
æ=ġ(xı, 41; P) y=$(æ yı; P). 
Let ôt be small, and consider the transformation 
a’ =ġp{plx, y; a), pla, y: @); B-+8t}, y =h{ g(a, Y; a), pæ, Y; a); B-+8t}. 


By the mean-value theorem, if 6, and @, are positive and less than unity, 


; Op{ h(x, y; a), Yæ, y; a); 0 ôt 
a =4{d(a, y; a), Ba, y; a); B}+ pio y ) Hot ) B+ 1 E 
=a-+ é(æ, y; a) ôt, 
y' =pl, y; a), p, y; a); B}+ 
=y +(x, y; a)ôt, 
where é(æ, y; a), n(@, y; a) do not in general vanish identically and are 
independent of ôt if terms of the second and higher orders are neglected. 
These equations represent an infinitesimal transformation. Every G, in 
two variables contains therefore an infinitesimal transformation; the 
method is evidently applicable to the case of any number of variables, with 
the same result. 


Geometrically, this infinitesimal transformation represents a small dis- 
placement of length 


V {læ —2)? +y’ —y)2}=V (E2 +n?) ôt 
in the direction 0 where 
cos = €/V/(E2+n?), sin 0=n/V (£2 +7). 


Two transformation groups are said to be similar when they can be 
derived from one another by a change of variables and parameter. It will 
be shown that every G4 in two variables is similar to the group of transla- 
tions. To prove this theorem, write the equations of the infinitesimal trans- 
formation in the form 


x= (a, y)dt, Sy =n(v, y)ðt, 
then the finite equations of the group are found by integrating the equations 
A. Sa 
E(w, y) nla, y) 
The solutions are expressible in the form 
F(z, y) SE F(x, y) =le +t, 


where C and C, are constants. Let t=0 correspond to the identical trans- 
formation, then 


F(x, yi)=Fy(@, y) Fo(®ı, ys) =F'o(a, y)+t. 
Let u=F;(x, y), v=F(x, y) be taken as new variables, then 
Uj=U, Vv=0+i. 


Op{ p(w, y; a), Hti a); B +0286} 5, 


* It will be proved later that no G, contains more than one infinitesimal transformation. 


www.rcin.org.pl 


96 ORDINARY DIFFERENTIAL EQUATIONS 


Thus the given group has been reduced to the group of translations. It 
is clear that this group has one and only one infinitesimal transformation, 
namely du=0, ĝv=ôt. Since é and y are uniquely determined in terms of 
u and v it follows that the original G; has only one infinitesimal transformation. 


4'121. Examples.—(a) The identical transformation of the rotation group 
defined by 


æı=& cos a—y sin a, y;=& sina+y cosa 
is given by a=0. The infinitesimal transformation is therefore 
æ =g cos ĝt—y sin ôt, y, =æ sin ôt+y cos ôt, 
or to the first order of small quantities 
gı =% —yðt, Yı =y+æðt. 


This transformation represents a rotation, in the positive sense, through the 
small angle ôt. 
(b) The equations 
gı =48, Yy=a’y 


define a group ; the identical transformation corresponds to a=1. The infinitesimal 
transformation therefore is 


æı=(1+ôt)æ, yı =(1+ òt) y 
or, to the first order of small quantities, 
gı =% +æôt, Yı =y +2yôt. 
To reduce the group to the translation group it is necessary to solve the equations 


whence 
Yiu Hi 
2? = 72? log x,=log æg +t. 
The required new variables are therefore 


u=y/z*, v=log æ. 


4°18. Notation for an Infinitesimal Transformation.—Consider the variation 
undergone by any given function f(x, y) when the variables g, y are subjected 
to the infinitesimal transformation 
=E +6x =% + E(w, y)ôt, 
Yı=y Toy =y +1(v, yt. 
The change in the value of f(z, y) is : 


of(a, y) =f(x, Yı) — f(a, y) 
=fla-+80, y-+8y)—fle, y) 
= jee, ) TED + nfo, yy TE Das, 


retaining only small quantities of the first order. Conversely, if the increment 
f(z, y) is known, which a given function f(z, y) assumes under the infinitesimal 
transformation of a G}, then (x, y) and ņ(x, y) are known and therefore the 
infinitesimal transformation itself is known. Thus the infinitesimal trans- 
formation is completely represented by the symbol 


Up= Hew) +a, yd. 
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Thus, for example, the symbol 


represents the infinitesimal rotation 
æg; =æ —yðt, Yı, =y +xôt. 
In particular 
Ux=¢(x, y) Uy=n(2, y), 
so that 


Uf=Ue- £ Í + Uy Z. 
It is obvious that if in a G4 ENEN on pn x, y, these variables are 


replaced by w’, y’, where 2’, y’ are any functions of a, y, the group property 
is maintained. Now since 


ofa’, y) _ flx, y’) ea’ , f(a’, y’) ey’ 
pz Ox + 


ôx əx’ oy’ 6a’ 
f(a’, y) _ f(a’, y) Oa" flx’, y) ey’ 
oy Oar’ oy dy’ =—s Oy’ 


it follows that 
sy — eet, yh LE y L acer, yf 20 ya 
iN 2 of 
= U2'- =, + Uy’: ay! 
Now, let the finite KRIA of the G, be 
a=$(2, y ; t) yi=y¥(z, y ; t), 
and let t=0 give the identical transformation. The function f(x, y1) may be 


regarded as a function of x, y and t; regard x and y as fixed and let the function 
be expanded as a Maclaurin series in ¢, thus 


S(t, Y) = fo tfo ttf t+ .. + 


fo=[flar ¥1)ao=S@ y), 


jy [8] i MER dz, , Of Su) $ 


dt Ox, dt ' dy, dt 


where 


-£ &(@1, yi) + Sale w) 
=2 ea, y) ta na, y) = Ufle, y), 
fo" =| Tex d A a (1, Y1) 5 = + (1; NAI f(a 4 wl 
=U?f(2, y), 
Consequently the expansion of f(a), yı) is 
fle, =f, y+ Up HATU ... 


where U"f symbolises the result of operating n times in succession on f(z, y) 
by the operator 


fa] fa] 
U= &(a, Y) zz +7(@, y) by 


H 
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In particular, 


t t? 
zı=0 +7] Ug tan U2?2z+ .. 


n=yts Uy +5 {Uy + . 


and these are the finite equations of the group. It may easily be verified that, 
regarding w and y as fixed numbers to which a, and y; reduce when t=0, these 
equations furnish the solution of the simultaneous system 
Dot a ee 
glær y1) (#1, Ys) 
The infinitesimal transformation therefore defines the group, which may 
therefore be spoken of as the group Uf. 


= dt. 


4'131. Examples of the Deduction of the Finite Equations from the Infini- 
tesimal Transformation.— 


(a) Given the infinitesimal transformation 


EU OR 
Uf= -—y=— pie 
J=- t” dy 
to find the corresponding G,. It may be verified that 
Uxz= —y, Uy=2, 
U*2x=—2, U*y=—y, 
U*z=y, Uy = —2, 


U*e=2, Uty=y, 


Thus U is a cyclic operation of period 4, with respect to æ and y. It follows that 
2 3 4 
t 


t 
at, ae sai du > ie sated 


fifth Gae 


=a cos t—y sin t, 
2 te tt 


t 
W=Yt e MAE y— æ+ y+... 


=a sin t+y cos t. 


Thus the corresponding G, is the rotation-group. 
(b) In the same way, if 


ete 
it is found that 
t2 te 
eet e e+e ats a+... =2e, 
mut Sy +5 ay te et . sage. 


If et is replaced by the new parameter a, the equations become 
@,=aX, Yi=ay; 
and define the group of uniform magnifications. 
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4'2. Functions Invariant under a Given Group.—<As before, let the finite 
equations of the group, 
æxı=ġ(x, y ; t), yi=¥(a, y; t), 
be such that the identical transformation corresponds to t=0, and let 


Uf= (a, y ye + nle. Ne 


denote the infinitesimal transformation of the group. 
A function Q(x, y) is said to be invariant if, when æ, yı are derived from 
x, y by operations of the given group, 
Qa, Yı) =Q(a, y)» 
for all values of t. 
Now the expansion of ron yn in nt of ¢ may be written in the form 


a, y) +0245 vw a) +Ë 00a} + . 


If, therefore, Q(x, y) is invariant under the group, this expression must be 
equal to Q(x, y) for all values of ¢ in a given range. For this it is necessary 
and sufficient that UQ should be identically zero, that is, 

02 ke 

In 12 a 
The function z=(2, y) is therefore a solution of the partial differential 
equation 

Oz Oz 
and consequently, 

Q(x, y) =constant 


is a solution of the equivalent ordinary differential equation 
fl 
eho 
Since this equation has one, and only one, solution depending upon a 
single arbitrary constant, it follows that every G, in two variables has one 


and only one independent invariant. In other words, there exists one 
invariant in terms of which all other invariants may be expressed. 


4'201. The Invariants of the Group of Rotations.—The infinitesimal trans- 
formation of the G, of rotations is 


ut 
Uf= -y= ia 
f YT? oy 
The equation to determine Q is 
dæ oN 
y 
and has the solution æ? -+-y?=const. AK 
Q(z, Y) =2*?+y?. 


It is, of course, geometrically evident that circles whose centres are at the origin 
are invariant under the group. To verify this fact analytically, note that the finite 
equations of the group are 


#,=axcost—ysint, y,=a sint+y cost. 
Then 


Q(@ı ¥;)=@,?+Yy,2= (g cos t—y sin t)?-+(a sin t+y cos t)? 
=g? +y’ =0(x, y), 
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whatever value t may have. The invariance of w*?+y? is therefore established. 
Any other invariant under the group must be a function of «*+y?, and conversely, 
any function of a*-+-y? is invariant under the group. 


_ 421, Invariant Points, Curves and Families of Curves.—If, for any point 
in the (a, y)-plane, é(x, y) and n(x, y) are both zero, that point is a fixed point 
under the infinitesimal transformation 


and is consequently fixed under all transformations of the group. Such 
points are said to be absolutely invariant under the group. 

A point (a, Yo) which is not invariant under the group is transferred, by 
the infinitesimal transformation, into a neighbouring point (a-+6a, yo +dy) 
such that 


a KER 

æ é 
If the infinitesimal transformation is repeated indefinitely, the point P, 
originally situated at (a, Yo), will trace out a curve which will be one of the 
integral-curves of the equation 

s aS 

de € 
The family of integral-curves 

§2(a, y) =const. 


is such that each curve is invariant under the group. 
But a family of curves may also be invariant in the sense that each curve 
is transformed into another curve of the same family by the operations of the 
‘group. Thus the family of curves may be invariant as a whole although the 
individual curves of the family are not invariant under the group. Let 


Q(x, y)=const. 


be such a family of curves. If, under any transformation of the group, 
(x, y) becomes (a, Y1), then 
Q(wı, y1)=const. 


must represent the same family of curves. But 
t {> 
Q(x, yı) =Q(x, y)+ I! UQ + 9 | U2Q4- Ve ee 


and therefore, if the two families of curves 
Q(x, yı) =const., Q(x, y)=const. 


are identical, the expression 
t t2 
poet 7 U+ bak 


must be a constant for every fixed value of t, that is, for every curve of the 
family 
j UQ =const. 

Thus a necessary and sufficient condition that Q(x, y)=const. should represent 
a family of curves invariant, as a whole, under the group, is that UQ =const. 
should represent the same family of curves, that is U{2 should be a certain 
function of Q, say F(Q). When F(Q) is zero, the individual curves of the 
family are invariant curves. 
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Thus, for instance, under the rotation group 
#,=axecost—ysint, y,=—ycost+a sin t, 


the family of straight lines 


becomes 


where a and £ are the parameters of the families. But 


Yı yoost+a@singt y ( x) (2 w) . 
2, oogt- ymi æ nee as bch awe") aia 


If the family : =a is invariant, the family 


y? 
1 mkati 


must be identical with it. This is, in fact, the case ; the parameters a and y being 
connected by the relation i 


y=a?° +1. 
Now 
zg PT sen PE. es 2 
va = Wet ee +1. 


This is the form which the condition UQ = F(Q) takes in this case. 


4'3. Extension to n Variables——The G in n variables 2, @, .. ., @y 
defined by the transformations 


vi =$(@1, Vos - - «5 Ua; 4) (i=1, 2, . . ., m) 


may be proved as above to admit of, and to be equivalent to, a unique 
infinitesimal transformation 
of 


ð 
Uflas, Bas ae 93 O My S ty) ge + Aes PE OR We oss 2n) a 


Let t be the parameter of the group such that the infinitesimal transforma- 
tion is 
a,’ =a,+ élt Vo, + e o x, )dt (i=l, Be teas, n), 
then if F(a 1, £2 . . .,@,) is a function which can be differentiated any 
number of times with respect to its arguments, 


+ + / t {2 
Pai Ndo s e 15 By VR Migs i En) +) UF + 5 OF + aoe a 


Let (a4, Xo . . - n) be considered as the co-ordinates of a point in space 
of n dimensions, and ¢ as a parameter independent of these co-ordinates; ¢ 
may, for instance, be regarded as a measure of time. As ¢ varies, the point 
(v1, vy, ..., @,') describes a trajectory starting from the point (#1, Xo, . . + Vp). 
Every trajectory is evidently an invariant curve under the group. 

As before, a necessary and sufficient condition that §2(a,, Xo, . . ., n) 
should be an invariant function is that UQ be identically zero. A curve 
Q=0 is a trajectory and therefore an invariant curve if U2Q=0. The family 
of curves 

§2=const. 


is, as a family, invariant if UQ is a definite function of Q above. 
Lastly, an equation 
EN Gs, Wo... ss By) = 0, 


is invariant if UQ is zero, whether identically or by virtue of the equation 
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Q=0. In the former case the equation =a is invariant, and in the latter 

case not invariant, for all values of the constant a. 

Examples of invariant equations are as follows : 
(a) the equation Q=a#*+y*—c*=0, where c is any constant, is invariant 
under the rotation-group, for 
é 0 
U -(- — — a? 2 —c?)= —2 2y =0. 
a= -yp +25, let tyt—c8) = 2ye 2y 


(b) the equation Q = y—a#=0 is invariant under the group 


A 
oj=s2 +y ‘2 f 
t] fa] 
v9=(a a +y sua) =—2@+y=2. 


P On the other hand, the equation y —æ +c =0, where c is any constant not zero, 
is not invariant under the group. 


4'4. Determination of all Equations which admit of a given Group.— 
An equation is said to admit of a given group when it is invariant under that 
group. Let the group be 


ô ð 
Uf= (wi, 2, .- ss w) E E a A E nn). 
Let 
; Q(x, Loz- + + Ln) ==) 
be an equation which admits of the group so that U2Q=0. It will be supposed 
that Q is not a factor common to all of the functions €),..., én; let £n, for 


instance, be not zero when Q=—0. Then if 
ati fen, Of, of 
lant» Cay T Ralls i Én Cn 4 On,” 
VQ=0, and therefore 2 is invariant under the group Vf. 


Let 43, Yo: - - + Yn—1 be an independent set of solutions of the partial 
differential equation 


Vf=0; 
since they are also solutions of Uf=0 they are functions of the original 
variables 2, Yq, . . ., @,. Now adjoin to yj, yo, . > .; Yn—ı the function æ, ; 


the functions of the set thus formed are also independent, for if not there 
would be a relation of the form 
Un =W (yr, Yo, + +» +> Yn) 


and therefore x, would be a solution of the linear partial differential 
equation Vf=0, which is manifestly untrue. 


On the other hand @, %2, . . ., &,_, are expressible in terms of the n vari- 
ables Y1, Yo, - -> + Yn—-1 and æa. When this change of variables is effected 
let the invariant equation {2=0 become 

PY a, Yor - - +> Yn—1» Un) =0. 
Apparently ¥ involves æ, ; in reality it does not. For if a is any constant, 
Vy, Yo: + + +> Yn—-1» En) 
ð 
=VP(y1, Y2 . - +s Yn- a)+ On. P(Yi, Yas - + +» Yn—1 Vn): 
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Since V¥(y1, Y2, - - +» Yn—1» a) is identically zero and V Y(y1, Yo, - - +s Yn—1s Un) 
is zero either identically or because of the equation ¥=0, it follows that 


Leen 


that is to say, ¥ is effectively independent of 2,. Thus ¥ and consequently 
Q is expressible in terms of y1, Y2, - ~ - Yn—1 alone. 

Thus if the equation {2=0 is invariant, Q must be expressible in terms of 
the n—1 independent solutions of the partial differential equation Uf=0. In 
other words, every invariant equation 2=0 is a particular integral of the 
equation Uf=0. 

In particular, if u and v are two independent solutions of the equation 


Ufa, y, =F tye +02 =o 


the most general equation, invariant under the group Uf has the form 


Q(u, v)=0, 
or the equivalent form 
v—F(u)=0. 
This result is the foundation upon which most of the following work will be 
based. 


4'5. The Extended Group.— Let 


vı=ġ(x, y;a) yi=Y¥(z, y; a) 
define a G, in two variables. Consider the differential coefficient p as a third 
variable which under the group becomes p, where 


pı= dyı _ d} 
dæ, dọ 
Op | Ow 
oa ` ôy 
BE I A = x(@, y, p ; a). 
ae T ay? 


Let a and f be two particular values of a, such that 


a=$(a, y;a), yi=Y(a, y ; a), 
o =¢(&1, yı; B), Y2=Way, Yı ; B), 
then the resultant transformation 
t2=P(@, Y; y) Yo=¥(2, y; y) 


is the result of eliminating a, yı between the equations of the two component 
transformations. In the same way, 


_ a(x, y; Ly 
dlx, y; y) 
is the result of eliminating y, between 


d(x, y; a) 
=- and p= = 
Pi aga, y; a) Po dp(e1, y1; B) 
Thus in general the transformations 

gı=ġ(x, y; a), yi=Y(x, y; a), pı=x(2, Y, Pp; a), 


acting on the line-element (æ, y, p), form a group. This group is known as the 
extended group of the given group. 


_ Ufa, y1; B) 
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The finite equations of the given group may be developed in the form 


t 2/3 a 


t t? (On on 
Yı=y + la, tals +n51)+ vieti 
and hence 


dy + 2 de+ FP dy ) + me 


SAART. sig B 
j de-i $8 de-+ 5° dy) + yan? 
ô 0 og’ ô 
PEE T 
=p’ +t(a, Y, p)+ ... 


When ¢(a, y, p) is thus defined, the infinitesimal transformation of the 
extended group is 


a nl of 
U y oop 
JEE op 
The group can be further RR ina ie way by considering as new 
variables the higher differential coefficients y”, . . ., y™ 


4:6. Integration of a Differential Equation of the First Order in Two 
Variables.—It has been proved (§ 2'1) that an exact differential equation of 
the first order in two variables is immediately integrable by means of a 
quadrature. When an equation is not exact, the first step towards its integra- 
tion is the determination of an integrating factor by means of which the 
equation is made exact. It will now be shown that when an equation is 
invariant under a known group, an integrating factor may, at least theoreti- 
cally, be found, and the equation integrated by a quadrature. 

Let it be supposed, then, that the differential equation 


F (x, Y, P )= 
is invariant under the extended group 


i ET A toe £ 


derived from 


Uje p. 


Then the necessary and sufficient condition for this invariant property is 
satisfied, namely that U’F is zero either per se or in virtue of the equation 
F0; 

It is proposed to determine, and to integrate, the most general differential 
equation which admits of the given group U’f. The problem is therefore to 
determine two independent solutions of the partial differential equation 


opel ta ey = 


and this, in turn, depends upon ae two Miah solutions of the simul- 
taneous system 


0, 


dx _ dy _ dp. 
Te, 
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Let u=a be the solution of 
de _Y 
t i 
then since é and 7 are independent of p, u is independent of p. Let v= be 
a solution of 
ce a 
TG Sa 
distinct from w=a ; v must necessarily involve p. Then if H(w) is an arbitrary 
function of u, f=v—H(u) satisfies the partial differential equation U'f=0, 
that is 
U’{v —H(u)} =0. 
Consequently, 
v—H(u) =0 


is the most general ordinary differential equation of the first order invariant 
under U’. 

It will now be shown that, when w is known, v can be determined by 
a quadrature. It has been proved that any group is reducible to a translation 
group. Let the change of variables from (x, y) to (#1, y1) reduce Uf to the 
group of translations parallel to the y;-axis, namely U,f. Then 


UsSU(es) ge + VQ) =F, 
from which it follows that 
U(a,)=0, U(y,)=1. 
Thus 2, yı are determined as functions of x, y by the equations 
tg =o eB +n Bt a1. 
The first equation has the solution 
æı=u(%, y), 
the second equation is equivalent to the simultaneous system 
dæ dy dy 
ye ea i 
u(x, y)=a ; 
if this solution is used to eliminate x from the equation 


dy, _ : 
dy a n(x, y) ? 


One solution of this system is 


yı is obtainable, in terms of v and a, by a quadrature. By eliminating a, yı 
is obtained in terms of æ and y. Thus the necessary change of variables has 
been found. 


It is easily verified that U,’f, the extended group of Uf, is identical with 


U,fitself. The most general equation invariant under U,'f is found by solving 
the simultaneous system 


dx, _ dy; _ dp, 
0 1 Dai’ 
Since two solutions of this system are 


#,=const., p,=const., 
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the most general invariant differential equation of the first order may be 
written in the form 

Pı =®(x), 


and is integrable by quadratures. In the original variables this equation 
has the form 
v=H(u). 


But since a, =u, pı is necessarily a function of v alone, and since H is arbitrary 
there is no loss of generality in taking pı =v. 
Thus when one solution of the equation 


de dy 

Ga 
is known, the most general differential equation of the first order invariant 
under the group Uf =p +12 can be constructed, and this equation is in- 
tegrable by quadratures. 


4°61. Integration of a Differential Equation invariant under G,.—-Let the 
given differential equation be 


dæ _ dy 
P(x, y) Qa, yy 
and let 
plx, y)=c 


be its solution. Then ¢(a, y) is an integral of the partial differential equation 


RA. _ 
Pa =. Ray == 0, 

It will be assumed that, for at least one value of c, the integral-curve ġ(æ, y)=c 
is not invariant under the group. As a family, however, the integral curves 
are invariant, so that 

— 2, op _ 

Uga NSE +g =F) 

where F(¢) is a definite function of ¢ not identically zero. Now if @ is a 


function of ¢ alone, the family of curves ®=C is identical with the family 
@=c. Let 


` dọ 
® = | ay 
then 
Ub=U$.7F = 1. 


Thus @ is an integral of the two partial differential equations 
oP oD 
oð op 
from which it is found that 
Re, N- -NE a 
dx PRE? y Pn —QE 
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and therefore is ws 
dð = de + 5 
a cay im 
n AE., 
Consequently es Qé is an integrating factor for the differential equation 
Pdy—Qdz=0. 
The solution of the equation 


dy 


dx dy 
Pa 
is therefore 
Pdy—Qda 
Speen: aad 
Pn—QE 
where K is a constant. 
When every individual integral-curve is invariant under the group, 
U¢ is identically zero, that is 


Od ap 
$ aT y 0, 
and therefore 
Pn—QE=0. 


The infinitesimal transformation then takes the form 


= ipo at 
and conversely, when it is of this form it does not furnish an integrating factor 
of the equation 
Pdy —Qdæ =0. 


Such an integrating factor is said to be trivial with respect to the equation 
in question. 


4-62. Differential Equations of the First Order invariant under a Translation 
Group.—It is now proposed to investigate the most general differential 
equations which are invariant under particular groups of an elementary 
character. To begin with consider the G, of translations parallel to the 


a-axis, 
— of 
Uf= a 
In this case the extended group U’f is identical with Uf. The simultaneous 
system to be considered is therefore 
nf Ee 
er TERE S 


it possesses the solutions 
y=const., p=const. 


The most general differential equation invariant under the group is therefore 


ee p=F\y), 
where F is arbitrary. 
Similarly, the most general equation invariant under 


www.rcin.org.pl 


108 ORDINARY DIFFERENTIAL EQUATIONS 
is 
p=F(æ). 


In these two cases the variables are separable. 
The general translation group is 


MANOM ay 
where a and b are constants. U/’f is again identical with Uf. The simul- 
taneous system is 


adx = —bdy = = $ 

and hence the most general differential equation invariant under the group is 
p=F(ax+by). 

It is integrated by taking ax +by as a new dependent variable. 


4:63. Differential Equations of the First Order invariant under the Affine 
Group.*— 


se i 
UfSe ôx 
In this case =a, 7 =0, = —p, and hence the extended group is 
pas pa 
UTER ag P Op 
The simultaneous system 
dx dy _ dp 
a 0 —p 


has solutions 
ap=const. y=const. 


The most general equation which admits of the group is therefore 
wp =F(y). 


Similarly it is found that the general differential equation which admits 
of the affine group 


Uf=y ~ 
is 
p =yF (a). 


In both cases the variables are separable. 


4:64. Differential Equations of the First Order invariant under the Magnifica- 
tion Group.}— 


RE. ae 


* An affine transformation is a projective collineation which transforms the Euclidean 
plane into itself. It preserves the parallelism of straight lines and may be represented by 
@,=ax+by+e, y,=a’a+b’y+c’. (ab’—a’b=0). 


An affine group is a group of such transformations, and is a one-parameter group if a, b, c, 
a’, b’, c’ are functions of a single parameter (Euler, 1748 ; Klein, Erlanger Programm, 1872). 
t Or group of perspective transformations. 
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Here p=0, and U’'f is identical with Uf. The simultaneous system 


dx dy dp 
Bo ap PG 
has solutions 
y 


p=const., ja =const. 


The invariant differential equation of general form is therefore 


ra) 


it is of the type known as homogeneous (§ 2°12). 
If the equation is written in the form 


dy rah” )do=0, 


it has for integrating factor the reciprocal of 
—ak(Y 


Example.— (y*—2a*y)dx + (xt —2ay*)dy=0. 
The integrating factor is the reciprocal of 
(y* —2a%y)a + (wt —2ay*)y = —(aty +ay*). 
y* —2a*y)da (a4 —2ay*)dy _ d(aty+ay*) _ dæ? +y’) 
arty --ay* aytay ey? 
The solution therefore is 


Now 


aty +ay* 


(a? +y?) =const. 


or 
g? +y? =cary. 
Consider now the more general group 
ð ð 
EEN § sic 
a—b of 
ab hp’ 


The extended group is 


The simultaneous system 
ada __bdy _ abdp 


æ y (a—b)p 
has the solutions 
ALi 
y’ =az", p=PBax ’ 


where a and f are constants. The typical invariant differential equation is 


therefore 
sn) 


(i) Uf at -yZ Equation : dy =F (æy)ydx, 


Particular examples are : 


Integrating factor : æy. 
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(ii) UJS ap Hag’ 


(iii) USS of Í yay = 


Similar types : 
(iv) U=} f Ste: L; 
ofe A 


(v) UST A ay} 


4'65. Differential Equations of the First Order invariant under the Rotation 


ORDINARY DIFFERENTIAL EQUATIONS 


Equation : ydy -H - Jax 
i 


Rad. 


; Equation : dy =æF( x ae, 


2 


1 . 
y—a’F ( ¥) 


Equation : p =É +aF +) P 


Integrating factor : 


Integrating factor : 


Integrating factor: dæ/æ. 4) 
y 
Equation : xp —y = =F( N, 


Integrating factor : dæ/æ at ). 


en ae 
U= -y dm o 
The extended group is 
is of of 2 af 
UfS—95, +23, + O45, 
The first equation of the simultaneous system 
GE PAR. 
has the solution 
a2 +y? =a’, 
where a is a constant. The last equation may therefore be written 
PM a Oe 
o/(a?—y?) 1p 


its solution is 


where f is a second constant. 


y 


arc sin — arc tan p =f, 


This solution is equivalent to 


y 
arc tan —,—_ — arc tan p= 
VJ (a?—y?) r 
or to 
arc tan { —arc tan p =f 


and therefore may be written 


TE 


& I 


= tan $. 


1+%p 
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The most general differential equation which admits of the group is therefore 
ROOT oie vay 
Pe Nid i ii, 
When this equation is written in the form 
(w—yF)dy —(y +2F)dæ=0, 
it admits of the integrating factor 


INS 
a2 +y? 7 
Similar examples are : 
ð ad 
(i) Uf=y%; Equation : ges =F (y); 


or {«—F(y)}dy—ydx=0, 
1 
Integrating factor : i 
of 


(ii) Et y 


; Equation: æp —y =F (æ), 
or ædy—iy+F(æ)jdx=0, 


1 
Integrating factor : py 


4°66. Differential Equations of the First Order invariant under the Group.— 
UpseltoneT 
The extended group is 
hile of of 
— (x)da l S b 
U'f=el¢ p +(x) as 


The simultaneous system is virtually 


dæ dy WE dp | 
0° 1 ¢(z)’ 
one solution is 
v=a, 


where a is a constant. In view of this solution the last equation becomes 


dy _ dp 

1 gla)’ 
whence 

p—y$(2)=B, 


where f is a second constant. The invariant equation is therefore 
p—yP(x)=F(a), 
that is, the general linear equation of the first order. When it is written 
in the form 
dy —{y$(x) +F(2)}da=0, 


it has the integrating factor 
e SP ade, 


47. Integral-Curves which are Invariant under a Group of the Equation. 
The family of integral-curves is invariant, as a whole, under any group which 
the differential equation admits, but unless the group is trivial all individual 
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curves of the family are not invariant under the group. It may, however, 
occur that particular integral-curves are invariant, and it is important to 
note the special properties which these curves enjoy. 

If 


Q(x, y, p)=0 
is a differential equation invariant under the group 


U a pee. 

f=o5, By 
and if any integral-curve is invariant under the group its gradient at any 
point (a, y) will be »/€. Hence any such integral-curve is found by substi- 
tuting »/é for p in the differential equation itself; all such curves, if any 
exist, are included in the equation 


(a, Ys 4)= 0. 


But this equation may include curves which are invariant under the group 
and have equations which are solutions of the differential equation, but are 
not particular integral-curves. An instance arises when the integral-curves 
have an envelope; the envelope itself is invariant under the group which 
transforms the family of integral-curves into itself, has an equation which 
satisfies the differential equation, but is not in general a particular integral- 
curve. The equation of such a curve is a singular solution of the differential 
equation. 
Example.—The differential equation 


—4ayp +8y? =0 


of of 
=- 8 — 
Uf=a- t+ 8y ay" 
If a singular solution exists, it is obtained by replacing 3y/a for p in the dif- 
ferential equation, which becomes 
27 y? -r 4æ?y? = 
whence either y=0 or 27y =4@?. 
The general solution of the equation is 
=¢c(a—c)?, 
and thus y=0 is a particular solution. On the other hand, 27y=4#° is an envelope 
singular solution. 


admits of the group 


MISCELLANEOUS EXAMPLES. 
1. Find the general differential equations of the first order invariant under the groups : 


(i) Uf Satan (iii) Uf= a? PA. 2 
of ox ` Oy 
af ə a 

(ii) Uf= yo 2, (iv) Uf=z2 a tay, 


and determine the corresponding integrating factors. 
2. Show that each of the equations 


(i) 2xyp+æ—y?=0; (iv) pp—æ?—y=0; 
(ii) ap—y—a™=0 ; (v) p*—4y(ap —2y)?=0 ; 
(iii) y +p —atp?=0 ; (vi) p?+2a°p —4a*y=0 
admits of a group of the form 
Uf = az: tye 
oy 


Integrate the equations and examine them for singular solutions. 
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8. Show that if 


Nd of 
UM) f = §—+9--+7’— + o o . +yO—- 
f E Nay +” ay T + Sym) 
ð 
is the n times extended group of Uf = ¢ S ae then 
ox Oy 
dy(r—1) dé ` 
n= —y(r)-— a P. E L (1) 
n p Ea aa (r=1, 2, n) 


4. Prove that if u=a, v=ß, w=y (a, B, y constants) are distinct solutions of the system 
dæ dy dy’ dy” 


E UA 
such that u involves only æ and y, v involves y’ but not y”, and w involves y”, then the 
most general differential equation of the second order invariant under the twice extended 


group 
mY: MeN NA O of 
Shee ori a oa Ka 44 
Jf EKET ay” By” 
is of the form 
w= (u, v), 


where @ is an arbitrary function of its arguments. 


Show that there is no loss of generality in taking w = dv/du, and that therefore the 
second order equation w= (u, v) is equivalent to the first order equation 
dv das; 6) 
— = Ħu, V). 
du 
Verify this theorem in the case of the following groups and corresponding invariant 
differential equations, and in each case show how a first integral may be obtained : 


(i) Uf= 1 y” =F(y, y’); 
(ii) Uf = mn y” =F(@, y’); 
(iii) Uf = oF, xy” =y' Fly, xy’) ; 
(iv) Uf= We y” =y F(a, y'ly) ; 
(v) =e mal ty æy” =F(y/x, y’); 
wi) YS Haye y’’=pla)y’-+ala)y +1(2)- 


[Page, Ordinary Differential Equations, Chap. IX.] 
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CHAPTER V 
THE GENERAL THEORY OF LINEAR DIFFERENTIAL EQUATIONS 


5'1. Properties of a Linear Differential Operator.—The most general linear 
differential equation is of the type 


d” d"—1 d 
pole) 5% +p) gaa + + + HPala) Z +Pale)y=r(2), 


which may be written symbolically as * 
(A) L(y) = {poD" +-p1D* 1+ . . - +Pn—D +Pn}y =r(2). 

It will be assumed that the coefficients po, P1; - - - , Pns and the function 
r(z) are continuous one-valued functions of æ throughout an interval a<a <b, 
and that pọ does not vanish at any point of that interval. Then the funda- 
mental existence theorem of §3 proves that there exists a unique continuous 
solution y(w) which assumes a given value yp at a point ag within (a, b), and 
whose first n—1 derivatives are continuous and assume respectively the values 
Yo» Yo +» + - Yo”) at a. 

The expression 


L>=poD*+p,D" 1+... +Pn+D+p" 
is known as a linear differential operator of order n. - The differential equation 


(B) L(u)=0 
is said to be the homogeneous equation corresponding to (A). It is so called 
because L(u) is a homogeneous linear form in u, w’,. ..,u™. It is also 


known as the reduced equation. 

The following elementary theorems bring out clearly the nature of the 
operator L : 

I. If w=u, is a solution of the homogeneous equation (B), then u=Cu, 
is also a solution, where C is any arbitrary constant. 

This follows from the fact that 


D’'Cu, = CD'u. 


For then, 
L(Cyu1)=> pD" Cu 
r=0 
n 
=0 $ p,D" u =CL(u,)=0. 
r=0 
Il. If w=uy, Uo, . . . , Um are m Solutions of the homogeneous equation (B), 
then u=CyuU,+Cgug+ . . . +C Um is a solution, where Cy, Co,. . ., Cm are 


arbitrary constants. 


* The notion of a symbolic operator has been traced back to Brisson, J. Ec. Polyt. 
(1) Cah. 14 (1808), p. 197. Its use was extended by Cauchy. 
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This follows in a similar way from the fact that 
D"{C u +CouUg+ Gre +C mum} =C DU, +CD'us + oy tage. +C,,D Um: 


If n linearly-distinct solutions w4, to, . . ., Un, Of the homogeneous equation 
are known,* then the solution 


u(x) =Cyuy+Cotat+ . -© +C, un, 


containing n arbitrary constants, is the complete primitive of the homo- 


geneous equation. The constants C1, Co, . . ., C, may be chosen, and in one 
way only, so that 
(C) ulto) =y» U'(&o)=Yo's » « «5 Uap) =yo"—D. 


II. Let y=yo(v) be any solution of the non-homogeneous equation (A), 
then if u(x) is the complete primitive of (B), y=yo(w)-+-u(a) will be the most 
general solution of (A). t 

Since the operator D” is distributive, L is distributive, that is to say, 


L{yo(x) +u(x)} =L{yo(v)} +L{u(a)} =r(2), 
Liyo(x)}=r(x), L{u(x)}=0. 


y =Yo(@) Hule) 
involves n arbitrary constants ; it is therefore the most general solution of (A). 
If u(x) is chosen so as to satisfy the conditions (C), and yo(z) is such that 


Yo(%o) =Yo (T0) = - - - =Y" V(x) =0, 
which is possible provided that r(æ) is not identically zero, then the solution 


Y=Yo(@) +u(z) 


for 


But the solution 


also satisfies the conditions 


Y(%)=Yo» Y'(%)=Yor -s YY) =Y". 
_ This general solution of (A) may be considered as consisting of two parts, 
viz. 
(1°). The complete primitive of the corresponding homogeneous equation, 
which is of the form 


u(w) =Cyu, +Cgt2+ oo aga A 
containing n arbitrary constants—this is known as the Complementary 
Function. 
(2°). The Particular Integral, which is any particular solution of (A), 
and contains no arbitrary constant. It may, for definiteness, be that solution 


of (A) which, together with its first n—1 derivatives, vanishes at a point a 
in the interval (a, b). 


Thus, for instance, if the equation considered is 


d 
ey +y=2, 


then the complementary function is A cos +B sin x, in which A and B are arbi- 
trary constants; the particular integral may be taken as y=a. The general 
solution is therefore 

y=A cos #+B sin +2. 


Any special solution is obtained by assigning to A and B definite numerical values. 


* Conditions for linear independence follow in § 5:2. 
+ d’Alembert, Misc. Taur., 3 (1762—65), p. 381. 
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5°2. The Wronskian.— Let uj, wo,.. ., u, be n solutions of the homo- 


geneous equation of degree n, 
L(u)=0, 


then the most general solution or complete primitive of this equation is 
u= Cu HC t+... HCO plns 


provided that the solutions u1, Uo, . . . Un are linearly independent, that is 
to say, such that it is impossible so to choose constants Ci, Co, . . . C, not 
all zero so that the expression 


Cyuyt+Cotet+ . . . +HOntn 
is identically zero. Conditions that the n functions 
U(@), Us(2), ey Bea Up(2); 


which are supposed to be differentiable n—1 times in (a, b), be linearly 
independent will now be obtained. 

In the first place, if these n functions are not linearly independent, then 
constants C4, Co, . . ., C, may be determined so that 


Ciu +Cotto + AA +C,u,=0 


identically. Since this relation is satisfied identically in the interval (a, b) 
it may be differentiated any number of times up to n—1 in that interval, thus 


Ciu +Coug’+ Nas. te +C,u,'=0, 


Cy, "—VD 4 Cog -DH . . . EC ytig "YD =0. 


There are thus n equations to determine the constants C,, Co, . . .,C,; if 
these equations are consistent then 


A(u4, Ud, +» 09 Un) = | U1; Ug, + + u U, | =0. 
| Uy’, ae thy, 
| : ' ; 
UOD, WD, i ., ,%—-Y 
The determinant is known as the Wronskian * of the functions u4, Ug, . . s Uy: 
Its identical vanishing is a necessary condition for the linear dependence of 
U1, Ug,- . -, Un; therefore its non-vanishing is sufficient for the linear inde- 


pendence of U3, U2,» - +5 Un: 

Conversely suppose that 4 is identically zero. It may happen that 
the Wronskian of.a lesser number of the functions, say wy, Ue, . . . Uz, is 
also identically zero. It will then be proved that, when u1, Ue, . . ., Up are 
solutions of the differential equation, they are linearly dependent. 

In the first place, let u;(@), wo(v), . - ., u,(v) be functions whose first k—1 
derivatives are finite in the interval a<a<b, and such that their Wronskian 
vanishes identically in (a, b). Then if the Wronskian of u(x), w(x), . . . 
u,—;(x) does not vanish identically there is an identical relationship of the 
form 

U,(x) =CyU;(@)+egty(w)+ . . . +e, 1U,_1(2), 


* After H. Wronski (c. 1821). The identical vanishing of the Wronskian is not a 
sufficient condition for the linear dependence of the n functions. See Peano, Mathesis, 6 
(1889), pp. 75, 110; Rend. Accad. Lincei (5), 6 (1897), p. 413; Bortolotti, ibid. 7 (1898), 
p. 45; Vivanti, ibid. 7, p. 194; Bécher, Trans. Am. Math. Soc. 2 (1901), p. 189 ; Curtiss, 
Math. Ann. 65 (1908), p. 282. 
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where ¢,, C2, . - -, Cı are constants.* To prove this theorem, denote by 
U,, Us, . . ., U;, the minors of the elements in the last line of the Wronskian 
Wis Ug, + + 45 UR | 
; OR 
U1’; eae Up, 
U,%-D, Ugsk-D, EN ag u1) 


then there follow the k identities 
Uu + Ugug) + Nr +U,4 (r=30, Paes ing k—1). 


If each of the first k—1 of these identities is differentiated and the next 
identity subtracted from the result, it follows that 


Uy uy +U9'ug + Wa, ante +U;,,'u,6 =0 (7=0, Wikii -3 k—2). 


Multiply the rth of these k—1 identities by the co-factor of w,°- in the 
determinant U;, and add the products. Then 


U,'U,—U,'U,=0, 


and since U, is not identically zero in (a, b) it follows that 


Ui = —Ci U,. 
In the same way it may be proved that 


Up=—cgU,, 


f ‘ Ur 4 = —¢y 1 Uj. 
From the identity 
Uiu -+ U z9 +...t+ U ptl; ==(), 


it therefore follows that 


Uf — cy — Coto — . « « Cy 1Up_1 +} =0, 
which proves the theorem. 
Now let % 1, U2, . . . Un be such that their first n—1 derivatives are finite 


in (a, b), and such that no non-zero expression of the form 


giui tE: e o Enun 


where gi, g2, . + +» gn are constants, vanishes together with its first n—1 

derivatives at any point of (a, b). Then if the Wronskian of t1, Ug, . `., Un 

vanishes at any point p of (a, b), these functions are linearly dependent.t 

For the vanishing of the Wronskian for «=p implies that constants c1, C9, 
. +) Cm not all zero, can be found such that 


cyw (p) +ezus (p) + T Fent, (p) =0 (r=0, Durkan 
that is to say the function ; 
yuy(@) +eyus(a)+ . . . +eqty(a) 


vanishes, together with its first n—1 derivatives, at w=p, and is therefore 
identically zero. Thus the theorem is proved. 

Now let w 1, Ug, . . . Up be functions of æ which at every point of the 
interval (a, b) have finite derivatives of the first n —1 orders (n>k) and which 
are such that no non-zero function of the form 


EUr +8olet . - - +¥eUe 


* Frobenius, J. fiir Math. 76 (1873), p. 238. 
+ This and the following theorem are due to Bécher, loc. cit. 
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(where g1, go,. - -» gą are constants) vanishes together with its first n—1 
derivatives at any point of (a, b). Then if the Wronskian of u1, wo, . . ., Up 
vanishes identically, the functions are linearly dependent. 

To prove this theorem, consider first the case in which the Wronskian of 
Uj, Ug,» > +, Uzp— does not vanish identically in (4, b). Let p be a point of the 
interval in which it does not vanish. Then since the Wronskian is continuous, 
it will not vanish in the immediate neighbourhood of p, and from what has 
already been proved it follows that constants c1, co, . . ., €Cp will exist such 
that the function 

CU, Cotto . . . +CpUy 


is zero in the neighbourhood of p. The first n —1 derivatives of this function 
therefore also vanish in the neighbourhood of p, and thus, by hypothesis, 
the function must be identically zero. 

Now consider the general case, and let the Wronskian of wu , tto, . . ., Um 
vanish identically (1l<m<k), whilst that of u1, wo, . . ., U,—; does not vanish 
identically in (a, b). Then it follows that ui, wo,..., Um are linearly 
dependent and the theorem is proved. 

These theorems may now be applied to the solutions 


U,(2), Up(@), eo a U,(2) 


of the differential equation. Since any solution which, together with its 
first n —1 derivatives, vanishes at any point of the interval (a, b) is identically 
zero, it follows that : 

I. If the Wronskian of uy, Us, . . ., Un vanishes at any point of (a, b) these 
n solutions are linearly dependent. 

II. If the Wronskian of the k solutions uy, ug, . . ., up (k<n) vanishes 
identically in (a, b), these k solutions are linearly dependent. 

If vj, v2, . . . V, are derived from wy, Us, . . ., Wn by the linear transforma- 
tion 

Vp =l, U] Harto . . . +Opny (yar, By. «05 Ds 
then it is easily verified that 
A(v1, V9, . « +5 Un) =A (uy, Uo, . i Un) 


where A is the determinant |a,,|. Consequently (vj, vo,. . ., Un) 
is not zero, and therefore v1, vg, . . ., VU, are linearly independent provided 
(1°) that the determinant A is not zero, that is to say, the transformation is 
ordinary, (2°) that u1, wo, . . ., Un are linearly independent. 

Let uy, Uo, . . ., Un be n linearly independent solutions of the equation 


L(u)=0, 


then the Wronskian 4(u1, ws, . . ., Un) is expressible in a simple form which 
will now be obtained. In the first place, 


= | U1; Ugs + + e Un 


, , r 


| uUi» Ugyse + + Un 
| r A * > 

| U2), U2), DS x. Up”? 
| 

| R ul, . n dy Up ™ 


for all the other determinants which arise in the differentiation have two 
rows alike, and therefore vanish. Then since 


pot, N= P1, P — ,.. . Pnr —Patlys 


www.rcin.org.pl 


GENERAL THEORY OF LINEAR DIFFERENTIAL EQUATIONS 119 


it follows, after a slight reduction, that 
dA a? 


or 


where Jp is the value to which 4 reduces when way. This relation is 
known as the Abel identity (cf. § 3-32). 

This shows that if po(w) does not vanish in the interval (a, b), then if 4 
vanishes at a, 4 will be identically zero. If 4p is not zero, then J will not be 
zero except at a singular point, that is to say, at a point in which p,/p9 becomes 
infinite. Such points are excluded by the supposition that the coefficients 
in L(u) are continuous and pọ does not vanish in (a, b). 


5°21. Fundamental Sets of Solutions.—Any linearly independent set of 
n solutions Ug, Ug. . . . Un Of the equation 


L(u)=0 


is said to form a fundamental set or fundamental system.* Conversely, the 
condition that any given set of n solutions should be a fundamental set is 
that the Wronskian of the n solutions is not zero. The general solution of 
the equation will be + 


U=Cyuy+Cgug+ cies +C Uns 


which cannot vanish identically unless the constants C1, Co, . . . Cn be all 
zero. 

There is clearly an infinite number of possible fundamental sets of solu- 
tions, but one particular set is of importance on account of its simplicity. 

Let u(x) be such that 


Ux(%)=1, Ur (o) =U" (%)= - . . =U" (a) =0, 
and define u,(æ), where r=2, 8,. . . n, as that particular solution which 
satisfies the initial conditions 
U(%y)=u'(a)=. . .=ul’—2)"(ap) =0, 
ul—)(a)=1, 
Ua) =U +V(ay)= . . . =ul®—1)(a%)=0. 
Then wu;(z), uo(v),. . ., u,(@) form a fundamental set; the value of their 


Wronskian when æ =a is unity. 
The unique solution of 


L(u)=0 
which satisfies the initial conditions 
U(X)=Yo, U'(X)=Yos - - +» UWOD) =Y) 


is 
U(X) =YoUy(@) +Y ual) + . . . +yo"—Du,(2). 
Any fundamental set of solutions 
u(x), Up(@), ee a. U,(z) 
* The term fundamental system is due to Fuchs, J. für Math. 66 (1866), p. 126 [Ges. 


Math. Werke, 1, p. 165}. 
t Lagrange, Misc. Taur., 3 (1762-65), p. 181 [Guvres, 1, p. 478]. 
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may be re-written in the form 
Uj(@) =v, U(x) =v, f[veda, Us(x) =v, [V2 fv3(da)?, 


and in general 


U,(v)=0,f0ef . . . fo (dæ), 
where 


d af ıl da 1 d(u, 
% = Elo las ae ee = ae 


Now the homogeneous differential equation which has as a fundamental 
set of solutions the n functions 


Uy, Ugs.» + o Un 


is obtained by eliminating the n arbitrary constants C from between the n-++1 
equations 

U=CyU,+Cote+. . . +C,Un, 

u =Cyuy'+Coue’+ wee te +-C,Un's 


UM™—=—Cyu,™+CougM+ ... +C,u,™ 
and is therefore 
Alt; thy, the, e a Bp) =, 


where A is the Wronskian of u, uj, Ug, . . +, Un. In its development, the 
coefficient of w™ will be A(u1, Uo, . . ., Un) which is not zero since u1, U2; 
. + Uy form a fundamental set. 
It is convenient to write 


— A(u, Ur, Ue, . - +» Un) ot 
Tr) as Mh 3 tba) 


L(u) ‘ 
so that the coefficient of u™ in L(w) is unity. 
Then the equation is 


dru diu du 
L(u)= da t Pigg +++ t Pa- ip T Pau, 


where p,=—A,|/4 


and 4, is obtained from 4 by replacing u,"—") by uy, wo") by ue) and 
so on. 

In order to express the operator L as the product of n operators of the 
first order, write 


U, =A(u, Uj, U2, > Ur)s 
A, =A(u4, Ug, + + » Uy). (damis) 
Then * 
eg U, ANS ds Acie 
MC ea ae as 
tas hes An mi ut A ak Gal Seca) 
W P PP dx An j An_1 da A, ent 
By repeating the reduction it is found that 
—(—3)n 4a 4, Ana d d Ay å do 
PNR Mae a Rm ag 1", Be dod, do ds 


where each differential operator acts on all that follows it. 


* The essential step that U,4,_,=U,_,4,' — U’;_,4, is proved by partially expanding 
the determinants. 
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When the fundamental system is taken in the form 
U4 =01; Ug=—0,/0ode, . 1, Up=Difdef .. . fo,(de)-*, 
the equation becomes * 
rE, AO, LAE M 
da o dæ 0,-\d@° °° oada or 
Symbolically, the equation L(u)=0 may be written in the form f 
Lobras a Lehy(u)=0, 
where the symbol L; represents the operator D—a;, in which 
a, = a log Fran = bs log (vi Vg. . . %). 
This follows from the fact that 


A; d oe 1% -8 © 0 4i. 
Aiz dx g Ai-1 


It is to be noted that the eas in which the factors (D—a;) occur 
must in general be preserved, for it is not true that for any two suffixes 
i andj 

(D —a;)(D —a;) =(D —a;)(D —a)). 
In other words, the factors of the differential operator are not in general 
permutable. 


5:22. Depression of the Order of an Equation.—If r independent solu- 
tions of the equation of order n, 


L(u)= 
are known, then the order of the equation may be reduced ton—r. For let 
Uz, Ug, - + +5 Up 


be the known solutions, and let 


=u = Z(), n= aeae), 


and so on as before. Then since the equation is known to be ultimately 
of the form 


a LSBs ae hs SB o 
dx v,dax Lynn “0,4 1da@ v,dæ hire “vada V1 ‘ 
it may be written as 
P(v)=0, 
where 
d d d u 
(A) 0 = pda oade °° * ‘veda 0,’ 


and P is a linear operator of order n—r. 
If any solution of P(v)=0 is obtainable, the corresponding value of u 
may be obtained directly from (A) by r quadratures. 


* Frobenius, J. für Math. 76 (1878), p. 264; 77 (1874), p. 256. 
+ Floquet, Ann. Ec. Norm. (2) 8 (1879), suppl. p. 49. 
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The actual way of carrying out the process may be illustrated by the case 
of the equation of the second om 


(B) AP Y + gy =0. 


Suppose that one solution of this equation is known ; let it be denoted 
by yı and write 
y=yifude. 


yr’ fi ude +-2y;'u+-yyu' +p{yy'fuda+-yu}+4y1 f udx=0, 
and this reduces to 


Then 


yw +-(2y1'+py1)u=0. 
This is a linear equation of the first order in u whose solution is 
u=Cy,— 2e7S rr, 
and therefore the two distinct solutions of (B) are 
Yı and yy f{y,~%e-S?*}de. 


5°23. Solution of the Non-homogeneous Equation.—Consider now the 

general equation 
(A) L(y) =1(z), 
it being supposed that a fundamental set of solutions u,(v), Uo(x), - - -, Unlæ) 
of the reduced equation 
L(u)=0, 

are known. 

Then the general solution of the reduced equation is 


u=C1u +C + . . - +C,Un, 
in which C}, Co, . . ., C, are arbitrary constants. Now just as in the case of 
linear equations of the first order (§ 2:13), so here also the method of variation of 
parameters * can be applied to determine the general solution of the equation 
under consideration. Let 
Y =V yu, +V to + -HV ntn 
in which V4, Vo, . . ., V,, are undetermined functions of æ, be assumed to 
satisfy the equation (A). The problem is to determine the functions V 
explicitly. Since the differential equation itself is equivalent to a single 
relation between the functions V and r(æ), it is clear that n—1 other relations 
may be set up provided only that these relations are consistent with one 
another. The set of n—1 relations which will actually be chosen is 
[rra rat 2 ee = 
yy uD 4y; ug ° ee Un (n—2) —0, 
As a consequence of these relations it follows that 
yY =V iu +V ue’ +. . - HV ntn’, 
y' MERE, +P ata" we ae nn , 


fr-D= = Fun + Vsti" ng i, FF ug, 


* Lagrange, Nouv. Mém. Acad. Berlin, 5 (1774), p. 201 ; 6 (1775), p. 190 [Guvres, 4, 
pp. 9, 159]. 
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whilst 
y™ =V uV pug + ee arte +I u,™ 
HP YD Vg UD n n a 4V g/g. 
Thus the expression 
y=V u +V oot . . . +V nin 
satisfies the differential equation 


L(y)=r(x), 
in which the coefficient of y is supposed to be unity, provided that 
(C) Viu dD V Und n n n Vy 'u,@-Y=r(2). 
Since the solutions u,(æ), u(x), . . ., Un(æ) form a fundamental set the 
n equations in (B) and (C) are sufficient to determine Vi’, Vo',. . ., Vn 
uniquely in terms of ti Uo,. . ., U, and r(x): Then Vy, Vo,.. .,V_, are 


obtained by quadratures. 
In particular, if the equation is of the second degree, 


___ [_ “2(2) _ f_ (2) 
is bea Ug) ne “i a hag ag uo 
where A(u 1, u2) is the Wronskian of u; and us. 
53. The Adjoint Equation.The conception of an integrating factor, 
which plays so important a part in the theory of linear equations of the 


first order, may be brought into use in the theory of linear equations of 
higher order, and leads to results of supreme importance. Let 


A T S n—lų du 
(A) (u)= poe age li a + + +Pn-ag, Pat, 


and let a function v be supposed to exist such that vL(u)dæ is a perfect 
differential. Then the formula 


U%=V É {Ue-DV U-V + s e HLMUP DAY UV 


applied to vL(u) in its extended form gives 


(B) vL(u)= © (undp —un-Ap) + aie +-(—1)""1u( pov) - YD} 
+ Š (uln—29p 0 —ul-9)(p,0)'+ 2. +(—1)-2u(py0)- 2} 
+ 
d , ’ 

+g, tu Pn—20 —U(Pn—20) } - 
T © (up, w)+uLlo), 

where m 

L(v)=(— n4"(Pov) saiwa d"~1(pyv) Apaan) 
(oy. Toat S 4 (ayn e. Pay 


The differential expression L(v) is said to be adjoint to L(u), and the 
equation x, 
L(v) =0 
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is the adjoint equation * corresponding to 
L(u)=0. 
The relation (B) may be expressed in the form 


o(u)—uL{v)= + {Plu 0)}, 


and is known as the Lagrange identity. The expression P(u, v), which is 
linear and homogeneous in 
ta wa a a, 
as well as in 
v, D', . «+5 OY, 


is known as the bilinear concomitant. 

In order that v may be an integrating factor for L(w) it is necessary and 
sufficient that v should satisfy the adjoint equation L(v)=0. If v is taken 
to be a solution of this equation, then the equation 


L(u)=0 
reduces to the linear equation of order n—1, 
P(u, v0)=C, 


where C is an arbitrary constant. 
If r distinct solutions of the adjoint equation are known, for example, 


Uls VQ, o + e Urs 
then there will be the r distinct equations 
P(u, 03)=Cy, Pu o= C . Pu, v,)=C,, 

each of order n—1.. Between these r equations, the r—1 quantities u”—), 
um—2), . . ., wt +) may be eliminated; the eliminant will be a linear 
equation of order n—r whose coefficients involve the r arbitrary constants 
C;,Co,...,C,. In particular, if r=n all the derivatives u= D, u™—2), . .., w 
may be eliminated ; and the result is an explicit expression of u in terms of 
01, Ve,. e ., V, and C,, Cy,. ..,C,. In other words, the equation is then 


completely integrable. À 

It will now be proved that the relation between L(u) and L(v) is a reciprocal 
one, that is to say if Z(v) be adjoint to L(u), then L(u) is adjoint to L(v). 
For if not, let Z,(w) be adjoint to L(v) Then there exists a function P,(u, v) 
such that 


oLy(u)—uL(o) = © (Py(u, »)}. 
But 
vL(u) —-uL(v) = £ (Plu v)}, 
and therefore i 
ofLi(u)—L(u)}= $ {P1(u, 0)—Plu, 0)}. 


Now P,(u, v)—P(u, v) is homogeneous and linear in v, v’, . . ., v™®—1), But 
v{L,(u) —L(u)} does not involve v™ and therefore the coefficient of v™—) in 
P(u, v)—P (u, v) is zero. The argument may be repeated, and proves that 


* Lagrange Misc. Taur. 3 (1762-65), p. 179 [Giuvres, 1, p. 471]. The term adjoint is 
due to Fuchs, J. fiir Math. 76 (1873), p. 183 [Ges. Math. Werke, 1, p. 422]. 


www.rcin.org.pl 


GENERAL THEORY OF LINEAR DIFFERENTIAL EQUATIONS 125 


P,(u, v)—P(u, v) is identically zero, and therefore that L,(u) is identical 
with L(u). 
When an equation is identical with its adjoint it is said to be self-adjoint.* 
Now let L(u) be factorised after the manner of the preceding section, 
thus let 


Ua Yr: | d d wu 
Mn) ode 0, dx veda vy 
Then since f 
i v d d d & 
[PENN aay) ga 
Car DROP Wy Siar d d u 
tare t eda 0, ıd BOUAN, “voda z Jde 
(/d ov d d dad t 
Ngee Jere ante Ee vdeo) 
wat qi; ti) f Eh SURE a) 
~ Aydt Un41/\0n41d@ Oa ada °°" vede v, 
A IONE Ga O a 
AL U,d2 Onti Upda Vaada ~°- ved@ v,/ ’ 
and so on; if 
v d d d u 
PY Oe Tr a TR |. ope 
P REA APA OO, a MON, een) 
v dæ Un41/\Un—142 Un-oda ~ °° veda 0, 
d d d Oo Nod >). 
Ce NAS Bo i ELC ASe trees arate 
ANTR veda vda. = si, Vy 41/\voda al 
AIR d d o \u 
ae eek ON E, {LAGE anaes E 
cs cigs veda = 7 o daon t0 
and 
F SL A Oi 8 
wah IR vide veda °° vde n41 
then 


vL(u)= eap v)}+uL(v). 


In particular, if the expression L(u) is self-adjoint, then 
Un+1= £1}, 
Un = +09, 


Thus if L(u)=0 is a self-adjoint linear differential equation of even order 2m. 
it may be written as f 
d d S MULE. MMRR” M ae 
dida vad ~~~ VAL VUm41d@ ümid ` vede vy 
* An early example of a self-adjoint equation is given by Jacobi, J. fiir Math. 17 (1837), 
p. 71 [Werke, 4, p. 44], who proved that when the order is 2m the operator is of the form PP, 
where P and P are adjoint operators of order m. See also Jacobi, J. fiir Math, 32 (1846), 
p. 189 (Werke, 2, p. 127], Hesse, ibid. 54 (1857), p. 230. 
+ Frobenius, J. fir Math. 76 (1873), p. 264; Thomé, ibid. 76, p. 277. See also Frobenius 


ibid. 77 (1874), p. 257 ; 80 (1875), p. 328. 
ł Frobenius, ibid. 85 (1878), p. 192. 
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or 
PP(u)=0, 
where P is the differential operator 
AE d 1 x 


and P is its adjoint. 
Similarly, if the equation L(u)=0 is self-adjoint, and of odd order 2m —1, 
it may be written as * 
d d u 


E EER. MA ANE.. TERRA A ee 
ordo Uda ~~ —- Ug U_de® ~“° vede vy 
or 
ae 
E mr” =0, 
where P is the operator 
By r yy A 
vıdæ Voda oe) Um—1dx Ba” 
and P is its adjoint. 
5°4. Solutions common to two Linear Differential Equations.—If it is 
known, a priori, that the equation 
L(u)=0, 
of order n, has solutions in common with another homogeneous linear equa- 


tion, of lower order, then the order of the first equation may be depressed, 
even though the common solutions may not explicitly be given. Let 


L=poD"+-p,D*-1+- e HPna- DHP 
Li = uD” +q, D”-1 + REN +9m—-1D +4m 
be an operator of order m, less than n. Consider a third operator 
Bimenes -Hanem Ha 


in which the coefficients r are to be determined in such a manner as to depress 
the order of the operator 


and let 


L—R,L, 
as far as possible. By choosing the coefficients r so as to satisfy the relations 
Po="ofo» 
P1=190 +7ol(n—m)qo' +91}, 
Po=Tego trit(n —m —1) go +91} +7o{ (m —m)(n—m —1) qq’ +-(n —m)qy' +92}, 


Pn—m=tn—m9o +1n—m—119o +91} +1n—m—2{90” +291’ +92} + Y ta 


it is possible to clear the operator L—R,L, of terms in D”, Dm+1,. . ., D”. 
Now these relations are sufficient to determine in succession 7, 73, > > «5 Tn—ms 
and when these coefficients have been so determined, the operator L—R,L, 
is reduced to the order m—1 at most. H 

It should be noticed, in passing, that the functions r are derived from the 
functions p and q by the rational processes of addition, subtraction, multipli- 


* Darboux, Théorie des Surfaces, 2, p. 127. 
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cation, division, and differentiation. If, therefore, the coefficients of L and L; 
are rational functions of æ, then so also are the coefficients of R4. 
Thus 
L=R,L,+Lz, 
where Lz is an operator similar to L and L, but of order not exceeding m—1. 
Consider the case in which the equations 


L(u)=0, L,(u)=0 
have a solution in common. Then this solution will also satisfy the equation 
L,(u)=0. 

If every solution of LZ,(u)=0 were a solution of L(u)=0, and L were not 
identically zero, the equation L.(w)=0, whose order is at most m—1, would 
be satisfied by the m solutions of Z,(w)=0, which is impossible. Lə would 
therefore be identically zero, and L would be decomposable into the product 
R,L,. The converse is also true. 

Suppose, on the other hand, that Z,(w)=0 has solutions which do not 
belong to L(u)=0, then L, would not be identically zero. Then operators 
Rə and Ls, where the order of Lz is less than that of Ls, exist, such that 


L,=R,L, +L, 


L,_1=R,L +L, +1. 


In this last equation Z, + 1 is either identically zero, or else an operator 
of order zero, for in any other circumstance the process could be advanced 
a stage further. 

In the first case, every solution of L,(w)=9 is a solution of L,—ı(u)=0, 
and therefore also of 


and so on until, finally, 


L,-2(u)=0,..., Ly(u)=0, L(u)=0. 
Then 
L=R,(R2L2+L3)+Le 
=(Rı R2 +1)L2+RıL3 
=(R,R,R,+R,+R3)L3+(R,R.+1)L,y 
=RL,, 


and thus L has been decomposed by rational processes into the product of 
two operators. 


If, therefore, the change of dependent variable 
v=L,(u) 
is made, the equation L(u)=0 becomes 
R(v) =0, 
where R is an operator of order n—k, if k is the order of L,. 


Let v=V be the most general solution (involving n —k arbitrary constants) 
of R(v)=0, then the general solution of 


L(u)=0 
is obtained by solving completely the non-homogeneous equation 
Lu)=V ; 
this solution will contain, in all, n arbitrary constants. 


In the second case, LZ, 1 is either a function of æ or a constant, not zero, 
which shows that : 


L,-1(u)=0, L,(u)=0 


have no common solution, not identically zero. 
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When an equation with rational coefficients has no solution in common 
with any other equation of lower order than itself, whose coefficients are 
also rational, it is said to be irreducible. This idea may be extended very 
considerably by appealing to the concept of a field of rationality. The 
independent variable æ and certain irrational or transcendental functions 
of x are taken as the elements or base of a field [R]. Then any function 
which is derived by rational processes * from these elements is said to be 
rational in the field [R]. If an equation whose coefficients are rational in 
[R] has no solution in common with an equation of lower order, whose 
coefficients are also rational in [R], that equation is said to be irreducible 
in the field [R]. 


5:5. Permutable Linear Operators.—Any differential equation of the type 


d?y dy Ii 
dae t2P dp TIY =. 


may be expressed in a factorised form as 
{D-+a9(2)}{D +a;(%)}y =0, 
for it is only necessary to determine the functions a; and a, by the equations 
a;(@)+a9(a)=2p, 44()a9(X%) +a; (®)=g. 


which may, at least theoretically, be solved. + The given equation is there- 
fore satisfied by the general solution of 


{D+a;(z)}y=0, 
but not, except in a very special case, by the general solution of 
{(D+a9(0)}y=0. 


It will be satisfied by the general solution of the latter equation as well as 
by that of the former if, and only if, the two operators 


D+a,(z) and D+a(x) 
are permutable or commutative, that is to say if 
{D +a (x) HD +a9(x)}u={D + a(x) }{D --a,(2) ju, 


whatever differentiable function u may be. A necessary and sufficient 
condition that the operators be commutative is that 


aq'(~) =a (x) 
or 
a(x) =a,(x) +4, 
where 4 is an arbitrary constant. The differential equation is therefore 


of the form 
(P+A)Py=0, 


where P represents the operator D+-a;(z). Also, the equation 
dèy GY e —a2\y= 
age TP gy TP +P —2?)y=0, 

where a is an arbitrary constant, may be factorised into 


(D+p—a)(D+p +a)y=0, 
and is completely integrable. 


* The rational processes include differentiation. 
+ Cayley, Quart. J. Math. 21 (1886), p. 831. [Coll. Math. Papers, 12, p. 408.) 
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It is not difficult to prove that the operator 
D-+-a(z) 


is permutable with the operator of the second order 
D?+-2pD-+-q 
when, and only when, the latter is expressible in the form 
(D+a(x) +-A}{D+a(x) +A3}, 

where A, and A, are constants. In general, if P and Q are operators of orders 
m and n respectively, P and Q are commutative if 

P={D-+a(z)+4,} . . . {D+a(x)+4,,}, 

Q={D+a(x)+Am+1} - - - {D+a(x)+Am+n}; 
but this condition, though clearly sufficient, is far from necessary. Thus, 
for instance, the operators 

D2 —2x72 
and 
D3 —8a -2D +3073 

are commutative, but cannot be expressed in the above product-form. 
This at once suggests the problem of determining a necessary and sufficient 
condition that two operators P and Q be permutable, when these two operators 


are not themselves expressible as polynomials in a differential operator R 
of lower order. 


5°51. The Condition for Permutability.*—Let P and Q be linear operators 
of orders m and n, then if P and Q are permutable, and h is an arbitrary 


constant 
; (P—h)Q=Q(P —h). 
Consequently, if 


Yi» Y2- ++ Ym 
is a fundamental set of solutions of the equation 
(A) P(y) —hy=0, 


then 
Qly) Yeo),- - + Yn) 


are likewise solutions of (A), and there exist relations of the form 
Qly) =411Y1 +12Yo+ - -> +41 mYm 
Q(Y2) =Go1Y1 +422Y2+ - - - +damYms 


Q(Ym) =a m1Y1 +4m2Y2+ TENC FammYm 


Now let 
Y=cy1+Coyot . -© » +€mYms 
then 
Q(Y)=kY, 
provided that k and the constants c satisfy the equations 
hee, =G,10y tdrt F > o o Farmin (r=1,2,.. ., m) 


In order that these equations may be consistent it is necessary that k be 
determined by the relation 


| Q3,—k, A12 «+ «> Aim | =0, 
| 
a21>5 a22, —k, + + e Gom | 
Ami» Am2» A Omm—k | 


* Burchnall and Chaundy, Proc. London Math. Soc. (2) 21 (1922), p. 420. 


K 
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Thus corresponding to each h there exist m values of the constant k (not 
necessarily all distinct) such that the equations 


(A) Ply) —hy= 
(B) Qy)—ky =0 


have a common solution. 

Similarly, corresponding to each k of (B) there exist n values of h in (A) 
such that (A) and (B) have a common solution. Thus, when (A) and (B) 
have a common solution, h and k are related by an algebraic equation 


F(h, k)=0, 


of degree n in h and m in k. This expression may be obtained explicitly 
by eliminating 


HU S 5 ymtn—)) 
between the m+n equations 
P(y)—hy=0, Qly) —ky=0, 
EEMI echt DQAy) —ky'=0, 
D*-1Ply)—hy— =0, D”-3Q(y) ky") =0. 


Now since 
P(y)—hy=0, Q(y)—ky=0, 


F(P, Q)y =F(h, k)y=0, 


and therefore y is a solution of the equation 
L(y) =F(P, Q)y=9, 


it follows that 


which is of order mn. 


Now let the numbers 
ic Lites say. ie 


ee ae ee 


be all distinct, and let 


be common solutions of 
P(y) —hy=0, Q(y)—ky=0, 


for these values of h and corresponding values of k. These functions 
Yı, Yo,. . ., Y, are linearly distinct, for if there existed an identical relation 
of the type 

CiY¥i+C.Yet...+0C,Y,=0, 


then by operation on the left-hand member of this identity by P, P2,. . ., P1, 
further relations 
ners HRE a$: KAR h,Y ,=0, 


ChY, HOah 1Y a+. A my, =0 


are obtained. But these relations are inconsistent unless Cj, Cg... ., C, 
are all zero. This is true no matter how many distinct numbers h are 
chosen. 

Thus there exists an unlimited set of linearly distinct functions Y,, Yo, .. 
all of which satisfy the equation 
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But the order of this equation is mn, and therefore it cannot possess more 
than mn linearly distinct solutions. It follows that 


identically. 

This leads to the fundamental theorem that if P and Q are permutable 
operators of orders m and n respectively, they satisfy identically an algebraic 
relation of the form 

F(P, Q)= 


of degree n in P and of degree m in Q. 


Thus, for instance, if 


P= D?—2z-2, 
Q= D*—3a—2D + 82-3, 
then 
P= Qe, 
and the equations 
(P—h)y=0, (Q—k)y=0 
have common solutions if 
h? —k?=0. 


MISCELLANEOUS EXAMPLES. 


1. If the equation ot 3+ P= dy re Qy =90 


is transformed by the substitution =Q(é) into 


ae tga tw = 0, 


prove that {2P@ + Ple- {2pq + igi 
Hence integrate the equation 
d*y 
(aa) 74 + H+ naty =0. 
2. Verify that æ? and x~? are solutions of 


dy 6 
—— zy =0 
and obtain a particular integral of 


d 6 
os - — ide log a. 
3. Integrate the equation 
x1 ee dy | +-20(2—2) Y +2(1 +æ)y =g? 
given that the reduced equation has a particular solution of the form y=a”. 


: 4. Prove that any homogeneous self-adjoint equation of order 2m may be written in 
the form 


dm 40} + dma Al} + + + + Any = 0. 


Investigate the corresponding theorem for the equation of order 2m-+-1. 
[Bertand, Hesse. } 
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5. Prove that if the general solution u=u(æ) of the equation 
a2 = (H(2)-+h}u 


is known for all values of h, and that any particular solution for the particular value h=h, 
isu=fi (æ), then the general ‘solution of the equation 


dy iy a i 
dat = (SC a re yaa 


for h=h, is y= wa) —u(ay ee). 


[Darboux, C. R. Acad. Sc. Paris, 94 (1882), 
p- 1456; Théorie des Surfaces, II. p. 210.| 


6. By considering, as the initial equation, 


d*u 
-a = hu. 
with h,=0, integrate the equation 

d 

a= {at hly. 


By repeating the process, integrate 


d*y _sm(m—1) 
hod ia Sled 
where m is an integer. [Darboux. | 
7. By considering the same initial equation, but taking h,= —1, integrate 
dy jm(m—1) , n(n—1) 
da? =j sin? g T “cos? & + hy 
where m and n are integers. [Darboux. | 
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CHAPTER VI 
LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS 


6:1. The Linear Operator with Constant Coefficients—-The homogeneous 
linear differential equation with constant coefficients 


d'y 4 a ly dy 
(A) Ao Fan + At gamma ott ee +HAn-i gp t+ Ay =0 


was the first equation of a general type to be completely solved.* But 
apart from its historical interest, the equation has important practical 
applications and is of theoretical interest because of the simplicity of its 
general solution. The corresponding non-homogeneous equation t 


d” d”—1 d 
(B) Moga tligt o HAm t+ Ay = fla), 


has also many important applications. 
It is assumed that A, is not zero; the remaining coefficients may or may 
not be zero. Equation (A), which may be written as į 


nD = (4oD" SEADE ES +4, _,D +A,)y=0, 
has an operator which may be factorised thus : 
Ap(D—a,)(D—az) . . . (D—a,). 


But now a4, ao, . . ., @, are constants, namely the roots of the algebraic 
equation 
(C) Ar +A Enit. o o +Ay 1€+A,=0, 
and therefore the factors 
D—a,, D-—azg,..., D—a, 


are permutable. It follows that the given homogeneous equation is satisfied 
by the solution of each of n equations of the first order, namely, 


(D—a,)y=0, (D—azg)y=0,. . .. (D—a,)y=0. 


6°11. Solution of the Homogeneous Equation.—Let y, be the general 
solution of 


(D—a,)y=0, 


* It appears that the solution was known to Euler and to Daniel Bernoulli about the 
year 1739. The first published account was given by Euler, Misc. Berol. 7 (1743), p. 193 ; 
see also Inst. Calc. Int. 2, p. 375. 

t D’Alembert, Misc. Taur. 3 (1762-65), p. 381. 

} The symbolic notation F(D) is due to Cauchy, see Ezercises math. 2 (1827), p. 159 
[Œuvres (2) 7, p. 198]. 
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then 
Y,=C,e%", 
and therefore the general solution of (A) is 


y =Cyeh* +-Cye%* + 60s tO, 


where Cj, C2, . . ., Cn are arbitrary constants. It has been tacitly assumed 
that aj, a2, . . ., An are unequal ; the case in which the algebraic equation (C) 
has equal roots will be set aside for the moment. 

Now let it be assumed that the coefficients Ap, A;,..., Án are real 
numbers, so that a,. . ., @, are either real or conjugate imaginaries. The 
preceding solution is, as it stands, appropriate to the case in which qj, . . ., an 
are real, but requires a slight modification when one or more pairs of conjugate 
complex quantities are included. For instance, let a, and a, be conjugate 
complex numbers, say 


a,=a--iB, a,=a—ip. 


C,e%* +C,e%s* 


Then the terms 


may be written as 
Ce +z 4+ Ce(a—18) —e2"fC (cos Bx+i sin Bx)+C,(cos Bæ—i sin Bx)} 


=e“{C,’ cos Be-+C,’ sin Ba}, 
where 
C,’=C,+C, C,’=i(C,—C,). 


The number of arbitrary constants therefore remains as before. 


As an example, consider the equation 


d'y dy „dy i 
ete te =O 
The roots of 
&34€2—7E—15=0 


8, —2 +i, —2—1, 


are 


and therefore the general solution is 
y=C,e** + e—*(C, cos a+C; sin 2). 


6°12, Repeated Factors.—.Now let the operator 
AyD" +-4,;D*1+ . . . +4,-1D+A4, 


have a repeated factor, for example, the factor 


(D—a)?. 
Then the general solution of 
(D—a)?’y=0 


will be included in the general solution of (A). One solution corresponding 
to this factor is known, namely, 


EEG”, 


where C is a constant ; to determine all the general solution, the method of 
variation of parameters is applied. Write 


p= U, 
where v is a function to be determined, then 
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(D—a)’e"v =(D —a Pier Dy 

=(D—a)?—2e%J)2y 

=... =D, 
Consequently y=ev is a solution of 

(D—a)?y=0, 
provided that v is a solution of 
D*v=0, 


and hence v is an arbitrary polynomial in æ of degree p—1. Thus the solution 
required is 


y=(Ci+Cye+ . . . +Cyar-r)er, 
and contains, as it theoretically must contain, p arbitrary constants. 

Lastly, if two conjugate imaginaries occur, each in a factor repeated p 
times, for example, 

(D—a-+-78)?(D—a—i)?, 

the solution which corresponds will be of the form 
y=(Cy+Coa+. . . +Cpx?—1)e* cos Ba+(Cy’+Cy'a+... +C,'a?—1)e sin Ba, 
with the correct number, 2p, of arbitrary constants. 


For example, the general solution of 


d* d 
gat +2 tY=0 


is y=(C,+C,2) cos x+(C,+C,z) sin g. 


6'13. The Complementary Function. The complementary function of 
any linear equation has been defined as the general solution of the corre- 
sponding homogeneous equation. Now that all possible cases which may 
arise when the coefficients are constants have been discussed, it is important 
to determine whether or not the solution obtained is the most general solution. 

Consider, first of all, the case in which 


y=Cyer? +Coee? +... Opet, 


and the numbers aj, dg, . . ., An, Which may be real or complex, are distinct. 
In this case, if 
S=A,;+ag+... Fam 


the value of the Wronskian of the solution is 


al ee | 1 Pate ae | 

aa ? i | =e"Ti(a;—a;), 
a1; ao, 2 + ty Ay | 
a,;"—1, Gen—1; ale! oe auant | 


and cannot be zero since a;--aj;. The n functions 
PE Og! 
are therefore linearly distinct, and 
y=Cye* +Coes* +... - +C,e%" 


is the general solution. 
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In the next place consider the extreme case in which the numbers a are 


all equal. Then 
y =(C1 +C% + a) a ks +C,,a"—1)e™. 


If, for any pues values of the constants C, y is identically zero, then 
C; +Coæx+ ...+C,a"—! will be identically zero, which is impossible unless 
ORO E Ree a In this case also the solution is general. 

In any other case the solution would be of the form 


Pyeh* 4P oet + oa fe +P m e m?, 
where P}, P2, . . ., Pm are polynomials in æ, and the numbers ay, ai, . . -, Gm 
are distinct. It will be shown that a function of this kind cannot be identically y 
zero unless the polynomials P are themselves identically zero. Assume then 
that 
Piet + Poeht+ . . . +P petm™=0 
identically. Let 
b; =l; — l]; 


then the identity may be written 
P +P +. . +P nm = 


Let rı be the degree of the polynomial P;, then if the identity is differentiated 
r;-+1 times it takes the form 


Q+... +Qmne’m™=0, 


where Q:,...,Q,, are polynomials whose degrees are the same as the 


degrees of Ps, . . ., Pm respectively and the numbers by, . . ., bm are unequal. 
If this process is continued, a stage is arrived at in which 
R mem” =0 


identically, where Rm is a polynomial whose degree is equal to that of Pm 
Hence Rm must vanish identically, which is impossible. If follows that 
Piet + Poet®+ n. o . +P etm 


is not identically zero. 
The investigation of the complementary function may therefore be 
regarded as complete. 


6:14. The Case of Repeated Factors regarded as a Limiting Case.—-A very 
powerful method of attacking the case in which the operator 
AjD*+A,D"-1+...+4,-,D+A, 
has a repeated factor is due to d’Alembert.* As the scope of the method 


extends beyond the case in which the coefficients are constants, it will be 
convenient to suppose for the moment that the equation is of the form 


Po a N 2 oz Bi, < TPn-1 2 +HPny =0, 
where Po, Pi, + + +» Pn depend upon certain parameters 
Gj, Gop. » -» Op 
and possibly also upon æ. Let f(x, r) be a function which for certain values 


* Hist. Acad. Berlin 1748, p. 283. 
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of r, depending upon the parameters aj, ag, . . ., ay, satisfies the equation. 
Let 


Tis T2, . . 4 Ty 
be such a set of values of r, so chosen that functions 


F Fabs M Palen aios TO Ky) 
are in general distinct. The functions are thus a set of v particular solutions 
of the equation. For particular values of a1, do, . . ., au, however, two or 


more of the quantities 7, say 7; and rə, and the corresponding functions 
f(«, rı) and f(z, r2) become equal, and therefore the number of solutions of 
the equation represented by the functions f(z, r) is reduced. In such a case, 
however, the limiting value of 


fle, ro) fle, 7), 


Tari 
when that limit exists, is a solution of the equation. But this limit is 


Pras 


The case in which 71, 72, and r become equal may be treated in the same 
way. The function 


$ Ae, 13) —f(@, r2) _ f(a, T2) =J; “| l (r2—r;) 


n te tti 


satisfies the equation, and if its limit exists, this limit, namely 
[ 02 f(a, | 
or? r=7, i 
is a solution of the equation. 
In general if, for particular values of the parameters aj, ag, . . ., Qp 
ate 6.7, 
the equation has the p solutions 


f(a, ri), [Ae TN Se aie te u 


r=r ðrt—1 


Consider, as an example, the equation 
(D’+1)*y=0 ; 

replace it by the more general equation 

(D? +a*)(D?+B*)y=0. 
The latter equation, when a*=:8*, has the general solution 

y=A, cos aw+A, cos pæ +A, sin aw+A, sin fa. * 

When a=f=1 this solution ceases to be general, and reduces to 

y =C; cos +C, sin g. 
But the functions 


ĝa 


are particular solutions not obtainable by attributing particular values to C, and C;. 
The general solution of the given equation is thus 


y=(C,+C,2) cos x+(C;+C,%) sin æ. 


ð i 7 ae 
É cos az =—@ sin a, É sin av =2 COS @ 
a=1 ôa a=1 
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6'2. Discussion of the Non-Homogeneous Equation. The determination 
of a particular integral of the non-homogeneous equation depends upon the 
properties of operators inverse to D, D—a, etc., for the problem really 
amounts to attributing a value to the expression * 


(D—a,)-1. . . (D—a,)—1f(@). 


The operator inverse to D is D-1 and is the operation of simple indefinite 
integration ; similarly D-? is the operation of p-ple integration. A signifi- 
cance must now be given to the operators (D—a)~1 and (D—a)~? where a 
is a non-zero constant. 

In order to make these operators as definite as possible, it will be 
stipulated that the arbitrary element which they introduce is to be 
discarded. Just as the operation D~1 introduces an arbitrary additive 
constant, and, more generally, the operation D~? introduces an arbitrary 
element C,+C,v7+ .. .-+C,#?—1, so also (D—a)~! brings in an arbitrary 
element Ce’, and (D—a)-? introduces e”(C,+C a+ . . . +C,a?—1). These 
expressions are already accounted for by the complementary function ; they 
are therefore discarded in determining the particular integral. 

When f(z) is a function of a simple type the effect of operating upon 
f(x) by (D—a)~“! or by (D—a) is as follows : 


1°. Let 
f(z)=e", k a constant. 


Operating upon both sides of the identity 
(D—a)e** =(k —a)e* 
by (k—a)—1(D—a)— gives 
(D—a)—1e" =(k —a)—1e™, 


provided that k+-a; this exceptional case is treated below. 
Similarly 
(D—a,)". . . (D—a,)—1e"* =(k—ay) . . . (kK—ay)e™, 


provided that a1, . . ., a, are distinct from k. In particular 
(D—a)e™* =(k —a)e™. 
Thus if F(D) is a polynomial in D such that F(k)+0, then 


eke 
1 sete Cie! 
F-\(D)e* Fb) 
where F—1(D) is the operator inverse to F(D). 
2°. Let 
; f(a) =a). 
In the identity 


(D—a)e**X =e*(D+k—a)X, 
where X is an arbitrary function of x, write 
(D-+k—a)X =4(2), 
then 
(D—a)e*"(D +k —a) 14(x) =e"$(a), 
(D—a)—1e**4(a) =e**(D+k—a)“14(z@). 


* Lobatto, Théorie des caractéristiques (Amsterdam, 1837); Boole, Camb. Math. J., 
2 (1841), p. 114. 


and hence 
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Similarly it may be proved that in general 
(D—a,)1.. . (D—ay)“te"$(x) =e(D+k—a,)“1 . . . (D+k—ap) tele), 
or 
F-\(D)e"$(v) =e" F-D +k)9(@). 
In particular, taking k=a,=a,=. . . =a,=a, ¢(x)=1, it follows that 
(D—a)Ve*=—e"D ? .1 
ar 
en 3 
p! 
and thus the exceptional case left over from above is accounted for. 
8°. Let 
f(v)=sin aa. 
If F(D) is an even polynomial in D, write F(D)=®(D2) so that ®(D2) is a 
polynomial in D?. Then 
@(D2) sin aw =G(—a?) sin aa, 
and hence 
sin ax 
@(—a?)" 
In the most general case, the polynomial F(D) is not even; if it has an 
even polynomial factor G(D), let F(D)=G(D)H(D). Then 


F-\(D) sin az= 


F-\(D) sin ag = sin ax 


1 
G(D)H(D) 
Ae H(—D) 
~ G(D)H(D)H(—D) 


Now G(D)H(D)H(—D) is an even polynomial in D and may be written K(D?), 
thus 


sin aa. 


: H(—D 

1 ne Fat 

F-1(D) sin ax KD?) 

ms haa A R 

~ K(—a?) ý 

and thus F—1(D) sin aw and similarly F-1(D) cos ax may be evaluated provided 
that K(—a?)#0. 

By combining this case with the previous case, particular integrals of 

the form 


sin ax 


F-\(D)e™ sin ax, F-1(D)e* cos ax 
may be evaluated. 


Example.— 
(8D? +2D—8)y=5 cos a. 


A particular integral is e3 Aa 


L aS 

5(3D?—2D —8) ANa " y> 

= — ~ COs g be We 
(3D2+2D —8)(3D2—2D —8) © RS 

_ 5(3D*—2D—8) |, «ae 
~ 9D4— 52D? +64 ° 
_ 5(3D2—2D —8) 
~  9+52464 
= #,{(8D? —8) —2D} cos x=34,(2 sin a—11 cos 2). 


COS æ 
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4°. Let f(a) = 2". 
Then 
(D—a)z” = nxz™-1—az2", 


(D i g hs ar-1 — TR an-2 —naor-l, 


eee Ne?) a 


(D—a yah aah No a2 n—3 F t gn—2, 
n(n—1) 3.2 n! mn(n—1) 3.2 
(D—a) e E a. ERETT a Ye w, 
n! n! 
(D—a a” re a” i 
Hence, by addition, 
! 
(D—a)( a +2 an +... 42) =—ae0", 
and consequently 
(D—a)- m= oe ant 


This result is the same as would have been obtained by formally expanding 
the operator (D —a)~1 in ascending powers of D and performing the differentia- 
tions. It follows that if X is a polynomial in æ of degree n, 


F-1(D)X =(a9+a,D+... +a,D")X, 


Ag t+a,D+...-+a,D" 
is the expansion of F—1(D) to n+1 terms. 

The inverse differential operator F—1(D) may be decomposed into partial 
fractions in precisely the same way as the reciprocal of a polynomial, for if 
this process is formally carried out, the resulting expression will be reduced 
to unity by the operator F(D). Consequently the material which has been 
accumulated is sufficient to determine the particular integral in cases where 
the function f(z) is a sum of terms or products of terms of the form 
a”, ek, sin aw and cos ax. Sine and cosine terms may equally well be dealt 
with by expressing them in the exponential form. 


where 


6'21. Determination of a Particular Integral by Quadratures.—If the 
function f(z) is such that f(z) and e~“f(z) are integrable, a particular integral 
may be determined by quadratures. Suppose in the first place that F(D) 
has no repeated factors. Then F~1(D) can be decomposed into simple 
partial fractions thus 


ile =e 25 =a, 


A particular integral is then 
y = 2 Dai) 
= > a,(D—a,)“le%*{e-4 f(x)} 
= Joett D -1e f(x) 
Za” Sef (wda 
Sa, | * enz—df(t)dt. 


r=] 


Il 
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The lower limit of integration may be arbitrarily fixed, for the term which 
proceeds from a constant lower limit of integration is a constant multiple 
of e*r”, and is therefore included in the Complementary Function. 

Consider now the case in which F(D) contains the factor (D—a)?. The 
part of the expression of F-1(D) in partial fractions which corresponds to 
this repeated factor is 

AS >, 
2 Da 
(Day 
and the corresponding contribution to the particular integral is 
p 


Sp ty o= ZeD -a eefa) 
= E PA 


te zef fo ..f ae—opar, 


—4y =1622e2", 


Example.— 
d*y 
dæ? 
The Complementary Function is Ae2* + Be—2* ; the Particular Integral may be 
written as 


by ad 

Y=AD—2~ D+2 

= Ae y te — tdt —4e— 21 J * pe? +2dt. 
ef 


2e2a® 


The lower limits of integration are so chosen as to make the particular integral as 
simple as possible. By integration by parts it is found that 


y = E22", 
6:3. The ee Linear ae, The equation : the type 
Agu” a a+ Aor @ cae T -M siR P n Any = = f(x), 


in which 4o, A; . . ., A, are constants, is known as the Euler equation.* 
It may be transformed into a linear equation with constant coefficients 
by means of the substitution æ =g, for 


ef K 


dx de TPH 

where D now signifies E, and similarly 

pty vy _ Uy 

a Tp? = dz2 ~ dz = D(D— 1)y, 

dny 
a din = D(D—1) . . . (D—n+1)y, 
and thus the equation is brought into the form 
F(Dy=(4D+AD +... +A naD HANA). 


and may be solved by the foregoing methods. 


* Its general solution was, however, known to John Bernoulli at least as early as the 
year 1700. Euler’s work on the equation was done about the year 1740, published 
Inst. Calc. Int. (1769), 2, p. 483. Later work was done by Cauchy; see also Malmsten, 
J. für Math. 39 (1850), p. 99. 
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A simple factor (D—a) of the operator F(D) leads to a term in the Com- 
plementary Function of the form 


Ce =Cr", 
whilst a repeated factor (D—a)? leads to 
y=e"(Cy4+Cozt+ .. . +0) 
=a{C,+C,logz+ ... +C,(log x)?—1}. 


This solution should be particularly noted. It might equally well have been 
arrived at by the application of d’Alembert’s method. For since y=a* is a 
solution of the homogeneous equation, corresponding to a p-ple factor in 
F(D), 


d d 
Yı fat -$2 e% log TA in log a, 


pt 
Yp-1 a oy = a (log x)? 


are also solutions of the homogeneous equation. 
In the same way, equations of the type * 
ze d'y 
pa A,(ax Bi allie = f(x), 
r=0 
where a, b, A, are constants and a+0 can be dealt with by the substitution 
ax+b =e. 
T particular integral of the non-homogeneous equation may be obtained 
by quadratures in a manner analogous to that adopted in the case of the 
equation with constant coefficients. 


Let # denote the operator x s , then since + 


d” 
a™ gym =0(0—1) at iin (#—m-+1), 


the operator 


PDA een a Ai 
dx” 1 dara + Seb i n—1 dx n 


may be written 
F(d) = Apo" +A',9"714 ... +A’, 9+A,, 

and F(#) may be decomposed into permutable linear factors as follows : 

F(#) =Ag(9 —a;)(P8—ae) . . . (#—a,). 

Now 
d” 

wm a =p(p—1) . . . (u—m+1)a4, 

so that 
F(a =H F(p). 

If therefore a is such that F(a)=0, 


i y = Aa" 
is a solution of the homogeneous equation 
F(d)y=0. 


* Lagrange, Misc. Taur. 3 (1762-65), p. 190 [Guvres, 1, p. 481]. 


t Note that if =e, b= and D=4, then #=D. 
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Also if X is a function of a, 
Bat X =a(atX’ + paot—-1X) 
=a(9-+y)X, 
OMX =a(P+p)™X, 


from which it follows that 
F(a- X =a (9 +p)X. 


Write ¢(x) for F(d+-)X and operate on both sides of this identity by F—1(9), 
then 


BP )atp(x) = FW + u)v). 


When F(#) has no repeated factors, the inverse operator F-1(Ẹ) may be 
decomposed into simple partial fractions thus 


F-\(9)= -Sye ere 


Pg 
for da(8 —a,) t is reduced to unity by the ae operator F(#). A par- 
ticular solution of the non-homogeneous equation is therefore 


y= 5g fo) 
= 5g rieo 
=J a,2r9 H{a-f(a)} 


= Saar fr -arf(t)dt. 
r=1 


If F(#) has a repeated factor, say (#—a)?, the corresponding part of the 
pean fraction representation of #~—1(#) will be of the form 


and in general, 


The corresponding terms in the iran integral are 
p 
2 Eyo- gE Pr ate fa) 
=SB,at9-{a-Yf(2)} 
=Dp,a09-"+1 f "t-1-af(t)dt 
=Sparo-r+2 frm l ely (dee 


=Sp,2" f {-1 jae mf ‘t-1-af()der. 


r=1 
Example.— 
wot set +4y =2g?. 
This may be written 
(8 —2)*y=22?, 


The complementary function is 
y =A4Ag?+Bæ log x. 
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The particular integral is 


1 
ed eee rd _— 29-2 
Y= F2) 20? =24 0A] 


Ed 
= 2021 | t—1dt—2270—1 log x 
1 


x 
=22| tt! log t dt=(a# log x)?. 
1 


6:4. Systems of Simultaneous Linear Equations with Constant Co- 
efficients.—It was remarked in a previous section (§ 1°5) that a single linear 
differential equation may be replaced by a system of simultaneous equations 
each of lower order than n, and in particular by a system of n simultaneous 
equations of the first order. The converse question now suggests itself, 
namely, given a system of simultaneous linear equations, is this system 
equivalent to a single linear equation, in the sense that the general solution 
of the system contains the same number of arbitrary constants as does the 
complete solution of the simultaneous system ? This question will now be 
discussed with the assumption that the equations considered have constant 
coefficients.* Such equations appear in many dynamical problems; their 
importance is therefore both practical and theoretical. 

The germ of the problem to be considered can be made clear by con- 
sidering a system of three homogeneous linear equations between three 
dependent variables, namely, 


Fy,(D)yi +Fi2(D)y2+ F13(D)y3=9, 
Poi(D)yi + F22(D)y2+F 23(D)y3=0, 
F3i(D)y1 + Fs2(D)y2+-F'33(D)ys=9, 


where F’,,(D) are polynomials in the operator D, with constant coefficients, 
and the independent variable is æ. 

The variable y may be eliminated from these equations by first of all 
operating on the first by Fə(D), and on the second by Fı3(D) and sub- 
tracting, and then by operating on the second by F'33(D), and on the third 
by Fə(D) and subtracting. Then y may be eliminated in the same way 
between the resulting two equations, leaving an equation in yı only. This 
process is identical with that of algebraic elimination, and is formally carried 
out as if the operators F’,, (D) were constants. The result is therefore 


| Fy(D), Fie(D), Fis(D) | yi =0 
Fa(D), F22(D), Fe3(D) 
| F(D), F32(D), F's3(D) 


F(D)y,=0. 


This equation exists if F(D) is not identically zero, that is to say when 
the three equations of the given set are really distinct from one another. In 
the same way 


or, say, 


F(D)y2=0, F(D)y3=0. 
F(D) may be a constant, in which case the only possible solution is 
Y1=Y2=Ys=9, 
* The original discussion of the holdin. by Jacobi, J. fiir Math. 60 (1865), p. 297 
[Ges Werke 5, p. 193], was defective ; a rigorous investigation into the equivalence of two 


systems of simultaneous linear equations was made by Chrystal, Trans. Roy. Soc. Edin. 
38 (1895), p. 163. The account here given is based upon Chrystal’s memoir. 
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or in other words the equations are inconsistent, but in general F(D) is a 
polynomial in D ; let its degree be m. Let the factors of F(D) be 
D—a,, D—az ..., D—an, 

and suppose that a1, do, . . . Am are all distinct. Then the solution of 
F(D)y,=0 will be 

Yr =C yeh? + Cet o. 2. +Cyme*m", 
and similarly the solutions of F(D)y,=0 and F(D)y3=0 will be 

Yz =Co1€%* HC . . . Comen”, 

Yg =C g1? HC gge? + sp NA +Cgm m?, 
respectively. In all 3m constants enter into these solutions, but these 


constants are not all independent. For since y1, Y2, Yz must satisfy the given 
system, the constants are connected by the relations 


CirFi(a,)+C2rF12(4,)+CsrF13(4,)=0, 

CirFo1(a,)+ C2rF22(4r)+C3rF23(a,)=0, 

CirF31(4,)+ C2rF32(4,)+C3rF33(4,)=0, 
(r=1, 2, . . . m), and if these equations are sufficient to determine all the 
ratios Cy,:C,,:C3,, the number of constants is effectively reduced to m. 
But although it is true that the order of the system, which is equal to the 
number of independent constants in its general solution, is always the same 
as the order of the characteristic determinant F(D), the assumptions which 
have been made are not always valid. The difficulty arises from the fact 
that even when 4}, Y2 Yz form a general solution of the system, it may 
happen that no one of the functions y1, Y2, Yz satisfies the characteristic equation 
A rigorous proof of the theorem that the order of the system is equal to the 
order of the characteristic equation will now be given ; the first-step consists in 
establishing a necessary and sufficient condition for the equivalence of two 


systems of linear equations, not necessarily homogeneous with constant 
coefficients. 


The following example is illustrative. Consider the system : 
U=(D?+1)y,+(D?+D+1)y.=2, 
V= Dyı+ (D+1)y.=e. 
Its characteristic determinant reduces to a constant, the natural inference from 


which is that the solution of the system involves no arbitrary constants. Consider 
the derived system : 


U—DV =2-—é*, 
DU —(D?+1)V =1 —2e*. 
This system reduces to 
Yı tY =x — e7, 
—Yy,=1—2¢*, 
whence 
Y¥,=1+a—8e", y,=2e*—1. 
This is a solution of the given system. The investigation which follows shows 
that when the determinant of the multiplier system, which is here 
1, —D |, 
D, —D?—1 | 
is a constant, the given system and the derived system are equivalent, and have the 


same general solution. In this case, therefore, the general solution has no arbitrary 
constants. 


L 
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6°41. Conditions for the Equivalence of Two Systems of Linear Equations.— 


Let 
F,,(D)yi+F(D)yo+ . » - +P rn(D)Yn=f(2) 
TEL 2, Era 4s m), 
Gna(D)yı+G,(D)jy2+ - - - +G@rn(D)yn=8,(@) 
(r=1, Bee say m), 
be two systems of linear equations in the n dependent variables 
Ji Yo. +++ Ym 


where n>m. The m equations of each set are supposed to be linearly 
distinct, and the operators F(D) and G(D) are polynomials in D with constant 
coefficients. These systems may be written respectively 

(U) U,=0, U,=0, - 8 89 C=O; 

(V) rae Feet, ...)., PV eae. 

The system (V) is said to be derived from the system (U) when every 
solution of (U) satisfies (V). When this is the case, any equation of (V) can 
be obtained by operating upon the equations of (U) by polynomials in D 
and adding the results together. Thus 

Vy=6,,U,+ . + HimU m 


$ y ee. E yA NEE a aah ons 

The set of operators 6,, is known as + the multiplier system by means of 

which the system (V) is derived from the system (U), and the determinant 
A= | 811 eo . + Sim } 

| Òmi» Aa a Dpi | 

is its modulus. A cannot be zero since the equations of (V) are linearly 

independent. 

If, when (V) is derived from (U), every solution of (V) satisfies (U), the 
systems are said to be equivalent. It will now be proved that a necessary 
and sufficient condition that the two systems be equivalent is that the modulus 
is a constant. 


Let 
| Am i’ be 5G Aim 
Al ; : . 
| Any Pao Bie 
be the reciprocal of 4, then U}, ..., Um are expressed in terms of 


P41, o> o Ka OS tOLOWS: T 


Pen eh - + HAm F w 


j U m =A im? "1 NA ne pare 
Hence every solution of (V) satisfies the weit 
A Uı =f, , - oe A Un = 


If, therefore, 4 is a constant, every solution of (V) satisfies (U). The 
condition stated is therefore sufficient. To prove that it is necessary, suppose 
that the system (U) is derived from the system (V). Then there will exist a 
set of polynomials in D, say 8’,;, such that 

U= Vait oe o +0 nV 


Be oll aie +6 el oi 
* See Scott and Mathews, Theory of > PAA Chaps. VI. and XI. 
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By substituting the values of Fi; . . ., V,, in terms of U,, .. ., U,, it is 
found that 
U,,=8'74(831:01+ bah be +80 Fn) + bee Soe FE silm U rF hes +3 nm Um) 
MSE B.'s oy abn 
But U,, . . ., Um are linearly independent, and therefore 
8'181e+ iis +8’ mms =0 (r=+8), 

Os oe rm? mr =t. 
There are, for each value of r, m equations to determine 8’,,, . . ., 8’rm 3 
their solution is 

8'4=4),/4, . 8 s EEA 
and, therefore, if 4’ is the modulus of the multiplier system 8’,,, 

A'= = +4” 


, + 
PERET. O 


Aii * © 49 Amt 


Df site! ons Grae Bilt) i hie 
= Ae [ae EYA 

But both 4 and 4’ are polynomials in D. The identity 

AA’=1 


cannot therefore be satisfied unless 4 and 4’ are both independent of D, 
that is to say 4 and 4’ are constants. The condition is therefore necessary 
as well as sufficient. 


6°42, An Alternative Form of the Equivalence Conditions.—The above 
form of the equivalence theorem explicitly involves the multiplier system; a 
second form of the theorem, and one which does not require the direct 
calculation of the multiplier system can be derived as follows. Since 


d U,=F (Dy + R ayas +F n(D)Yn—fA@) 
an 
3 V »,=G,,(D)yi+ ERA +G,,(D)y, —g,(z), 
and since 
V,=6,,U, oe abt’ +35mU ms 
it follows, on equating the operators on y;, ..., Yn and writing F,, and 
G,s; in short for F,s (D) and G,, (D), that 
Gn Tgi ôF Monsa +S yl RT 


Gm = On iat - - - Spl mw 
&(v)=8,1 f(a) + Rite je +8,mfm(2)- 


From these equations it follows that 


i e. Gin 21 ) bc G 2 lanig ace 


Gmi» R: Gmn Em Fay #48) ei Faw m 
in the sense that every determinant * of order m whose columns are columns 
of the first matrix is equal to the corresponding determinant of the second 
matrix, multiplied by the constant 4. This condition is both necessary and 
sufficient for the equivalence of the systems. 


* It must be noted that in evaluating determinants containing f(a) and g(x) the operators 
F and G are multiplied by, and do not operate on, f(z) and g(z). Thus a typical term of 
the expansion of a determinant of the first matrix is g (æ) G,, Gj, G,....and not 
Go, Gss Gy... 8,(@). 
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In particular, if there are as many equations as dependent variables, 
namely n, then 


es eh tee By ATENE ay. 


Therefore a necessary and sufficient condition that two homogeneous systems 
of n equations in n dependent variables be equivalent is that the determinants of 
the operators of the two systems are constant multiples of one another. This 
condition is also necessary when the two systems are non-homogeneous ; 
the remaining conditions requisite for a sufficient set of conditions are easily 
supplied. 


Gis- . 45 Gin o Fii, A Fin | 


6:5. Reduction of a System of Linear Equations to the Equivalent Diagonal 
System.—A system of linear equations of the forms 


Ay,(D)y1+Hyo(P)yot+Ais(D)ys+ . - ~ +Hin(D Yn =h (2), 
Ho(D)yo+Ho3(D)ys3t+ . - . +Hen(D)yn=he(2), 


Hss(D)ys+ . - - +H 3n(D)yn=hs(2), 


H nn(D)Yn=hħr(2), 


in which the first equation involves yı, the second equation involves y but 
does not involve y;, the third equation involves yg but not y; or ys and so on, 
until the last involves y, only is called a Diagonal System. 'The operators 
H,,(D), Ho(D), . . ., Hnn(D) are known as its diagonal coefficients. Each 
dependent variable is associated with one, and only one, diagonal coefficient ; 
the mode of this association is known as the diagonal order. 

It will now be proved that every determinate system of linear equations with 
constant coefficients can be reduced to an equivalent diagonal system in which the 
dependent variables have any assigned diagonal order. For definiteness it will 
be supposed that the diagonal order is that of increasing suffixes, as in the 
scheme above. 

As a preliminary lemma it will be proved that if 


U, =F 3(D)yit+ - . ~ +P in(D)yn—fil)=0, 
Us= Fo(D)yit+ . - » +Fan(D)yn—fo(v)=0 
are two equations both containing any particular dependent variable, say y, 


they can be replaced by an equivalent pair of equations, one of which does 
not contain yı. If such an equivalent pair exists, it will be of the form 


LU,+MU,=0, 
L'U,+M’'U,=0, 
where L, M, L’, M’ are polynomials in D with constant coefficients such that 
LM'—L'M 
is a constant. Let IJ’ be the highest common factor of F',,(D) and F2,(D), 


then 
F,,(D)=I@, F,,(D)=I¥, 


and @ and ¥ are polynomials in D having no common factor. Let 
DEYR M=—4, 
then there will be no term in y; in 
LU,+MU,. 
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But since L and M are relatively prime with respect to D, two polynomials in 
D, namely L’ and M’, can be determined * so that 
LM’'—L'M 
s a constant, not zero. The lemma is therefore established. 
Now let the given system be 
U,=0, eo 8 89 U=; 

so arranged that any equations which do not contain yı are placed at the 
end of the system. Let U,=0 be the last equation which contains y}, then 
U,—ı=0 and U,=0 can be replaced by an equivalent pair of equations 
U',—ı=0 and U’,=0 of which the second does not contain y,. Similarly 
U,—=0 and U',—ı=0 can be replaced by the equivalent pair U’,—=0 and 
U”,—ı=0 of which the second does not involve yı. This process may be 
repeated until an equivalent system, say, 

Poets alvin EE 
is reached in which the V4 alone involves y;. V itself must involve y;, since 
the original system is determinate. Then setting V;—0 aside, the remaining 
system 

| Ry gen) 8 
which involves all of the remaining variables yo, . . . y,, is dealt with in 
the same way with respect to ys, and reduced to a system 

W,.=0, 7 . o W,,=0, 

in which W alone involves yo. The process is repeated, until finally the 
diagonal system is reached. 


6:501. Example of a Reduction to a Diagonal System.—Consider the homo- 


geneous system 
(D+1)y,+D*y,+(D+1)ys;=0, 
(D—1)y,+D y,+(D—1)y;=0, 


Yı + Y2tDy3=0. 
By means of the multiplier system 
‘—1,D 
ihe B=. i] 
the last two equations may be replaced by an equivalent pair of equations, one of 
which does not contain y,, and thus the system becomes 
(D+1)yı+D°y:+(D +1)y;=0, 
¥1+0y,+ (D? — D +1)y;=0, 
—Y2+(D* —2D +1)y;=0. 
Next by operating on the first two equations of this equivalent set by the multiplier 


system 
—1,D ) 
ey D+1 

the set of equations becomes 

—y,—D*y, +(D* —D? —1)y,;=0, 

—D*y,+(D*—D)y;=0, 
—Y2+(D’?—2D+1)y,=0. 

Lastly, by applying the multiplier system 


0, 1 
-1s p») 
to the last pair of equations, the diagonal system is obtained, namely 
—y, —D*y, +(D*—D?—1)y,=0, 


—y,+(D*—2D+1)y,=0, 
(D4—3D3+D?+D)y,=0. 


The last equation is easily solved for y,, the second and first equations then give, 
in turn, y, and yı. 


* Chrystal, Algebra, i., Chap. VI., § 11. 
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6:51. Properties of a Diagonal System. Proof of the Fundamental Theorem. 
—Let U,=0,..., U,=0, be a system in the diagonal form; its de- 
terminant is clearly the product of its diagonal coefficients. This product 
is therefore equal to, or a constant multiple of, the determinant of any other 
system to which the diagonal system is equivalent. 

Now a diagonal system can be solved by a continued application of the 
methods given in the earlier sections of this chapter for the solution of single 
linear equations with constant coefficients. Let w, be the degree in D of 
the diagonal coefficient of y,. The last equation of the system gives a 
general value for y,, with a definite number w,, of arbitrary constants. If 
this value for y,, is substituted in the last equation but one, and that equation 
solved for y,_;, a number w,_, of additional arbitrary constants are intro- 
duced. The process is repeated; in general the expression for y, will introduce 
w, new arbitrary constants in addition to some or all of the arbitrary constants 
which enter into the equation for y, owing to the fact that that equation 
may involve the expressions for y,43;, . . ., Yn previously obtained. 

Since the w, constants introduced by the process of integrating the 
equation for y, are essentially new constants, altogether distinct from the 
constants which y,+ 1, . . +, Yn involve, the general solution of the system 
involves w,;+wW2+ ... +wp constants, none of which are superfluous. 
The total number of distinct arbitrary constants which occur in the complete 
solution of the system is therefore equal to the degree of its determinant. 

From this follows the main theorem which it was the aim of this investiga- 
tion to establish, namely, that the order of any determinate system of linear 
equations with constant coefficients is equal to the order of its characteristic 
equation. 


6°52. Equivalent Diagonal Systems.—Let L,.,, .. ., L,, be polynomials 
in D with constant coefficients, then any set of solutions of U,,,=0,...,U,=0 
will satisfy the equation 
L410 41+ -e +£,U,=0. 


If, therefore, an expression of the form L,..,U,+,+ ...+,U, is added to 
the left-hand member of any equation U,—0, the modified system will have 
all the solutions of the old system. But in the resulting system the diagonal 
coefficients are precisely those of the original system. The equivalence of a 
diagonal system is consequently not affected by this process, but on the other 
hand a gain in simplicity may be attained. 

Thus when the diagonal order of the dependent variables is assigned, 
the diagonal coefficients are uniquely determined, but the non-diagonal 
coefficients are not so determined. Moreover, the diagonal coefficient of 
any variable is uniquely determined if the aggregate of the variables which 
follow in the diagonal order is known. Thus let the variable y, be followed, 


in any order, by the n—r variables y,4+ 1, ..., Yn. Let the diagonal co- 
efficient of y, and the succeeding variables be 
9 ie ool Sy ey 


in one order and 
it) kas ss > A a 
in another order. Then since the two systems are equivalent, 
Mite iy 45 se pm yy... KH", 


But in the two cases the last n—r equations, between the variables 
Yr+1s + + +» Ym form equivalent systems, and therefore y 


Ky44 "J oe BK 5+ ipis Ke 
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* whence it follows that 


K,=K a 
that is to say, the diagonal coefficient of y, is unaltered if the aggregate of 
variables which follow y, is unchanged. 

In the complete solution let y, involve v, arbitrary constants, then if 
the diagonal system is so arranged that y, occurs in the last equation, the 
diagonal coefficient of y, will be of degree v, in D. Now let the system be 
transformed so that y, occurs as the diagonal term in the last equation but 
one. Then, since in the complete solution y, still involves v, arbitrary 
constants, the degree of the diagonal coefficient of y, will not exceed v,; in 
fact it may be less than v, by the degree of the diagonal coefficient of the last 
equation of the system. The degree of the diagonal coefficient of y, may be 
diminished still further by so transforming the system that y, occurs in the 
diagonal term of the last equation but two, and so on. Thus the diagonal 
coefficient for any given variable is least when that variable occurs first in 
diagonal order; it may increase but cannot diminish as the variable advances 
in diagonal order, and is greatest when the variable is last in diagonal order. 

When the variable is last in diagonal order, the degree of its diagonal 
coefficient is equal to the total number of arbitrary constants in the complete 
expression for that variable; when the variable is first in diagonal order, 
the degree of its diagonal coefficients is equal to the number of arbitrary 
constants which enter into it but not into any other variable. The diagonal 
coefficients in these two extreme cases are therefore important; a set of 
rules for calculating the diagonal coefficients of any particular variable will 
therefore be given, when that variable occupies the first or the last place in 
diagonal order. 


Let 
(U) Uy =a, AE: ecg | Gh Ae, 
where 
U,=F yyit AG h- +# nn —S (2), 
be the given system, and let 
(V) Fe, Fg =O, | Bgl, 
where 
V,=H Yr + njila +H pnYn—h, (x), 


be an equivalent diagonal system. Let 
i E #9 a ihe * 8 ah | 
Day. << ee On» + 9 Onn 
be the multiplier systems which transform (U) into (V) and (V) into (U) 
respectively, then, since 
Vy=8,,0;+ ees +81nU0,; 
it follows by comparing coefficients of y, that 
Hy, =8yF yt . ~~ +8inF ni, 
and since 
U,=8' Vit .. . +a nV a (eel, Dy: 2 ag. Bh 
it follows similarly that 
Fa =H (r=1, 2, .. „ n). 
Hence H,, must be a common factor in D of 
Fii; AE A Foy 


and the highest common factor of these quantities must be a divisor of H41- 
Consequently, apart from a constant multiplier, H,, must be the highest 
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common factor of Fy, ..., F,;. This is the rule for calculating the ` 
diagonal coefficient of yı when y; is first in diagonal order. If y, were to be 
first in diagonal order, its diagonal coefficient would then be a constant 
multiple of the highest common factor y, of 
DRS Fak 

The rule for calculating H „n, that is to say the diagonal coefficient of y,. 

when y,, is last in diagonal order, is as follows. Since 
V „=n U1 + saN it +620 wy 

it follows by comparing the coefficients of y;, . . ., Yn—1, Yn that 
Snifiut -e e +8anFn1 =0, 


Sn pat Bp he + Snake, n—1—9, 


8niF int eine. Ona bin =H». 
Let G,, be the co-factor of F, in the characteristic determinant 
F= Fii . . » Fi ’ 


Ie re 
let I’, be the highest common factor of Gin, . . ., G,,, and let 
Gn=@ inl yy >- » Gan=G@'anln- 


8n1=AG' 1n ae San =AG' nn 
where A is defined by the relation 
FAST E nw 
and since G’,,, . . ., G’,, are relatively prime, A is either a constant or a 
polynomial in D. 
Now since the two systems are equivalent, the modulus 


Therefore 


811 . 8 8 Sin 


Dues ais 29 Onin 
must be a constant. But this determinant clearly has the factor A, therefore 
A is a constant. Hence 


s RA a MF i nG@' in +... + Piia) 
RN, Sa ee ae 
TER TE: Inin T N Dak ai nn an) Be Re 


More generally, when y, is last in diagonal order, its diagonal coefficient is a 
constant multiple of F/I where F is the characteristic determinant of the 
system and I’, is the highest common factor of 
ies, Gya 
and Gmr is the minor of F mr in the characteristic determinant. 
Finally, the differential equations which determine y;, . . ., Yn separately 
are 


F G G, 

r” e T, fi(e)+... FF fal), 
n Gik 

T,” st gh fæ) +... +F Io): 


But it is to be noted that although this set of equations fully determines each 
of Yi, - - - Yn yet, considered as a system, it is not necessarily equivalent to 
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the given system. For the aggregate of the arbitrary constants in the 
solutions of this set of equations may, and in general does, exceed the order 
of the given system. 


6:53. Simple Diagonal Systems: Prime Systems.—It may happen that 
of the total number of dependent variables, certain variables are wholly 
determined by non-differential equations, and therefore involve no arbitrary 
constants. If this is the case, it may be supposed that the variables in question 
are removed from the system by being replaced wherever they occur, by 
their actual values. The system then involves no dependent variable which 
can be determined without integrating a differential equation. 

Suppose that in a solution thus restricted there occurs only one differential 
equation. This equation must be the last equation of the system, for 
otherwise the last dependent variable in diagonal order would be determined 
by a non-differential equation. Let the last variable be y,, then y, is deter- 
mined by the equation, 

Hnn Yn =V, 

whose order is equal to the order of the system, so that the expression for 
Yn involves all the arbitrary constants of the complete solution of the 
system. The remaining diagonal coefficients H,-;,,-1,..-., Hy, are 
constants; the corresponding dependent variables y,—,, . .., Yı depend 
upon some or all of the constants which enter into the expression for y,, 
but do not involve any other arbitrary constants than these. Such a system 
is known as a Simple Diagonal System. Conditions in which a given system 
is reducible to a simple diagonal system will now be investigated. 

If F is the determinant of the given system, then 


F=H;:H22 -e o Am, 


and since the operations by which H11, Hoo, . . ., Hy, are obtained from the 
coefficients of the original system are rational operations, it follows that H41, 
Hos, . . „ Hnn are rational in the operator coefficients F’,, of the original 
system. If therefore F has no factor of lower order in D than F itself, which 
is a polynomial in the coefficients F,,, then H,,, . . ., H,—1, n-1 must reduce 
to constants, and the equivalent diagonal system is simple. 

As before, let G,, denote the co-factor of F’,, in the characteristic deter- 
minant F. Consider the matrix 


on a) esis o) 
Gaa by as 
and suppose that the constituents of any one column, say the rth, are re- 
latively prime. Then, in the notation of the previous section, I’, is a con- 
stant, and consequently if y, is taken as the dependent variable last in order 
in the equivalent diagonal system, the coefficient of y, in the last equation 
of the diagonal system is a constant multiple of F itself. The diagonal 
system thus obtained is simple. Thus, for every prime column in the reciprocal 
matria of a given system an equivalent simple diagonal system can be formed 
in which the corresponding variable is last in diagonal order. 

In particular, if every column of the reciprocal matrix is prime, then 
every equivalent diagonal system will be simple and the expression for each 
dependent variable will contain all the arbitrary constants. 


A system every column of whose characteristic determinant is prime is 
known as a prime system. Any given system may be transformed into a 


prime system, for if y, is the highest common factor of Fin . . ., Far it 
is only necessary ta introduce new dependent variables t4, ws, . . . Un, Where 
U1 =Vi1Y> > > +> Un =Y 
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The characteristic property of a prime system is that, in any equivalent 
diagonal system, the first equation is non-differential. 


The homogeneous system 
(D?— 1)y,+D*y.+ (D+1)y;=9, 
(D—1)*y,+D*y,+ (D—1)y,=0, 
(D— 1)y,+Dy,+Dy;=0 
is reduced, by the transformation 
U,=(D—1)y;, Uz=Dy,, Uz =Y; 
into the prime system 
(D—1)u;+ Du,+(D—1)u;=0, 
urtu, +Du, =0. 
This is the system whose reduction to equivalent diagonal form was effected in 
§ 6:501. 
Example.— 
(2D —2)y, +(D*—D+2)y,=e~, 
(D?+8D?+5D—1)y,+(—3D2—4D-+1)y, =0. 
The characteristic determinant is 
2D—2 ; D?— D42 | 
D*+3D?+5D—1, —8D?—4D +1 | 
and the characteristic equation is 
D(D+1)(D?+1)y=0. 


The reciprocal matrix is . 
—8D?—4D+1, —D*—3D?—5D+1)\. 
—D'+D-2 , 2D-2 ); 
its columns are both prime. Thus, in any equivalent diagonal system the first 


equation is non-differential, and as there are only two equations in the system, 
the system is therefore simple. The multiplier system 


( L A M 

D*+3D?+5D—1, —2D pN 

will transform the given system into an equivalent diagonal system in which y, 
is last in diagonal order provided that L and M are so chosen that 


L(2D —2)+M(D*+3D2+5D—1) 
is a constant. 
L and M are readily determined as follows : let 


u=2D—2, v=D?+8D?+5D-—1, 
then, eliminating D°, 
D?’u—2v= —8D?—10D +2. 
Next, eliminating D? between the expressions for D2u—2v and u, 
(D?+4D)u—2v= —18D +2, 
and finally, eliminating D between this expression and the expression for 1. 
(D?+4D +9)u —2v = —16. 
Thus, suitable values for L and M are 
L=D?+4D+9, M=-2. 
The required multiplier system 
D?4+4D+9 , —2 
D8+3D?+5D—-1, — "PR 
reduces the given system to the equivalent diagonal system. 


—16y, +(D5 +4D++8D?+4D2+7D +16)y,=6e-7, 
D(D +1)3(D?+1)y, = —4e-*. 
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The general solution of the equation for y, is 
Yg=C,+(C,+Cw#+C,x*)e—7+C, cos +C, sin 2+ 4a%e—%, 
Since the equation for y, is non-differential, the expression for y, is 
Yı =C +H (2C, +8C, —3C,) +(2C, +-6C,)a +2Cw* }e—* 
+C, cos x+C, sin x —}(1+6x—6x* —4x*)e—*. 


6:6. Behaviour at Infinity of Solutions of a Linear Differential System with 
bounded Coefficients.—It is convenient at this stage to enlarge the scope of the 
investigation in order to consider the behaviour, for large values of the 
independent variable, of solutions of systems whose coefficients are not 
necessarily constant, but are bounded.* 

The following lemma will be assumed. Let f(#) be a function which is 
finite when aj<a<, and let A, and A, be two real numbers such that ef(z) 
tends to zero and e:*f(~) does not tend to zero as a>. ‘Then there will 
exist in the interval (A;, Ag) a number Ag <À such that, if e is a small positive 
number, eo—%#f(v) tends to zero and eo+*f(x) to infinity as æ->%.f 


Similarly, if 
fæ), falx), -~ fala) 
are functions defined in the range (a, ©) and A, and àg are such that each 
product e*f,(@) tends to zero, whereas the products e*f,(~) do not all tend 
to zero as «>, then there will exist a number à such that À; <à <A, and 
such that each product e“o—©/,(~) tends to zero, but one at least of the pro- 
ducts eot+©)"f,(~) is unbounded. The number à is said to be characteristic 
for the system of functions in question. 
Now consider the system 


d oe 
Aa 1 =411Y1 FA 2Yer + + + FainYn 
d +a 

Y2 =ü +Ag2Yo+ W565 2nYn» 
d +a 

Yn =An Yi +4n2Yo+ +) @ 4% nn n> 


where all the coefficients a are real functions of œ, bounded in the range 
(a, ©). Let 


Yr =e'v,, 
where A is an arbitrary real number, then 
dv 
T =(a;1 — À) +4102 + - - - Hann 
dv 
T =qa2101 +(da2—A)vg+ . -© +4an%ps 
dv,, 
ae. =Ay101 Farz + O A + (ann —A)o,,. 
When these equations are multiplied respectively by v1, vg, . . . Vn, and then 


added together the resulting equation is 


pia at ann OE ery cag AYO". Han Ag 


= > ArsUrUs. 


* Liapounov, Comm. Math. Soc. Kharkov (1892) ; Ann. Fac. Sc. Toulouse (2), 9 (1908). 
t This theorem is proved by repeated subdivision of the interval (A,, Àz). 
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Now, if A is sufficiently large, the quadratic form which stands on the 
right-hand side of this equation is definite and negative, and therefore, if for 
A a sufficiently large positive number a is taken, 


d(v,2 +092 ae tes) Hoa?) 


0, 
a a 
for all values of æ in the interval (a, ©). Thus, the positive function 
v1? +022? + . . . +-v,2 diminishes as æ increases, and therefore v1, Vg, . > -Un 
are severally bounded. It follows that 

iE a T. a VOETE. Aa 


are bounded in the interval ay<v<o, and it is obvious that a can be so 
chosen that the limiting value of each product is zero. 
Similarly if A=—f, where $ is a sufficiently large positive number, 


A012 +092-+ . . » +0?) 


0, 
dx 3 
and therefore the limiting value of v,2-++-v2?+ . . . +0,2 is not zero. 
Consequently, one at least of 
a OT) 's).0 64) Ya 


does not tend to zero as n>. 
It follows, therefore, that any system of solutions 


Yis Yoav+++ Yn 
not identically zero admits of a characteristic number Ao. 
An immediate consequence of this theorem is that there exists a real 
number « such that 
yer", yee, ohe yje 
tend simultaneously to zero as œ->% . 


The corresponding theorem in the case of the single linear differential 
equation of order n is that if the coefficients p, in the equation 


d” i d 
Ta Higad + -o HPa-1 ge HPay=0 
are bounded in the interval (0, œ), there exists a number x such that, if y is any 
solution of the equation, 
ye, ver, wee yf Der 
all tend to zero as n>% . 


MISCELLANEOUS EXAMPLES. 


1. Integrate the following equations : 


(i) ot -2% +10y=sin & ; (ii) = -2% +10y =e? cos 32 ; 
(iii) oy —y= cosh 2; (iv) ou sf +2y=2-+ 2e? ; 
(v) OY bayer sin 2a cos @ ; (vi) ou +28 +y=sin g; 
(vii) oe 4+-m2y =a cos ma ; (viii) oy Sg a +8 a —Ay =e et; 
(ix) ou 2 +4y =e" cos z ; (x) as TY +3? a +a% = 240; 
(xi) aol +a% +Hn?y=am ; (xii) as T +a 6x! +6y=a(1—a) 
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2. Find the solution of 


dt 
Jri +Mty—0 
which satisfies the conditions 
dy _ td eee ne 
yn = =0 when a=0, Y= aoa =0 when z= 
8. Prove that a particular solution of the equation 
d*y 


Ta tm%y=m*f(a) 


T 
y =m sin ma | {(z)cos mx dze—m cos ma | f(x) sin ma dæ. 
0 0 


[Fourier. ] 
4. Maire the systems 


dy 
Da DAN ost 2 2— 4). 
(i) hi e Nal by = =e, it ay + ba e (a GSI 


(ii) a > þny= 0, s E INR PAAP G 


dt? 
any g pes = + onl +n%2=0, oy -ar +ny=0; 
(iv) n +n =a cos nt, Ty -nF =0. 
5. Solve the system 
a —8x—4y+8=0, of +e+y+5=0 


subject to the condition that, when t=0, 


dæ dy _ 
6. Integrate the system 
ele dy d*y 
sga Van > gp tage ttUe 


[Edinburgh, 1909.] 


7. Reduce to diagonal systems and integrate 
(i) Wiens cas 
Dz+(D?+1)y=0 ; 
(D?—1)v+2(D+1)y+(D+1)z=2et, 
(ii) [o-arerany 9 aco 
(83D — D*)a—2Dy—(D—1)z=0, 


d 
where D = ai’ 
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CHAPTER VII 


THE SOLUTION OF LINEAR DIFFERENTIAL EQUATIONS IN AN 
INFINITE FORM 


71. Failure of the Elementary Methods.—Apart from equations with 
constant coefficients, and such equations as can be derived therefrom by a 
change of the independent variable, there is no known type of linear equation 
of general order n which can be fully and explicitly integrated in terms of 
elementary functions. When an equation arises which can*not be reduced 
to one or other of the general types discussed in Chapter VI., it is almost 
invariably the case that the solution has to be expressed in an infinite form, 
that is to say as an infinite series, an infinite continued fraction, or a definite 
integral. Thus, in the great majority of cases, equations which arise out of 
problems of applied mathematics and which are not reducible to equations 
with constant coefficients, have as their solutions new transcendental 
functions. It may, perhaps, be not without profit to emphasise the fact that 
transcendental functions may be divided into two classes, namely those 
which, like the Bessel functions, are solutions of ordinary differential equa- 
tions, and those which, like the Riemann-Zeta function, do not satisfy any 
ordinary differential equation of finite order. 

The present chapter will deal in the main with the process of expressing 
the solution of linear differential equations as infinite series; continued 
fractions will briefly be mentioned, and the problem of expressing solutions 
in the form of definite integrals will be postponed to the following chapter. 

It was proved in Chapter III. that if the coefficients of the equation 


d” d”—1 d 
L(y) = pole) 5-5 + Pile) aA + oo Hala) ze + Pal@y =0 


are all finite, one-valued and continuous throughout an interval a<a<hb, 
the only singular points which can occur within that interval are the zeros 
of the leading coefficient pọ(æ). All other points of the interval are ordinary 
points. 

From the point of view of the problem of developing the solutions of the 
equation as infinite series, the distinction between ordinary and singular 
points is fundamental. The following sections aim at making clear the 
distinction between solutions relative to an ordinary point and those appro- 
priate to a singular point. 


7:2. Solutions relative to an Ordinary Point.—The fundamental existence 
theorems show that if a is a non-singular point of the differential equation, 
then there exists a unique solution y(x) such that y(x) and its first n—1 
derivatives assume a set of arbitrarily-assigned values, 


Yo» Yo» Boge, Sa al 
when =a, and such that y(x) may be developed as a Taylor’s series con- 
vergent in a certain interval (a—h, w%+h). It has also been seen that if 
158 
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Y,(v), Yæ), . . .. Y,(w) are the particular solutions defined by the con- 
ditions 


Y3(a)=1,° Yi'@o)=0, . . .  ¥1°-0(a)=0, 
Yo(a%)=0, Yo'(%)=1, ..., Yo'"—?(a)=0, 
Y (a) =0, `Y „'(2)=0, , j H! Y,,"—)(a) =1, 


then 
Yy(x) =Yo¥ 1(2)+Yo Yo(x)+ . . . +y" PY, (2). 


Thus, in order to arrive at either the general solution of the equation, 
or a particular solution satisfying pre-assigned conditions, it is sufficient to 
have derived the n fundamental solutions Y;(7), Yo(v), . . ., ¥,(«). 

It is characteristic of Y,,3(v) that its leading term is (v—a)’/r! and that 
no terms in (@—ap)’+1, (w—ap)’*?, . . ., (@—ap)"—1 are present. In practice, 
however, it is more convenient to take the coefficient of the leading term to 
be unity and to endeavour to satisfy the equation by series of the form 


Yr+1(X) =(@ —a&p)'{1 +4,1(@—a)+ . . . +alle =o + . . .}. 


Yr+ 120) =0 (s<r), 
Yr+ (a) =r!, 


the Wronskian of the set of solutions y,(@), ys(a), . . ., Ynlæ) does not vanish ; 
the set is therefore fundamental. 

The actual method of solution as carried out in practice is to substitute 
the series in the left-hand member of the differential equation, to arrange the 
resulting expression in ascending powers of #—ag and then to equate to zero 
the coefficients of successive powers of w—ap. There results a set of linear 
algebraic relations between the coefficients @,,, apos . . . Gy, > . „ known as 
the recurrence-relations ; thus the coefficients are determined by algebraical 
processes. 


Since 


7:201. The Weber Equation.—In the case of the Weber equation * 
d*y 

dx? 

the point 2=0 is an ordinary point and the two fundamental solutions may be 


expressed in ascending series of powers of œ. But it is more advantageous to make 
the preliminary transformation 


+(n-+3—32*)y=0, 


y=e—t"p, 
when the new dependent variable is found to satisfy the equation 
7 af +nv =0 
dx? dæ peg 
Now assume the solution 
0=)+4,%+a,.u7+ ... +a,a7+ ...;3 


the two fundamental solutions v, and v; are obtained by assigning the initial con- 
ditions 


(i) 4g=1, a,=0, (ii) @=0, a,=1. 
The recurrence-relation which the coefficients must satisfy is 
(r+1)(7 +2)a,+2=(7 —n)a,, (r=0,1,2, . « .) 


* Weber, Math. Ann. 1 (1869), p. 29. The equation in v was previously studied by 
Hermite, C. R. Acad. Sc. Paris, 58 (1864), pp. 98, 266 [Œuvres II., p. 293]. The 
functions defined by the equation were standardised by Whittaker, Proc. London Math. 
Soc. (1) 35 (1903), p. 417. See also Whittaker and Watson, Modern Analysis, §§ 16°5— 
16°7. 
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and thus 


n n(n —2) n(n—2)(n—4) e 
Sea kh dane aman Y das 

n—1 (n—1)(n —3) (n—1)(n—8)(n—5) | , 
ee ee tego 7! BF 


The ordinary tests show that these series converge for all finite values of | æ |. 


7°21. Solutions relative to a Singular Point.—Let the point %, which for 
the purposes of the argument will be taken to be the origin, be not an ordinary 
point. Then a natural hypothesis to make is that there is nevertheless a 
solution of the form 

y= (dgotayr+ ... +aa’+...) (a00), 
though perhaps in this case r may not be a positive integer. 

To investigate the possible existence of such solutions, substitute the 
series for y in L(y) and equate to zero the coefficient of the dominant term, 
namely the term of lowest degree in æ. This coefficient will be either indepen- 
dent of r or a polynomial P(r) in r whose degree will not exceed the order of 
the equation.* In the former case no solution of the type in question exists, 
and the singularity, e=0, is said to be irregular. In the latter case, if P(r) 
is of degree n, the singularity is said to be regular ; if the degree of P(r) is 
less than n the singularity is again said to be irregular. For the present the 
singularity will be assumed to be regular; then the equation 

Pir)—0, 
which is known as the indicial equation, will have n roots some or all of which 
may be equal. If, for the moment, the equation is reduced to the form 
d’ d"—1 d 
T + Piao Teie +Prage + Pal = 0, 


then in order that P(r) may be of degree n it is necessary and sufficient that + 
P= Owr) (PE ae eia ihe 

The roots of the indicial equation are known as the exponents relative to 
the singular point in question. It will now be stated as a general principle, 
which will be proved at a later stage with the aid of the theory of the complex 
variable,{ that if the exponents are distinct, and no two of them differ by 
an integer, then there are n linearly-distinct solutions of the type con- 
templated. If, on the other hand, two or more of the exponents are equal, 
or differ by an integer, then the number of solutions of the type in question 
in general falls short of n, and the remaining solutions of a fundamental set 
are of a less simple character. 


7:22. The Point at Infinity as a Regular Singular Point.-—The question 
as to whether any finite singularity is regular or irregular can be settled 
almost at a glance; the nature of the point at infinity can be determined 
with little extra trouble. The transformation 

a=z 1 
carries the point at infinity to the origin, and the criteria for an ordinary 


* It is obvious that P(r) will be independent of the coefficients a,, a,, . . ., and will 
involve a, as a multiplicative factor. 

t The ordo-symbol O(a—r) will frequently be used in the following pages. Its definition 
is as follows: if a function f(x) is such that as x—>0 (or œ), |ærf(æ) |< K, where K is a positive 
number independent of æ or zero, then f(z) is said to be of the order of x—r or f(a)=O(a—"). 
It will generally be clear from the context whether the limiting process is for z—>0 or for 
æ-> œw. If lim | a’f(x)|=0 the state of affairs is indicated by writing f(z)=0(a—"). 

A rigorous proof that p,—O(a#—") is a necessary and sufficient condition for a regular 
singularity will be given later (§ 15-8). 

t See Chap. XV. 
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point, a regular singularity, and an irregular singularity may then be applied 
directly. 
Consider the is pois ak the pea order 


Y + pa) Y | gley = 


when transformed by the e x=z 1 it becomes 
dèy = pe 1), 
dt tle” 2 Sa a =o 
If the original equation has an ordinary point at infinity, the transformed 


equation will have an ordinary point at the origin, and therefore the 
conditions 


iy 9h) O(1), 


g2 


age 
te) = 00) 


a ib 


must hold as z->0. The corresponding conditions for the original equation 
are that 


p(t) == + Oe»), 
q(@) =O(a-~4), 
as @-> O . 


The conditions for a regular singularity are 


an fen) = 0(2), 


gol 1 
a par o( 3), 
as 2->0, that is 

plæ)=0(a=t), 
q(x) =O(2-*), 
as a—>o. Let 
p(x) =por—* +0(x-?), 
q(x) =Gor—* +0(x-3), 
then the indicial equation relative to the singularity z=0 will be 
r? +-(1 —po)r +490 =0. 

Let its roots be a and $. Then, in the general case, when a and f are 
unequal and do not differ by an integer, there will exist two solutions of the 
original equation, relative to the singularity v=% , namely, 

Yy=a-(1+a,2—1+aqr--2+ .. .), 
Yo=a-8(1+b,2-1+boa~2+ . .. ), 
and these developments will converge for sufficiently large values of |æ |. It 
is to be noted that the exponents relative to the point at infinity are a, B 
and not —a, —f. 

The foregoing general principles will now be illustrated by considering 

an equation of particular importance, known as the hypergeometric equation. 


7°23. The ai nan Equation. —The ere equation * 
aaa) Z +fy—(a + 8-+1)2} — apy=0 


* Gauss, Comm. Gott. 2 cl [Werke, 3, pp. 123, 207]. A detailed study of the 
hypergeometric function, with references, is given in ‘Whittaker and Watson, Modern 
Analysis, Chap. XIV. 


M 
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has three singular points, namely, 7=0, e=1, andw=«. The exponents 
relative to z=0 are 0 and 1—y, those relative to e=1 are 0 and y—a—f, 
and those relative to y=% are a and $. To express this fact the most general 
solution of the equation is written in the symbolic form, 


0 oe) 1 
y=P 50 a 0 æ}, 
oye y—a—B 


and the entity which stands on the right-hand side of this relation is 
known as the Riemann P-function.* 

The solution relative to the singularity z=0 and exponent 0 is develop- 
able in the series 


aß, a(at+1)BB+1) a , a(a+1)(2+2)8(6+1)(6+2) s 
Res 2y O 1 BL. yy Hy?) A 
and is denoted by F(a, B; y; x). It may be verified that the series con- 
verges when | 2|<1 for all finite values of a and 8, and for all finite values 
of y except negative integer values, and diverges when |#|>1. Ifa, £ 
and y are real, the series converges when w=1 if y>a-+, and diverges if 
y<a-+f; it converges when «= —1 ify+1>a-+, and diverges if y+-1<a+8. 
Now consider the solution relative to the singularity «=0, with exponent 
1—y; assuming the series-solution 


y=a!-V(1+a,e+agz?+ ... +aa"+.. .), 


it is found that 
(v-+1)(v—y+2)ay41=(vta—y+1)(v +B —y+1)a 
for.+=0,.1, 2, ..;..,)with'ag=1.. Thus 
y=a1-7/F(a—y+1, B—y+1; 2—y; æ). 
It may be found in the same way that two solutions appropriate to the 
singularity =l are 
-y=F(a, B; a+B—y+1; 1—2), 
y=(1—a)’—*-#F(y—a, y—B; y—a—B+1; 1—2), 
and that two solutions appropriate to the point at infinity are 
y=a *h(a,a—y+1; a—B+1; a1), 
y=a 8F(B, B—y+1; B—a+1; a). 
The interval of convergence for the series in 1—a is 0<a<2, and for the 
series in alitis|#@|>1. Thus six solutions have been obtained ; + since not 


more than two solutions are linearly distinct, linear relations must exist 
between them. An example of this linear relationship will now be given. 


7:281. Linear Relationship between the Series-Solutions.—It will first of all 
be proved that, when yœ>a +£, and y is not a negative integer, 
I'(y)I'(y —a—B) 
Mes ps 73 = T es 
REE a Fal ie e 
Since, when 0<a#<l1, F(a, 8; y; æ) satisfies the identity 
(y—(a+B+1)a}F(a, B; y; v)=aBF(a, B; y; x)—a(1—ax)F’(a, B; y; 2), 

and since, as may be verified from the series itself, F” (a, 8 ; y ; 1) is finite, it follows 


that 
(y—a—B—1)F(a, B; y; 1)=aßF(a, ß; y; 1). 
* Riemann, Abh. Ges. Wiss. Gött. 7 (1857) [Math. Werke, 2nd ed, p 67]. 


y t Kummer, J. für Math. 15 (1886), pp. 39, 127. See also Whittaker and Watson. 
oc. cit. 
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It may also be verified by comparing the coefficients of like terms that 


apex 
F $; 0 ee 23 
So tay Rleth B+1s y+2; a) 


Hi 
= ee y+1; 2), 


F(a, B; y+1; æ)—F(a, B; y; 2)=— 


and therefore 
1 

F(a,8; y+1; 1)—F(a, 8; y; 1I)= ia sali y+1; 1) 

af 


~ y(y—a—P) 


(y —a)(y —B) 
Pfajfar yy) ea 
stin aa ae aane 
By repeated use of this formula it is found that 
n—l(y— Ps 
F(a, Bs v; 1) = lim "yy SE 
n=>0 t oC Try — a BFT) 
But, by a well-known theorem,* the limiting value of the infinite product is 
r(y)I(y—a-—P) 
I'(y—a)L'(y —P) 
pear ee ee este ET 
(aß; y > ee y+n n» 
where U,, is a convergent series and is positive and decreases as n increases, 
lim F(a, f; y+n; 1)=1, 


F(a, ß; y+1; 1). 
Consequently 
F(a, f; y+1; 1). 


F(a, B; y+n; nf. 
and since 


and the theorem is proved. 
Now, since any solution is linearly expressible in terms of two independent 
solutions, there will be an identical relationship of the form 
F(a, 83; y; #)=AF(a, B; at+B—y+1; 1—a) 
+B(1—a)’—4-BF(y—a, y—B ; y—a—B +1; 1—2), 


where A and B are constants to be determined. j 
In order that all series may converge throughout the common interval 0<a<1 


it is assumed that t 
1>y>a+f. 


Then, putting in succession x=1 and w=0, it is found that 
F(a, $; y; 1)=4, 
1=AF(a, 8; a+8—y+1; 1)+BF(y—a, y—B; y—a—B+1; 1). 
From these two equations the values of A and B are obtained. The resulting 


relationship is 
ales} 4 OE 
F(a, B ae Ae æ) ~ I(y—a)I'(y —B) 


I'(y)L(a+B—y) BN mile anal ahs Ng DR obi 
+~Tia)r(é) (1—ax)Y-2-BF(y —a, y—B; y—a—ß +1; 1—2). 


F(a,B; a+B—y+1; 1—2a) 


7:232. The Case of Integral Exponent-Difference.—The two solutions appro- 
priate to the singularity 70, namely, 


Yi=F(a, Bs y; ®); Y,=a!-YF(a—y+1, B—y+1; 2—y; 2), ' 
are distinct when the exponent-difference 1—y is not zero or a negative integer. 
When y =1, the two solutions become identical ; when y =2, 3,4, . . ., the solution 


* Whittaker and Watson, Modern Analysis, § 12-13. 
+ This severe restriction is not essential to the result, it is merely inherent to the method 


followed. 
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Yə becomes illusory through the vanishing of the denominator in the coefficients 
of an infinite number of terms of the series. Nevertheless, the solution y, can be 
made significant when y =m, a positive integer, by multiplying it by an appropriate 
constant factor. Consider the solution 


(2—y) ..- (m—y). (m—1)! ae 
fey et): ss (ep mee —y tl). . . (B—y+m—1)°* 
This solution remains finite when y is made equal to m, the first m—1 terms of 
the series-development vanish and there remains the solution 


pak aB, ei a(a +1)8(8 +1) 

1!m 2!m(m-+1) 

Thus, when y is a positive integer or zero the two solutions y, and y, are effectively 

the same. The general method * of obtaining another solution which is essentially 

distinct from the one considered will be investigated in a later chapter (Chapter XVI). 
A simple example which illustrates the general case is the following: 


Consider the equation 
d 1 1 
yaf F hy =0; 


2... =a, m 2). 


dæ? 4 4g? 
the origin is a regular singular point to which corresponds the indicial equation 
(r—})?=0, 


whose roots are equal. One solution is obtainable directly, namely, 
i, ce = 
Yi =x (1 tata get . .); 
the second solution is now arrived at by making the substitution 
Y =YV, 
where v is a new dependent variable. The equation for v, namely 
YW” +2Y V =0. 
dæ dx 
j -far -fz +4æ?+0(24)} 
={a—-!—la + O(x?)}dæ = log x — ypx? +0(2'). 
The second solution y, is therefore of the form 
Yı =y: log x—ak{ pæ? +0(2)}. 


Thus the logarithmic case arises, just as it arose in similar circumstances in 
the case of the Euler equation (§ 6'8). i 


has the solution 


7:24. The Legendre Equation.—The differential equation 
d2 d 
(1—22) 58 ki 20 + n(n +1)y =0, 


known as the Legendre equation, is of great importance in physical problems ; 
its solutions are known as Legendre Functions.+ The equation has regular 
singularities at the points +1 and at infinity, and is defined by the scheme 


—l %0 +1 
y=P: 0 nA 0 @ 
0 —n 0 
or by the equivalent scheme 
¢ 0 o] 1 
y=P; 0 n+l 0 1a. 
0 =n 0 


* See Lindelöf, Acta Soc. Sc. Fenn. 19 (1893), p. 15. 


t Legendre, Mém. Acad. Sc. Paris, 10 (1785); see Whittaker and Watson, Modern 
Analysis, Chap. XV. 
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The most manageable expansion for the solution is that which proceeds 
in descending powers of æ, and is therefore appropriate to the singularity at 
infinity. It may easily be verified that the equation is satisfied by the two 
series 


me m(n—1) , . , mn—1)(n—2)(n—8) a 
41 = aceon’ || Rea e e el 
-at i AHLIE ae , (n+1)(n+2)(n+38)(n+4) a 
YaST I, ES SE. E i Ey a aE E, 


both of which are convergent when |@|>l1. 

In the first place, let n be an integer; moreover, as no further essential 
restriction is thereby introduced, n will be regarded as a positive integer.* 
Then the solution y; is a polynomial of degree n and after multiplication by 
the factor 


(amt 

2"(n !)2 
will be denoted by P,„(æ). This particular choice of multiplying factor is 
made so that, for all values of n, P,(1)=1. The polynomials so defined are 


known as the Legendre Polynomials ; they play the central part in the theory 
of Spherical Harmonics. 


The first six Legendre polynomials are: 
P,(z)=1; P,(z)=2; P,(x)=}(82?—1) 5; P,(x)=}(5u? —8z) : 
P, (x) =}(35a4 —30x?+3) ; P;(x)=}(63a> —70? +152). 
It may be proved directly that if n is a positive integer, 
1 d” 
2n n1” da” 
This result is known as the Rodrigues formula. 


ny n(®) = 


(w2—1)". 


Now consider the second series yg; since this series does not terminate 
when n> -—1 there is no point in restricting n to be an integer. This series- 
solution, when multiplied by the factor * 


mI (n+l) 
arta (n+) 
is denoted by ęQ,(æ). It may be verified, by comparing the series yọ with 
the hypergeometric series in a~2 that, when a>1, 


m? 
Qa) = EnA ntl; mths a). 


The function Q,(æ), thus defined, may be taken as one standard solution 
of the Legendre equation, and is known as the Legendre function of the second 
kind. 

The series y; ceases to be essentially distinct from y, when 2n assumes the 
value —1 or any positive odd integral value, and is therefore unsuitable as a 
standard solution. Now it follows immediately from the second of the 


* In general, n being real, it is sufficient to consider values of n such that n> —}. 
+ On account of the duplication-formula for the Gamma-function, namely, 
2%- (z2) (2+4) =n? (22) 


this multiplier can be written 2”{I'(n+1)}*/I'(2n+2), and when n is a positive integer, 
has the value 


an. {n!}? 
(2n+1)!" 
The reason for this choice will appear later. 
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two schemes by which the Legendre equation may be defined that the 
hypergeometric series 
F(n+1, —n; 1; 4—42) 
satisfies the Legendre equation and assumes the value 1 when w=1. More- 
over it is a polynomial when n is a positive integer and since, when n>0, 
only one solution, namely P,,(@), is a polynomial, it follows that 
P,(2)=F(n+1, —n; 1; 4—44). 

There is no value of n for which this solution ceases to be significant ; 
it is therefore taken as standard. As the hypergeometric function has only 
been defined as a series, convergent when —1<4$—}a<1, it follows that 
when n is not an integer the series-development of P,,(z) is only valid in the 
range —l<a<3. Thus the series-solutions P,(z) and Q,(#) have the 
common range of validity 1<«<3.* 


7°241. The Second Solution when n is an Integer.—Since the exponents 
relative to the singularities a= +-1 are equal, it is to be expected that the companion 
solution to y=P,,(z) is of a form which involves logarithmic terms. Let 
y=uP,(x)—v 
be assumed as a tentative solution, then 
{(1 —a?)u’’ —2au’}P,,(@) +2(1 —æ? ju’ Pp (£) —{(1 —@?)v”’ —2av’ +n(n +1)v}=0. 
Let u be so chosen that 
(1 —a@*)u’’ —2gu” =0 
or 
(1 —2z*)u’= —1. 
The choice of the number —1 as the constant of integration is made so as to facilitate 
the subsequent identification of the solution which will be obtained. Then 


and v is determined by the equation 
(1 —a?)o’’ —2av’ +-n(n+1)o=2P,,(2). 
Now it may be verified directly that 
P,(2) —P,_2(2) =(2n—1)P,_,(2), 
and therefore 
P,,(@) =(2n —1)Pp_1(@) +(2n —5)Py—9(&) +(2n —9)P,_5(@) + . « «3 


the last term of the series is 3P,(a) or P,(#) according as n is even or odd. Conse- 
quently v is to be determined by the equation 


N 
Patt sit ak Ak Wk aan 2X (2n—4r +38)Py— or +1(2), 
Ria 
where N=4n or Hn+1) according as n is even or odd. But a particular solution 
of the equation 


d 
ae —2*)w’} +n(n +1)w =2(2n —4r +3)Pn— or + 1(@) 
is 
2n—4r+3 
= (2r— ika ay or+ 1(2) 


and consequently 
N 


U's 2n—4r+3 
sai 1)(n— ah 


* Extended ranges of validity are obtainable by expressing the solutions in the form of 
definite integrals. 


— r+ 1(®). 
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Thus the solution sought for is 


zt 2n — lp 2n —5 
Paa) log 275 J ps0) +5 py Paste) 
2n—9 
opr 5 (n 9) Pn—s() + ? 
the last term is 
3 


1 
naint O F aar 


according as n is even or odd. The solution is obviously valid for all values of x 
such that | æ | >1. 

Let the solution obtained be denoted, for the moment, by S,„(@), then since 
P,,(z) and Q,(«) are distinct solutions, 


S,,(@) =AP, (x) + BQ, (2), 
where A and B are constants. Now for large values of | æ |, 
P,,(@) =O(«"), Q,,(@) =O(a-"— 1), 


1 Baht 1 
4log te == + 5 ee sale ae 


~ 1—2z 3a3 ' 5a5 
S,,(z) is at most O(a@"—1). Consequently A=0 and S,(z) is a mere multiple of Q,(z). 
Thus 
BQ, (£) =S,(@) 


a+1 
7 i n(@) log Petey: — R,(a), 


and since 


where #,,(x) is a polynomial of degree n—1. Divide both sides of the equation 
_ by P,(«) and differentiate with respect to æ, then 


= On) ace ys T',(2) 
P,(z)) @—1 {P,(x)}?” 


where T',(2) i is a polynomial of degree 2n —2 at most. 
Now since 
Eala) 


d’ P(x) 
dæ? 


(1 —g?) —*— — 2a —_*— + n(n+1)P,,(z) =0, 


ea) _ ao a) 


(1—2?) 2a + n(n+1)Q,(x)=0, 


it is found, by multiplying ro first eae ih by Q,,(z) and the second by P,(x) and 
subtracting, that 


ap d 
-njena RaO p a PUN + alga E paa Malt 0, 
whence, by integration, 
d 
-njem ZO _ p N o, 


where C is a constant to be PERAE Now, since the leading terms in P,(z) 
and Q,,(@) are respectively 


(2n)! 2n(n 1)? !)2 
wah hn 
it is found that C=1. Therefore 


ws d 
oa 2 pa Sa) _ 


n—1 


or 


agoen _ 1 
P,(2)) (1—#*}{P,(2)}* 
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Thus it follows that 
B SE. T(x) 
(1—a#*){P,(z)}*  1—a? {P,(a)}?’ 


or 
B={P,(a)}*+(x?—1)T,(@). 
Let z=1, then, since P,,(1)=1 and T,(1) is finite, it follows that B=1. 
Consequently 


v+1 N 
Qn(#)= }P„(2) log =- > 
r=1 


2n—4r+3 f 
(2r—1)(n—r+1) 


Py-or+1(2)- 
In particular, 

a+1 a+1 

Q(x) = å log Peet Q(x) = 3x log ae 


æ+ l æ+l 
Q(x) =3P (x) log TE $a; Q,(x)= }P,(x) log oa gu" + 


7°38. The Point at Infinity as an Irregular Singular Point.—Kquations 
whose solutions are irregular at infinity are of frequent occurrence ; linear 
equations with constant coefficients furnish a case in point. To study the 
behaviour of solutions of such equations for numerically large values of x 
is therefore a problem of some importance, a problem, however, which cannot 
be fully treated except with the aid of the theory of functions of a complex 
variable.* 

It is, however, possible to give some rather crude indications of the 
behaviour of solutions which are irregular at infinity, which, crude as they 
are, will be found to be not without value in their applications. 

Consider the equation of the second order, 

d d 
e pa paT + q(z)y =0, 
in which at least one of the conditions for a regular singularity at infinity, 


namely, 
p(x) =O(a), g(x) = O(a?) 
as a>, is violated. It will be supposed that the coefficients p(w) and 
q(x) can be developed as series of descending powers of x, thus 
P(@)=Po* + + - +5 OX)=GorP+ . . +s 
then since the point at infinity is irregular, one or both of the inequalities 
a> =], p> =E 
must be satisfied. 
Now consider the possibility of satisfying the equation by a function 
which, for large values of a, is of the form 
xreP@y(x), 
where P(x) is a polynomial in æ and v(æ)=0(1) as a>x. Let Az” be the 
leading term in P(x), then on substituting the above expression in the 
equation and extracting the dominant part of each term it is found that 
A2y242”—2 +4 yp Avart2—14- goat =0. 
Thus v is given by 
v=a4+l or 2v=ß+2, 
whichever furnishes the greater value of v. Thus 2v is a positive integer, 
for simplicity it will be supposed that v is a positive integer also. 
Then a solution of the form 
y =e” +u l+... +axyry(q) 


* See Chaps. XVII.-XIX. 
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is assumed, where 
ay pet Gs 
v(æ)=1 P yr Fae Fey Erm 


and the constants A, p, . . . , ©, O, Qis da, . . . determined in succession. 

When a solution of this type exists, it is said to be normal and of rank 
v. Unfortunately, however, when the series v(æ) does not terminate, it 
diverges in general, and therefore the solution is illusory. Nevertheless 
it can be shown that the series, though divergent, is asymptotic,* and 
therefore is of value in practical computation. It will now be shown, by 
an application of the process of successive approximation, how it is that the 
divergent series are of practical value, and an illustration will be taken from 
the theory of Bessel functions. 


7°31. Asymptotic Development of Solutions.—Consider the linear equation 
of the second order 


d? d 
TA tPle) gh +4(2)y=0, 


in which p and q are real and finite at infinity ; let p and q be developed in 
the convergent series 

p(e)=po +p% +p? + . . » 

Q(®)=Go+ne-*+qou-2+ ... 
The substitution y=e*v transforms the equation into 

dv dv 
dx2 +(2à +p) oe +(A?+Ap +q)v=0 ; 
if A is a root of the equation 
à? +ÀPo +4 =0, 

the constant term in the coefficient of v disappears and the equation takes the 
form 


d? d : 
a t (mot eet +...) Heip o 00. 
Now let 


v=2"U, 
then if 
Myo +P1=0, 
the term in a~! in the coefficient of v disappears. 
dv 


The leading term in the coefficient of > is wọ and is real if Ais real. It 


dx 
will be supposed that wọ is negative,t then multiplication of the independent 
variable by the positive number (—q@)~! replaces a) by —1. 
The equation thus becomes 
d?u ay ag du bs bs ? Tias 
Hatata... tH atat o funo; 
a solution will be found which assumes the value 7 when v=-+%æ. Let 
uı =y and define the sequence of functions (u,) by the relations 


du, du, ___—*§%1 a2 on bz bs 

dor dx Far REE T-a +ta+... “i 
dt, E E VEN das RE ET 

dgæ2 TE dæ T E sar tox $ m -} Jz F $ (“n-i 


* Whittaker and Watson, Modern Analysis, Chap. VIII. 
* The case in which @, is positive and that in which A is imaginary may be left to the 
reader. An example of the latter circumstance is given in the following section. 
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Then * 
u= (ef ++ Ut ae dt 
+[ eft. fun alae 
=n+ | ef +3 + Le lunata | SE +E? + eke hetn a(t), 


where aj, ds, . . ., Bo, Bs, . . - are expressible in terms of aj, dg,.. ., 


bo, Baie a 
It follows that 


tpt =| e-\% +24 PAIN 1 en -2(0) un(a 


E t j 
Let it be supposed that | w,,_;—w,—2 | is bounded for x>a, and that its upper 
bound is M,,_,. Then | u,—u,—, | is bounded in the same range and its upper 
bound M,, satisfies the inequality 


K 
M,< z Mnr-v 


+i 4 Bs Tea {ty a(t) —tey a(t) 


where K is a constant, independent of n. Now M, is bounded for sufficiently 
large values of x; consequently the inequality holds for all values of n. 
It follows by comparison that the series 


U=Uy+(Ug—Uy)+ - ~~ +(Up—Up-i)+ -- - 
is convergent for sufficiently large values of æ. Moreover its sum is a solution 
of the differential equation in u. 


Now 
i 2) a a roo 5 
tat =| or On ey te {nat | a per sone (nat 
At , Ate 1 Alate 
ae ss ge ee 
where €;->0 as 7->”. 
Similarly fe Sh i 
Us—Ug=—S + TOR ans pares, 
and finally, if m>n, 
lahat AA ANA yy ere ates 
Un —Un-1 =- ne MEAT 1a aa a os ae T mt = 
where e„—1—>0 as am. 
Consequently, _— 
‘Uy +(Ug—Uy)+ . . . (Ug —Un—1) 
Cy Cz Cat C +e 
E RE Faa hogs 
* The solution of 
duis du 


which reduces to y when a= +. is 


u=q+ f (e=t—1)f(t)dt, 
provided that the integral exists. 
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where e->0 as a>. On the other hand 
| (Un+1—Un) +(Un+2—Unt+i)t -| 
H 


<M(ot+at---)<S 


where H is a constant, for sufficiently large values of æ. 
It follows that 
Logit G2 Oh 
M gO F 
where y„—>0 as a>o. 


Consequently the given differential equation admits of a solution of the 
form 


Ca} 


anr—1 


Ci FYa 
an? 


-+ 


Cr rl 


mete n+ €2 4 Ce Cn-1 | Cnt¥n 
yea n+ 3 + +... 1 oak + ae~ > 


The series >C,a-" may terminate, in which case the representation is exact. 
But when the series does not terminate, it in general diverges.* Never- 
theless if m is fixed, and S$,,, denotes the sum of the series 


earn + E+ rir + cal, 


then if e is arbitrarily small, 


Cn na 


| a™(y —S m) |<e 
for sufficiently large values of |æ |. Consequently the series furnishes an 
asymptotic representation of the solution, and the sign of equality is replaced 
by the sign of asymptotic equivalence, thus : 


Ci C 
y~ etant + E E ee t, 
7°32. The Bessel Equation.——When nis not an integer, the Bessel equation + 
d2 d 
x2 mes +a pa +(x? —n?2)jy =0 


is satisfied by the two distinct solutions 


yı =J,(@), Yz =J _„(®), 
where 


J ax” x at 

allem separ) rh es tet et mpn 
When n is an integer these two solutions cease to be independent. The 
second solution, when n is an integer, is of the logarithmic type.t 


Now consider solutions appropriate to the irregular singularity at infinity.$ 
The substitution 


y=a-tu 
removes the second term from the equation, which becomes 


age t+ Far luo. 


* This can be verified by considering the simple equation 
dèy dy 
dai — dx T g¥—°- 
t Bessel, Abh. Akad. Wiss. Berlin, 1824, p. 84. An account of the early history of 
this and allied equations is given by Watson, Bessel Functions, Chap. I. 
į This solution will be given explicitly in a later section (§ 16°32). 
§ For a complete discussion of the problem, see Watson, Bessel Functions, Chap. VII. 
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For large values of |æ | this equation becomes effectively wv” -+-w=0, which 
suggests the substitution * 


w=e"v. 

The equation now becomes 
d?v +—n?2 
i: ats + t — v=0. 
This equation is ec ohh fie a series of descending powers of g, 
namely 
dat, Gn) | bento), 
22 22.2!. g2 23 .38!. 
MEL es maea. beroien a C aala k aa AE 
24.4!.a4 


This series is divergent for all values of a, but it is of asymptotic type. 
In fact, if | a | is large, the earlier terms diminish rapidly with increasing rank, 
and as will be seen later the series furnishes a valuable method for computing 
J,,(«) when g is large. 
By combining the series obtained with that obtained by changing i 
into —i two asymptotic relations are obtained, namely __ 
Yı ~x—4(U cos «+F sin g), ONE 
y2~a-4(U sin z—V cos æ), = J C« ) 
where U and F stand respectively for the even and rn series 
jz 1 EnEn | (EEn Aei AA) 


22,2 !. g2 24.4! gt 


and 
o= bone (Gnerre) 
: j 2x iia e A 


o AA 


The connection between the function Jọ(x) and the corresponding asym- 
ptotic series may be derived from the relation, 


tJ (2) = | : cos (æ cos 6)dé. 


Let 
Jo(a) =Ay + Byo, 
then as 7->0, 
lim aJo(v)=A cos «-4-B sin a, 
lim Jo (@)=—A sin «+B cos g. 


Thus 
A = lim at{Jo(x) cos x—Jo (x) sin x} 
= lim a {cos x cos (æ cos 0)+ sin g cos 0 sin (æ cos 6)}d0 
5 : 
ob opr 
= lim a | cos (2a sin24@) cos240d0 
0 
Bg Rea | " cos (2a cos?40) sin240d8. 
TIo 
Let 


V/ (2x) sin 39=¢, 
* For an alternative method of procedure when n=0, see Stokes, Trans. Camb. Phil. 


Soc. 9 (1850), p. 182 ; [Math. and Phys. Papers, 2, p. 350}. 
+ An equivalent relation will be established in the following chapter, § 8-22. 
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then 
gt eats $2\t 


. Ok 7? 
lim — | cos (2a sin?40 240d0 = lim — 1— > 2d 
A os (2x sin?40) cos?4 im — op cos ¢2d¢ 


2t fo 
= A! cos ¢2dp=47-}. 
7 Jo 


The second integral has the same limit and therefore 
A=n-}, 
Similarly B=7~-}, and thus 


2\t 12.82 12.82.52.72 
TORERE ee ae a Re aS E aeaea .) cos (x —¢7) 


12 12.32.52 A 
+ ee 2.313 T ale i sin (w7—j7). 


7:321. Use of the Asymptotic Series in Numerical Calculations.—The value 
of the asymptotic series may be illustrated by computing particular values of 
J,(z). If the ascending series 

a at as gæs æt 


22 + 96 28,82 | 210,82,43 912.g2,42,527 °] 


is used to evaluate J,(2), and the last term taken is that in æ16, the value 
Jo(2) =0°228 890 779 14 


correct to eleven places is obtained. But if e=6, and terms up to and including 
that in æ% are taken, the value obtained is 


J,(6) =0°15067, 


which is correct to four places only ; in fact the last term used has the value 0°00026 
which affects the fourth decimal place. Thus for even comparatively small values 
of x the ascending series is useless for practical calculations. 

Now consider the asymptotic representation of J,(6); it is found that 


Jy(x) =1— 


Jo(6) = van in 6 + cos 6)U +(sin 6— cos 6)V}, 


where 
age 12.82.52.72 12.82.52.72.92.11? 
cdg eee 4 RR SEE a AO oe eet ee 
26.21.62 ' 212,4!.64 218 61.65 
—1—0-00195 +0-00009—0-00001+4+ .. . 
—0-99812, 
and 
12 12.82.52? 12.82,52,72.92 
V = 3.6 2.81.63 215.5!.65 
= 0:02083 —0-00034 +-0:000038 
= 0:02052. 


Since 27 —6=0°28318, it is found from Burrau’s tables that 
sin 6= —0°27941, cos 6=0°96017, 
and therefore 
J (6) =0°23033 (0°67948 —0-02544) 
=0°15064, 

correct to five places of decimals. Thus by the use of the asymptotic series a more 
correct result is obtained with far less labour than in using the convergent ascending 
series. 


7:322. The Large Zeros of the Bessel Functions.—It may be proved, as in 
§ 7°32, that 


2\t 
J,,(@) ~(=) {Un cos (wx —jna —}x) + V, sin (x —4na —}2)}, 


T 
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where 
(f—n*\(} —n?) 
U,=1—- aes — FAR 
ic 
AE 
If, therefore, ¢ is a zero of J,(z), € is given by the relation 
cot (§—4n2a —}2) ~ F = — 


Consequently if is a zero of large absolute value and n is not very large, & is 
approximately given by the equation 


cot (£— $na —4n)=0, 


&=(intm—})z, 
where m is large.* 
An immediate consequence of this result is that the large zeros of consecutive 
Bessel functions separate one another,} that is between two consecutive large 
zeros of J„(æ) lies one and only one zero of J, + ;(z). 


7-323. Further Illustration of the Use of an Asymptotic Series.— The 


differential equation 


or 


is formally satisfied by the series 


Ly ae ad ni 
+—+-—+... + nga t Set 


but the series is obviously divergent for all values of g. 
Now the equation possesses the particular integral 


T 
y=e-#/ a—etda, 
—2o 


which is convergent when z is negative. 
By repeated integration by parts it is found that 


z 11! 2! 
e-f ade => ta tat tot Ry 
—% 


where 
v 


R,=(n+1) te=? | x-n- etda, 
— %0 


Now when v<0, 
T 
| By | <(n-+1)16e-#|a-"—2] f ede 
— %0 


_ (n+1)! 

TIET 
Consequently the error committed in taking the first n terms of the series is 
numerically less than the (n+1)t® term. The series is therefore asymptotic and 


may be used for computing the integral. 
The function defined by the integral 


T t 
La” 
ee 
is known as the exponential-integral function and is denoted by Ei(z). 


* The method is due to Stokes, Trans. Camb. Phil. Soc. 9 (1850), p. 184; [Math. and 
Phys. Papers, 2, p. 852]. For its full development see Watson, Bessel Functions, § 15°53. 

+ This theorem is in fact true of all the zeros. The general problem of the distribution 
of the zeros of solution of a linear differential equation of the second order is treated in 
Chap. X. 
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74. Equations with Periodic Coefficients; the Mathieu Equation.— 
When the coefficients of a differential equation are one-valued, continuous, 
and periodic, say with period z, the general solution does not necessarily 
also possess the period m. In fact the equation may not, and in general does 
not, admit of such a periodic solution. 


Thus the equation 
d 
z +(a+b cos 2æ)y =0 


has no periodic solution unless a=0, and although the equation 


ay 
dæ? y 
has always a periodic general solution, the period is not z unless n is an even integer. 


+n’y=0 


The consideration of the general case will be deferred to a later chapter, * 
but a particular equation which has some important applications, namely 
the Mathieu equation + 


2 
c +(a—26 cos 2x)y=0, 


will be considered. This equation has no finite singular points and therefore 
its solutions are valid for all finite values of æ. Moreover if G(æ) is a solution 
which is neither even nor odd, then G(—za) is a distinct solution and 


4{G(x) +G(—2)} 


is an even solution, not identically zero, and 


3{G(x)—G(—a)} 


is an odd solution, not identically zero. Thus it is sufficient to consider only 
even or odd solutions. Now if the equation possessed two distinct even 
solutions, a solution satisfying the initial conditions 


y(0)=0, Y (0)=1 


would not exist, which is in contradiction to the fact that the origin is an 
ordinary point. Thus two distinct even solutions, and likewise two distinct 
odd solutions, cannot exist. Thus one fundamental solution is even and 
the other odd. 

Now assume that an even periodic solution with period 27 exists, and 
admits of the development t 


@ 
C(a) =>, cos (2r+1)a. 
r=0 
By substituting this series in the equation and equating the coefficients of 
like terms, a set of recurrence-relations connecting the coefficients c, is 
obtained, namely ; 


(a—1 —6)¢eg —Oc; =e). 
((2r+1)?—a}e,+(Cre1te—1)=0  (r=1, 2, 8, - - .). 


* See Chap. XV. 

+ Mathieu, J. de Math. (2) 18 (1868), p. 146; Whittaker and Watson, Modern Analysis, 
Chap. XIX.; Humbert, Fonctions de Lamé et Fonctions de Mathieu. 

t The differential equation has no finite singular point, and therefore (§§ 3°32, 12-22) 
its solution has no finite singularity, and the development converges for all values of x. 
See also Whittaker and Watson, Modern Analysis, § 9°11. 
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Now these equations must be consistent ; the condition for their consistency is 


A(a, 0)=| a—1-48, —9, 0, Da E A0. 
—6, a—9, —6, Re 3c ten 
0, —0, a—25, —0,.. 
0, 0, —0, a—49,... 


Thus, in order that a periodic solution of the type considered may exist, 
the constant a must have one of the values determined by the determinantal 
equation * 
A(a, 6)=0. 

These values of a are known as the characteristic values; when a has been 
determined, the coefficients c, may be obtained from the recurrence-relations, 
and are determined uniquely, apart from a constant factor. 

Let a, be that root of the determinantal equation which reduces to n? 
when 0=0. Then it may be verified that + 


a,=1+6+0(6"), 
2 
a3=9-+ ii + 0(03), 
82 
ann? + E ET +0(0+) (n=5, 7, 9, oe ). 


It may also be verified that if a=a,, +, and c,=1, 
2 


0 0 
parma HOD Wara = 64n(2n—1) +0(6°), 


—r)! . 

ear = gapian i TOC 
UL SEA eya a DD) 
nta PTET * > “nta” 64(n-+1)(2n +3) : 

(2n +1)! 0" 


=({— ————— +1 
Cntr = ( 1) Sarr t(an-+r-+ayi + OO" ) 


which, at least for small values of | 0 |, confirms the convergence of the series 


In the same way, a solution of the type 
%0 
S(x)=Se', sin (2r-+-1)a 
=0 


exists, where a is a root of the determinantal equation 
A(a, —0)=0. 
The recurrence-relations from which the coefficients c’, are determined are 
(a—1+6)c’) —8c’; =0, 
{(2r+1)2—a}c’,+0(c',41+¢',-1)=0 (r=1,2,3,... ). 
There also exist, for appropriate values of a, solutions of period 7, of the form 


ire) 
Cha)= Hi C, COS 2rg, 
r=0 


0 
Saw > c’,, sin 2re. 
r=1 


* As it stands, the determinant is not convergent ; it may, however, be made absolutely 
convergent by multiplying each row by an appropriate factor. See Whittaker and Watson, 
Modern Analysis, § 2°81. 

+ The verification is most easily affected by expressing a and C,(a) as ascending series 
in @ and determining the first two or three coefficients. 
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The recurrence-relations in these cases are respectively 
Wo —Oec 1 =O, 


(4r2—a)e,+0(cr +1 +Her—-1)=0 TE E E S 
(a—4)c’; —8c'2=0, 
(4r2—a)c' +0 rti tera) =s (r=2, 3, Bi sa » 


Thus there are four distinct types of solution of the Mathieu equation, 
having a period m or 27; these solutions, multiplied by appropriate factors, 
are known as the Mathieu Functions. The Mathieu Function which reduces 
to cos mæ when @==0 and in which the coefficient of cos mz is unity is denoted 
by ce,,(z). Similarly the function which reduces to sin mæ when @=0 and 
in which the coefficient of sin mz is unity is denoted by se,,(v). Thus 


Ceon +1(8) is of type C,(z), 
Cé2,(@) is of type C,(@), 
S€on+1(@) is of type S,(z), 
S€g,(x) is of type S,(z). 
7°41. The Non-Existence of Simultaneous Periodic Solutions—Let a 
be such that Mathieu’s equation has a periodic solution of type C,(v). Then 
the question arises as to whether in any circumstances the second solution, 


and therefore the general solution, can be periodic. Since if yı and y are 
distinct solutions of the equation, 


dya ay, | 


Yı T2 "Sian T | 


and therefore 
y —Ye “eh =constant, 


it follows that if y; is of type Ce (a), yg is of type S, (æ) and not of type S, (æ). 
If the equation admits both of a solution C, (x) and of a solution S, (æ) the 
equations 

(a —l —O)eo —Oc; A 

(a—1+8)c'o —8c’; =0, 

{(2r +1)? —a}c,+O(c,+4 +¢,—-1) =0, 

{(2r+-1)?—a}e’,+6(c',41+¢',—-1) =0, 
(r=1, 2, 3, .. .) must be satisfied simultaneously. It will be shown that 
this is impossible. 

From the first two equations it is found, on eliminating a, that 
CoC’y —c' cy =2ce9c’p 

or 
Co, C1 
c'o c'i 
Similarly the last two equations give 


olet 1 +e,- 1) =¢';(Cr4 1 +¢,— 1) 


LA 
=2coC 0° 


or 
| Cp Cr41 | = Crap Cr | 
| + + | + , 
| Cr Crt | C r—1s Cy 
whence, for all values of r, 
Cr Cri | =2c0C'o. 
, 
C rs c’, aa | 
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But if cp is zero and @ is not zero, the remaining coefficients c,, are zero and the 
solution is identically zero. Therefore cy) is not zero, and similarly c'o 
is not zero. But in order that the series may converge it is necessary that 


c,>0 aS Tr>o, 


which leads to a contradiction. Thus, except when 6=0, solutions of types 
C,(v) and S(x) cannot exist simultaneously. In the same way it may be 
proved that solutions of types C(x) and S(x) do not co-exist. 


7°42. The Nature of the Second Solution:—It has thus been proved that 
if one solution y, has the period z, or 27, the second solution yg is definitely 
aperiodic. An indication of the general character of this second solution 
will now be given. Since 
i Y1y'2—Yoy'1=C, 
where C is a constant, 


da 
Yo=Cy1 | 72° 
Yı 
Now let 
yi =C,(x)= > c, cos (2r+1)2, 
=0 
then ‘ 


(el 
y? = > e, cos 2ra, 
r=0 
and since y; is not zero when z=0, 


a 
y,~?= pee cos 2rv. 
r=0 
The last series is convergent at least for sufficiently small values of g. 
Consequently 


Yg=C p3 c, cos (2r-+-1)a eost > h, sin 2ra, 
r=0 r=1 


where since Yx is known not to be periodic, gp is not zero, and therefore, with 
an appropriate choice of C, 
Y2=wC,(x) +S, (x), 
where S,'(z) is a series of the same type as S,(z). 
Thus y2(z) is not periodic, but quasi-periodic, and 


Yo(@ +27) =Yo(a) +277y3(2). 
The nature of the second solution, when the first solution is of type S,(z), 
C(x), Se(@) may be investigated in the same way.* 


75. A connexion between Differential Equations and Continued Fractions.— 
The particular method of dealing with differential] equations which will now 
be outlined has the advantage that it is direct and not so artificial as the 
method of solution in series. It suffers on the other hand that it is applicable 
only to linear equations of the second order and admits of no obvious extension 
to equations of higher order. 

The equation to be considered may, without loss in generality, be assumed 
to be of the form 

y=Qoy'+Piy”, 


* The general solution when a is not a characteristic number may be exhibited in a 
variety of forms. See, for example, Whittaker, Proc. Edin. Math. Soc. 32 (1914), p. 75. 
+ The method was originally applied by Euler to the Riccati differential equation. 
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where Q and P, are functions of æ. The equation is differentiated and 
becomes 

y =Q,y" +P”, 
Qo +P Pi 
= zs P=. 
St io A Er.” 
This process is repeated indefinitely, and a set of relations 
yYM=Q,y"tO + Pray t® 
is obtained, where n=1, 2, 8,..., and 
ees A 
Q,= Saat tte » | Pata 


where 


Lo. ee 
1 —Q’n-1. 
Then 
teh y' 
y’ =Q+ P: y 


=Q + Dra) EENE, 


Ps Pa 
Qe + nv) cj Qn tk,’ 
yr) 
Rk, =P nt+1 / yi +2) : 
It is therefore natural to consider the continued fraction * 
(A) A $ WE ae 2 
Qo +1 +Q + +Qn+ y 
if it terminates it will represent the logarithmic derivative of a solution of 
the equation ; if it does not terminate the problem of its convergence arises. 
This question is settled by the following theorem, which is fundamental in 
the theory of continued fractions.}t The continued fraction (A) converges 
and has the value y'/y if y+-0 and (i) Pr>P, Q, >Q as n>, (ii) the roots pı 
and pz of the equation p?=Qp +P are of unequal modulus, and (iii) if | pe |< | p1 | 
then 


FE o 
"NE Qı + 


where 


1 
lim | y™ |2 < | po |7} 
provided that | po | + 0. 
When |p2|=0 the last condition is replaced by the condition that the 
limit is finite. - 


7:501. An example of a terminating Continued Fraction.—In the case of 
the equation 
ms g , 1 a 
: YM Sy T a Me 
where m is a positive integer, the derived equations are 


æ 1 
n)= n+1) 


O=ay(m+1)+y(m+2), 
* A similar continued fraction may frequently be obtained by integrating instead of 


differentiating. 
t A proof of this theorem will be found in Perron, Die Lehre von den Kettenbriichen, § 57. 


yr+2) (n=1,2,...m-—1), 
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It follows that 
Yy m m—l m—2 1 


Since the continued fraction terminates, it may explicitly be evaluated by cal- 
culating its successive convergents,* and it is found that 


y’ — ma™—*+(m—2)a,0"—*+(m—4)a,e"—>+ . 


oe a™+a,am—2+qqm—4t ... i 
where 
n! 
t= = 
2’r!(n—2r)! 


Thus, as may be verified directly, the equation has the polynomial solution 
y =a" +a,a"—? + aa 44 irate 


7°51. The Function, ,/,(a; y; æ) and the associated Continued Fraction.— 
The function + 
(a), T 


œ% 
Fi(e;y32)=1+> ——*-2’, 

1 1( y ) d : r! (y) 
where 

(a),=a(a+1) ... (a+r—1), 
is a solution of the equation 

ay =(y —a)y’ ay" ; 

when y is not an integer an independent second solution is 

æt- F(a —y +1 3 2—y ; æ). 

The series terminates when a is zero or a negative integer ; this case is of 
no new interest and will be put aside. When the series is multiplied by 
1/T(y) its coefficients are always finite, and the function vanishes only when 
y—a as well as a is zero or a negative integer. This case also will be excluded. 

Now let 

Fy(a;y; 2a) 
Y Aa 1E Igt : 
ry) 
then 


yim PE Yan 4E Vos (n=1, 2, 8, «. .). 


All the derivatives Y™ cannot vanish, for if Y"+ and Y("+2) were to vanish 
when aa, it would follow from the above relation that Y™, Y™-0, and 
finally Y itself would vanish when a=a. Thus Y would vanish identically, 
which except in the excluded cases is not true. 

It may be verified directly that 


Y'(a;y3a)=aY(a+1;y-+1; 2), 


* Chrystal, Algebra, II., Chap. XXXIV. . 

+ This function was first considered by Kummer, J. für Math. 15 (1836), p. 189 ; the 
notation is due to Barnes, Trans. Camb. Phil. Soc. 20 (1906), p. 258. The confluent hyper- 
geometric functions are closely allied; in Whittaker’s notation 

Mz, m(a)=att+ mete , iF (4+m—k; 2m+1; 2); 
see Whittaker and Watson, Modern Analysis, Chap. XVI. The Bessel functions are 
particular cases, in fact 


Ia) EOE Fin +s 2n-41 5 Bie) 
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and in general, 


Ya; y; v)=(a),Y(at+n; y+n; æ) 


OP craks e aL Rs le a 
Ty+n)U  y+n 1! ' (y+n)(y+n+1) 2! ae i 
Let m be a positive integer such that 
m>|a|, m>2|yl, 
then, if n>m, 
ince po) Hee | a | 
yn ner C 
n+m 2n 
= n—im m> 
and, a fortiori, if r>1 
oe 
yar 
Consequently, when n>m, 
ey —l)|| a+n æ 
yon || Cm | (atm)... (atn) 
a3 real (y-+-m).. . (y+n—1)| | yn y+n Ai teal | 
(2) im n—m | 4g | dar | | 4g ia 
Red win oy +s PHE.) 
(a)m 
we 4 | «|, 
~|L(y+m)|"* 
and therefore | Y |! is finite. But the equation for p is 
p?=p, 
and pọ=0. It follows that the continued fraction * 
ax æ 
1 a a+1 + 
—2x —& +l —g&4+2 °° 


a a+1 a-+2 
or 


a  (a+l)e (a+2)z 


y— æ +y—e+1l Hy—e+2 + ` 
converges and has the value 
d 
Tp 8 iF\(a; y; æ)} 
for all values of æ for which the latter function is finite. 
The hypergeometric equation may be treated in a somewhat similar way, but 


the results obtained are by no means as simple as in the above case. The main 
result is that, for real values of æ, the continued fraction 


af (a+1)(6+1)a(1—a) (a+r)(B+1)a(1—a) 
y—(a+B+1)a+ y+1—(a+p+8)ea + ° °° + y+r—(at+B+2r+ljet+ "°° 


converges to the value = log F(a, f; y; æ) when <4, and to the value 


d 
aa log F(a, f; a+fB—y+1; 1—2) when 2>}.+ 
* Perron, Rend. Circ. Mat. Palermo, 29 (1910), p. 124. 
t Ince, Proc. London Math. Soc. (2), 18 (1919), p. 236. 
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7-511. Continued Fractions and Legendre Functions.—It may be verified 
that, if y, is a Legendre function Q,,(x) of degree n,* 
i Yi—® Yo +1 =0, 
(n+2)Yn+2— (2n +8)EYn + it(n+1)y,=0 (n=0, 1,2,3,.. -), 
These recurrence relations lead to the infinite continued fraction 
Of A nk 
ae be — v2 — 


the convergence and significance of which will now be investigated. 
Since, as n>, 


2n+3 n-+2 
BD) = Ls 
n+l y: a aiiai n+l fri 
the equation in p is 
p?=2zp—1 
and 
2=a—V/(a?—1). 
The continued fraction will therefore converge and have the value yọ if 
1 1 
lim [y tS Vl | æ+ (2—1) |. 
Now, since 
6) ANRA 
= > g—- "14 O(a—"— 38), 


1 
lim Q, +1(®) / Q,(@) = a 
and therefore t 


1 
lim | Q,(2) |n = ojej 
Thus when 
} 1 
|æ+4/ (2—1) | majal 


or at least when |æ | >1, Yọ can be identified with Q(x), and therefore 
1 13 2 3° 
2 —6e—5e—7e— aa 
Now (§ 7°241), since 
æ+ l 
Qn(@) = FP (a) log > Enla) 


=P,(2)Q,(x)—R,(2), 
where R, is a polynomial of degree n —1, 
R,(2) 
— a) = —— 
Rua OO- Bw) 
= Qu(2)+0(æ-"-1). 
It follows that the convergents of the continued fraction for Q,(@) are 
R(#) #,(2) R,(2) 
ee ine o aol 
This result furnishes a practical method of evaluating the polynomials R,,(2) 


* These recurrence-relations are also satisfied by yn=Pn(æ) except the first, which is 
evidently not satisfied. 
+ Bromwich, Infinite Series, Appendix I., p. 421. 
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MISCELLANEOUS EXAMPLES. 
1. Find a series which satisfies the differential equation 
(1 +2) = y TMY. 
Prove from the differential equation that if f(m) is the solution which reduces to unity when 


æ=0 then, for all values of g, 
f(m) f(m,)=f(m, +m). 
2. Show that the function 


_ 2n—'n! at \ 
One) = gr l Ha, dae ey gt ney = ry ee 
satisfies the equation 
dy 3 dy j n?—1 1 , Perel th 
dx? +- Le = + yar z2 ty "= when n is an even positive integer, 


= a when n is an odd positive integer. 
x 
[Edinburgh, 1912.] 


3. Find two independent series of ascending powers of æ which satisfy the differential 
equation 


2 
s Ta tHay=0. 
Show that the equation is also satisfied ve an asymptotic expansion of the form 
ey —ty 
where » = iw! and v is a series of descending powers of w:. [Edinburgh, 1914.] 


4, Show that the following functions satisfy the hypergeometric equation 
(i) (1—a)Y—-a-B8F(y—a, y—B; y; 2), 
(ii) z1—Y¥(1—a)Y—a—B8F(1—a, 1—B; 2—y; 2). 
Transform the equation by taking in succession as new independent variables 
s=1—a z=l/æ, 2=1/(l—z), z=æ/((æ—1) z=(æ—1)/æ 


and write down four solutions in each of the new variables. Show that the aggregate of 
twenty-four solutions may be grouped into six classes, such that the members of each class 
are equal or are constant multiples of one another. [Kummer.] 


5. Prove that, when m is a positive integer and —1<a<1, the associated Legendre 
equation 


a-a) TY 2a% + {n(n+1)— =o 


dæ 
is satisfied by the associated Legendre functions 
"ae Py(x „md x 
P,™az)=(1— aot ) > Qn™a)=(1—2?) a nle). [Ferrers.] 


Obtain and identify descending series which satisfy the equation. 


6. Show that if C,#(æ) is the coefficient of h” in the expansion of (1—2ah+h?)—¥ in 
ascending powers of h, then C oe satisfies the differential equation 
(2u—1)x dy _ v(v+2p) 
T æ?—l “dz æ?—l 
and express C,¥#(æ) as an associated Legendre function. 


=0, 


7. Show that the differential equation for Cy¥(æ) is defined by the scheme 


-—1 a) 1 } 
a O v+2y O. #}. 


| $—u = $—p j 
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8. Prove that the differential equation 
1—a)a2 EY 4 94 e41 8)a}a EY 
(1—a)a ant +{0+e+1—(a+B+y+8)x}x dx 
+ (Oe—(a-+By-+-ya-+a+p+y+1)2) Y —apy=0 
is satisfied by a function F(a, B, y; 0, €; æ) whose series development is 


a(a+1).B(8+1).xy+1) 
2!0(0+-1).e(e+1) 

9. Prove that, when n is not an integer, 

d jae} _ —2sin nr 

da\ Jn(a)) ~~ wa{Jn(a)}?’ 

2 sin nz 


Jn(x)J i — pnl) +F n— (2) J —n(2) = ca S [Lommel.] 


aBy 
trae + 


Æp es 


10. Show that when n is half an odd integer, the Bessel equation admits of solution in 


a finite form, and that 
J3(z) = 6 sin æ, 
nE 


(—1)k(2%)k+} dk fsinæ 
Ti+ 42) = at aan x ): 


and obtain the general solution in each case. 


11. Show that the general solution of the equation 


d 
ia” + 9ay=0 


may be written in the form 
y=AatJy(a!) + Bat J —4(z'). 


12. Show that the equation 
d?y m(m+1) 
mee ot 
is integrable in terms of Bessel functions, and that, when m is a positive integer, it admits 
of the following general solution : 
d \mj Aenz+ Be—nx 
Leet. a DA 
si loge = i aaa a 
where A and B are arbitrary constants. 
13. Find ascending and descending (asymptotic) series-solutions for the confluent 
hypergeometric equation 
d?y l1 k ł—m? 
mH atatea ym 
and show that, when k=0, a solution is 


y =x}Jn(}4ix). 


14. Show that if Wy, m(æ) is a solution of the confluent hypergeometric equation, the 
function 
a! Win+2, (32?) 


TY + (n+4—30%\y=0. 


satisfies the Weber equation 


Solutions of this equation are known as the Weber-Hermite or parabolic-cylinder functions 
and are denoted by D,(z). Verify the asymptotic relationship 


n(n—1)(n—2)(n—3) } 
we eo 


n(n—1) 
a a 


and show that D—n-— (ix) is an independent solution. 


D,(2) ~ e-ta] + 
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15. By considering the differential equation 
ay=—ay’+y’, 
show that when a>0, 2 >0, 
# e-t- gs 
a a+1 a+2 are i J 0 cM ees 
Oore+wep@e t*' È e-ti- ta 
0 
16. Show that the substitution y=e”u transforms the equation 
j ay =(y—a)y’ ay” 
into 
(a—y)u=(y+a)u’+2u", 
and hence prove that 
az (etiw (a2), 
y—@ + y—#@+1+ y—@24+2° °°" 
igi EOE: mee Bl lee Be 18 [Perron.] 


yte — yta+tl — y+2+2 = 
17. Show that, if D,,(x) is the Weber-Hermite function, 
Dn(z) n n—1 n—2 


Die) o= © = @-—’"’*” 
and that 
D’ —n—,(ia) n+l n+2 n48 
as =t M IM IMI ae oe 
D-n- (ix) & — @& — g — 
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CHAPTER VIII 


THE SOLUTION OF LINEAR DIFFERENTIAL EQUATIONS BY 
DEFINITE INTEGRALS 


8:1. The General Principle-—The object which is now in view is to obtain 
a definite integral of the form 


B 
(A) y(z)=| K(w, to(t)dt, 
wherein g enters as a parameter, to satisfy the given linear differential equation 
(B) L,{y)=0. 


There are three distinct elements in the definite integral which have to be 
chosen as circumstances demand, namely : | 

(i) the function K(a, t), which will be known as the nucleus of the definite | 
integral, 

(ii) the function v(t), 

(iii) the limits of integration, a and $. 

Now let it be supposed that the nucleus K(a, t) can be found to satisfy 
a partial differential equation of the form * ‘ 


where M; is a linear differential operator involving only t and A 


Then, if it is permissible to apply the operator L, to the definite integral 
y(2) t 


Lify(e)}= |" LAK (2, yod 


g | "MA{K(a, t)}o(t)dt. 


Let M; be the operator adjoint to M;, then from the Lagrange identity (§ 5'3) 
which is here of the form f 


(MAK (0, 1)}—K (2, )MA0()}= 5 PAK, v), 

it follows that 
B pic t=ß8 
Lyla)}= |" K(w, Modi +| PUK, °}| © 


In order that the integral (A) may be a solution of the equation (B), the 
right-hand member of this last equation must be zero. Such is the case if, 
in the first place, v(t) is a solution of the equation 


M(v)=0, 


* Bateman, Trans. Camb. Phil. Soc. 21 (1909), p. 171. 
+ This assumption will be made throughout the present chapter. 
{ The bilinear concomitant P{K, v} here involves æ as a parameter. 
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and secondly, if the limits of integration are so chosen that 


Pex, oj] = 


identically. 

This method admits of considerable generalisation. Thus, for instance, 
let it be supposed, not that the nucleus K(g, t) satisfies the partial differential 
equation (C), but merely that two functions K(a, t) and x(x, t) can be found 


such that 
L,{K(a, t)} =M á K(x, t)}, 
then 


LAy(o)}=[" le, Todt |Pte 0] 


and it is now necessary to find the function v(t) and the limits of integration 
a and £ as before. 


8:2. The Laplace Transformation.—If, in the operator L,, each coefficient 
is of degree m at most, and the operator itself is of order n, L, may be written 


in the extended form 
n m 


(A) E SoS, 


r=0s=0 
in which the coefficients a,, are constants. 
Consider, together with L,, the Se 


(B) => > at 


r=08s=0 


L,(e“)=M(e"), 
for each member of this identity is 


then 


n ” 
g% > > art. 
r=0 s=0 
Consequently the equation 
L,(y)=9, 
is satisfied by the definite integral 
B 
(©) yl) =| e*v(t)at, 
provided that v(t) satisfies the differential equation 
(D) Mv) ==, 


and that the limits of integration are so chosen that 


[Pte 3] iene 
=a 
identically. 

The equation (D) is known as the Laplace-transform of L,(y)=0, and e* 
as the nucleus of the transformation from v(t) into y(æ). The success of the 
method as a means of obtaining an explicit solution of the given equation 
depends primarily upon the readiness with which a solution of (D) is obtain- 
able. In the particular and very special case in which m=1, that is to say, 
when the coefficients of the given equation are linear in æ, the Laplace- 
transform is a linear equation of the first order and may therefore be integrated 
by quadratures.* 


*:See,Example 1, p. 201. 
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An important reciprocal relationship * exists between the equations 
L,(y)=0 and M,(v)=0, namely, that the former is the Laplace-transform of 
the latter, the nucleus of the transformation being e~*. This follows at once 
from the identity 

LA(e-*)=Me-*). 


Since 
t" 

L,(u)= 5 S (—1ra, r- x ew. 

r=0 8=0 da 
nm 
: 18(t 
Mio) = F Da O, 

r=0 s=0 


it is sufficient to prove that 
pee et) are *) 


(= 1s =( dts 3 
and this is true since each member iz the equation is equal to 
r(r —1)s(s — 1) s Sas 
2! 

r(r —1)(7 —2)s(s —1)(s —2) 
En Sora ; 


e-atfastr —rsas-1tr-1 4 


8 a A fe 


It follows that, if y and 6 are appropriately chosen, 
8 
(E) o(t)=| ety (ada 
Jy 


is a solution of (D). The relationship between (C) and (E) furnishes an 
example of the inversion of a definite integral, that is to say the determination 
of an unknown function v(t) in the integrand, so that the definite integral 
may represent the function y(æ) which is now supposed to be known. 


8:201. Example illustrating the Laplace Transformation.—Let 
d? di 
Lily) = 25-4 (p++) g +Py=0, 
then 
du : 
M(u)=tt+1) a HP +(P +q)t}u, 


d 
Myo) = t+) F HPHP +4—2)8e, 
and 
AM 
vM;(u) —uMi(v)= ltt + Lue). 


The equation Mi(v) =0 possesses the solution 
v(t) = — (t+1)2-}, 
and therefore an integral of the type 


B 
y(æ)= l erp- 1(t4+1)1-1dt 
Ja 


will satisfy the equation L,(y)—0 provided that a and £ can be so chosen that 


[ewe S x] =0 
t=a 
identically. 


* Petzval, Integration der linearen Differentialgleichungen, 1 (Vienna, 1851), p. 472. 
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It is convenient to write —t for t. Then the integral 
"B 
ylæ) | e—tttp— 1(1 —t)1-— idt 
“a 
satisfies Lz(y)=0 if a and £ are such that 


le —xtpP(1 1] 
vanishes identically. Appropriate pairs of values are 


(i) a=0, p=1 (p>0, q>0), 
(ii) a=0, p= (>0, p>O), 
(iii) a=1, g=% (x>0, q>0), 
(iv) a=—œ%, ~p=0 (<0, p>0), 
(v) a=—%, p=1  (æ<0, q>0). 
Thus required values of a and £ exist in all cases except when p and q are both 


negative. In particular when p,q and g are all positive, the general solution of 
L,(y)=0 can be written 


t=a 


ao 


1 
y-a] e-ttp(1 -dt+B | e—tt(1 —t)adt, 
0 Jad 


where A and B are arbitrary constants. 


8:21. Determination of the Limits of Integration.—The equation M(v)=0, 
which serves to determine v(t), is of order m; its general solution is of the form 


V=C404(t) +C v(t) + - - - +Cn0,(2), 


where v4, Vo, . . . Um form a fundamental set of solutions and the constants 
Ci, Co, . . ., Cm are arbitrary. These constants and the limits of integration 
a and f have to be so determined that the expression 


tap } 
PKK, o| i fs 
ta 

vanishes identically. 


Now it will be seen from the form of the bilinear concomitant (§ 5:8) 
that it is sufficient to determine the constants C41, . . .,‘C,,, a and B so that 


v(t), _ v(t), . . :, pm) 


vanish when t=a and t=. Such cannot be the case unless a and £ are singular 
points of M(v)=0. Butif a and 6 are singular points, and a solution v(t) 
exists such that the exponent relative to each of these points is greater than 
m—l, the bilinear concomitant vanishes at a and at B and therefore the 
limits of integration may be taken to be a and f. This case is of practical 
importance, and is illustrated by the example of the preceding section. 
Every distinct pair of limits, if distinct pairs exist, leads to a distinct 
particular solution of the equation. In some cases a sufficient number of 
definite integrals is available to build up the general solution, in others 
only a partial solution is attained. 


8:22. Definite-Integral Expressions for the Bessel Functions.—A function 
which may be taken, instead of eas the nucleus of a definite integral is 


K(a, t)=et-t—”, 


Now the two functions e} and e~!*t~" may be expanded respectively in 
ascending powers of at and at~1 which converge absolutely for all values of # and 


. 
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all non-zero values of t. The double series which represents their product 
therefore converges for the same values m x gi t, and is as follows : 
N jea -8418 


eee >) eS mad +8 rl st 


r= pee s=0 
When n>0, the coefficient of t” is obtained by selecting those terms of the 
double series, for which r=n-+s. These terms form a singly infinite series, 


namely, 
x (— mney | jig” +28 


2 y 2" +28(n-+8)! Yat J ,(2), 


where J,(v) is the Hind RSN of order n. Similarly, the coefficient of 
t” is (—1)”J, (æ). Thus 


elat—t—) —J(a)+ > {+1 (2). 
n=1 
Now let t=e’?, and this relation becomes 


eiz sin 0 —J (£) +2 = J on(@) cos 2mO 4-27 >> J om—1(&) sin (2m—1)6. 
m=1 
By separating real and imaginary parts, the following two expressions are 
obtained ; 


cos (æ sin 0) =Jo(x)+2 > Jom(x) cos 2m9, 
m=1 


sin (æ sin 6)=2 > J om—1(@) sin (2m—1)6. 
m=1 


By changing @ into 47—@ it follows that 
cos (æ cos 0) =Jo(a) +2 2 (—1)"Jom(x) cos 2mé, 
m=1 


sin (æ cos 0) =2 > (—1)"*1Jom-—1(x) cos (2m—1)8. 
m=1 i 
From the first of these four relations it follows that 


| "cos (œ sin 0) cos n8 dd =nJ (x) when n is even, 
Jo 


=0 when n is odd, 
and from the second it follows that 


| "sin (æ sin 0) sin nð dð =nJ,(x) when n is odd, 
Jo 
0 when n is even. 


By addition it follows that when n is any positive integer, or zero, 
| cos (nð —wx sin 6)d0=7J „(æ). 
Jo 


Thus the ordinary Bessel function with integer suffix is expressed as a definite 
integral.* 


8:3. The Nucleus K(«—t).—Consider the possibility of satisfying a linear 
differential equation of the Laplace type 


Ly) = far] 2 )+a( $ )ly=0 


* Bessel, Abh. Akad. Wiss. Berlin, 1824, p. 34. 
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by a definite integral of the form * 


y(x) = | i K(x —t)o(t)dt. 


It is clear that K(æ—t) will satisfy a partial differential equation of the 
form 


{2 ô Ei O ON... 
(A) aes J+ bx =er( — 2) 4.4( — AS 
provided that K(z), regarded as a function of the single variable z, satisfies 
the ordinary linear equation 


POKOE 2)}uc 0 


If, therefore, v(t) is a solution of the equation 


H(aen( io 


the left-hand member of which is the adjoint expression of the right-hand 
member of (A), and if the limits of integration can be suitably chosen, the 
given equation has a solution expressible as a definite integral of the specified 
type. 


8:31. The Euler Transformation.—A frequently-occurring instance of a 
nucleus of the type studied in the preceding section is 
K(a#—t)=(x«#—t)-»-1. 
The transformation of which (w—t)—’~1 is the nucleus is adaptable to any 


linear differential equation in which the coefficient of y”) is a polynomial in 
a of degree r. Such an equation may always be written in the form 


dn ard I)a a, ar? 
Lely) = Goa) E uale) A + HEED Ga 4 — . . 
dæ i ety dæ 


d”—1 1, .an—2 
—G,(0) 4 + (w+1)G,'(z) ed ates 


dn-2 
+G,(0) 53... 
a hy ee, 
or 
Poy) —Luly)+To(y)— - - -+Ly(y)=0, 
where 
phy PIa r+s—l ay 
ry)= > (-1) Sey Set OE T aaa" 
s=0 
In these expressions G, is a polynomial of degree n—r and pis a constant. 
It is supposed that the p-+-1 polynomials Go . . . Gp suffice. 
Now, writing —v=n--p in the nucleus K(a—t), 
T(t te- = > (gyre oe te —2). . (p+r) GENEA 
s=0 
n—r a—t)G,®) æ 
=(n-tp—l) .. . (utrap y (y E 
s=0 


=(n+p—1) . « . (w+r)\(e-t4+"1G,(0), 


* Cailler, Bull. Sc. Math. 34 (1899), p. 26; see also Mellin, Acta Soc. Sc. Fenn. 21 
(1896), No. 6. 
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and therefore 


L n+- =A $ r Fe.) iba G,(t) 
ara 4% (Wa). etry 
where i 
A=(n+p—1)(n+p—2) . - - (u+1)p. 
Now if 
d” 1 
Mu) = Gilt) op t + Fa ae, 
then l 


Mdai += (1p +upe?) >- - (ue) 1G, 
r=0 


p 1-1 
yh r a A e t 
EX VFD.. pF) mk 
where 
B=(—1}(p+u—1)(p+u—2) - - - (#+1)p. 
Consequently 
L,{(e—t)"+#—'}=CM (wt)? +t}, 
where C=A/B. 


If, therefore, 
(a) =| ? æ—t)»+e-1o(t)dt, 
then yi 
B 
L,{y)= | L,{(w—t)"+#-lo(t)dt 


=c] f MA(æ—typ+r-1yo(t)dt 


and now, as in the general case, v(t) has to be chosen so that the integrand is a 
perfect differential, and thereafter the limits of integration have to be fixed. 
The determination of v(t) involves the solution of the equation 


M (v) =a, 
which is known as the Euler-transform of L,(y)=0. When p=1 the Euler 


transform is a linear equation of the first order, and v(t) can then be deter- 
mined explicitly.* 


8:311. An Example of the Euler Transformation.—Take, as an illustration. 
the case of the Legendre equation (§ 7°24), i 


dY 5,4 
a ~2e—- +n(n+1)y=0. 
In the notation of the preceding section, 


(1—2?) 


G,(#) =1 —2?, 
pGo(@) +G (8) =2a, 
bulu +1)Gi" (æ) +u +1)G (2) +G,(2)=n(n-+1). 
These relations are satisfied by 
G (@)=2(u+1)z, G,(x)=0, 


provided that 
p=n—l or p=—n—2. 


* The full discussion involves the use of the complex variable and is postponed to 


§ 18-4 
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So in this case p=1, and the equation M;(u) =0 becomes 


„ du 
(1-0) = +2(u+1)tu=0. 
The adjoint equation is 
— d 
Mdo) = (1 —t?) A —2( u +2)tv =0, 


and has the solution v(t)=(1 —t?) ~#-*. 
The limits of integration a and £ are to be so chosen that 
t=, 
[e-a ijeri > 
t=a 
identically. When p=—n—2, n+1>0 and | a|>1 this condition is satisfied by 
taking a=—1, B=+1. Hence the definite integral 


+1 
ya) =| (e—a 


satisfies the Legendre equation. In fact, if Q,(a) is the Legendre function of the 
second kind,* 
LA 
Q= f _ 0-84 dt 


8:32. The Laplace Integrals.—It is possible, by modifying the path of 
integration, to obtain an integral expression for the Legendre function 
P,,(v) similar to that which in the preceding example was stated to represent 
Q(x). This cannot, however, be carried out without making use of the 
complex variable, and will be postponed to a later chapter. In view of the 
importance of the Legendre polynomials, however, it is well at this point to 
interpolate a simple method by which they may be expressed as definite 
integrals. 

Consider that branch of the function 


(1—2ah-+-h?)-3 


which has the value +1 when h=0. When |% | is less than the smaller of 
| e+-(w2—1)*| and | #—(w2—1)!|, the function can be expanded as a power 
series in h, namely 


Po(a)--hP,(x)-+h2P (a) +... 


where P,(x), P3(v), Po(x), . . . are polynomials in æ which will be proved to 
be the Legendre polynomials. 

Now the equation 
v=a+th(v2—1) 


_1—V/(1—2@h +h?) 
- cathy 


which reduces to œ when h=0 and which, when |A | is sufficiently small, is 
developable in the form of the series 


has a root 


0 


It is easily verified that 


* Whittaker and Watson, Modern Analysis, § 15:3. 
t § 18-5. 
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and that if ġ(v) is any function of v, 
ð ðv) ə dv 
BP eh Gat en 


Let it be supposed that, for a certain integral value of n, 
oo... or- ag dv 
aie = Barat a1)" sot 

then 

BNE VORE 
anni = Gan—igp lan 1)" a 
sid we | ôv 
APAA See N 
ane i A 
o” 1 ov 
te es Cr ble a 
Thus, since the relation holds when acl, it holds for all values of n. 
Now let h=0, so that v=a, then 


orv AETLI s 
ll ar -0 ? 


and consequently, 


rait Ema ua MAT AAAA NT 
aa orena Serra aA Y 
Thus 
dv =h® d®* (1 
m _(1~2eh-+-h?)-t=14 3 Taga), 
da eal dæ” (2 
and therefore 
P (7)= dies a a (a2—1)" 
i 2™m! dx” : 
and P,,(z) is identified, on account of the Rodrigues formula (§ 7°24), with the 


Legendre polynomial. 
Now since, when |b| < | a|, 


| ge... SPOR AS 
9a+b cosa a/ (a2 —b2)’ 
it follows that 
a 1 
2 Pole) Aaah A) 
ate dt 
aR ea me paren S T 


This integral is absolutely and uniformly convergent for sufficiently small 
values of |h|; by developing the integrand as a series of ascending powers 
of h and comparing the coefficients of h” it is found that 


P,(2)= = | “fet+v(e—1) cos t}”dt. 


This is the Laplace integral for the Legendre polynomial P„(æ); the choice 
of the determination of +/(«?—1) is immaterial. 


www.rcin.org.pl 


SOLUTION BY DEFINITE INTEGRALS 195 
Similar integrals are 


a= | {x+4/ (2—1) cosh t}~"~ "dt, 


P ya)= PHD TP atl [ervey cos t}? cos mt dt, 
Q(x) =(—1)™(n—1)... (n—m-+1) [ {w-+4/(«@?—1) cosh t}~"~* cosh mt dt. 


8:4. The Mellin Transformation.—Definite integral solutions in which the 
nucleus is a function of the product at have been exhaustively studied by 
Mellin.* Such solutions may be obtained when the differential equation in 
question is of the form 


(A) Ly = F(a Wy +Q(a y=. 


Let H be any polynomial of its argument and K(z) any solution of the 
ordinary differential equation 


"F(z Ar —H (2 z )K Si 


then K(at) satisfies the partial differential equation 
(erez) +(e) elta) Hata) 


L,K=M.K. i 


or 


The integral 4 
ys | K (wt)o(t)dt 
satisfies (A) provided that v(t) is a solution of 
M (v) s 


where M, is the operator adjoint to M, and provided that appropriate 
limits of integration a and f are taken. 


8:41. Application of the Mellin Transformation to the Hypergeometric 
Equation.—The example taken for illustration will be the hypergeometric 
equation 

(A) a(1—a) 4 oe Y 4 fe—(a-+b+1)0} —aby =0 
which, after multiplication by 2, may be written in the form 

ay d\? d (y 2? "i Pe 
Lily) =0\(e7,) Hateg, +ably—\(wr) +e-1e gt y=. 
Let . 

PAGER d 


=—{(«5) +(c—1) pal Hay +(e—1¢5| À 
where the constant e is arbitrary. Then the partial differential equation 
L,(K)=M({K) 
* Acta Soc. Sc. Fenn. 21 (1896), No. 6, p. 39. 
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is satisfied by K(at) provided that u=K(z) is a solution of 


d2 
(1 —2) Fy He—la ++): SY —abu=0. 


Now the equation ik 
M,v)=0 
is satisfied by 
v(t) =t-1(1 —t)°-¢-1, 


and limits of integration are to be determined so that 


[ea -yetu 


vanishes identically. If u=F(a, b; e; æt) this condition is satisfied when 
a=0, B=1 provided that e>0, c>e. Under these conditions, then 


1 
y=] F(a, b; e; at)t?-1(1—t)°-*-1dt 
0 
satisfies (A). Now 


1 — 
yoy- f'e- HOME 
y'(0)=— 2f “(1 —t)°-°-1dt—= = Taa e) 
i È r(e) T(e—e) 
er) Hoye. 
But these initial conditions determine the unique solution 


Ie) I'(c—e) 


Tic) Fila, 05 03 ah 


and consequently 
I'(e)I'(c—e) 


To) F(a, b; c; @). 


1 
| F(a, b; e; at) t-11 —t)’-¢-1dt= 
0 


In particular, let e=b, then since 


F(a,b; b; wt)=(1—at)-* 
it follows that 


1 
[ —ae)-2P—1( t-01 = 
0 
provided that b>0, c>b. 


OG Fa b; c; a) 


8:42. Derivation of the Definite Integral from the Hypergeometric Series.— 
By making use of the properties of the Gamma and Beta functions it is a 
simple matter to transform the series expression for the hypergeometric 
function into the equivalent definite integral. Since 


b(b+1) . . . (b+r—1)=I(b+417)/I(b), 
sy n=1+9 a(a+1)... (a+r—1). MA . (b4r—1 ha 


iei A ce(le+1) . . . (e+r— T) 
-POIO a(a4-1)... (a+r—1) I'(b+r) ae 
~ (by UF (e) p- rl I(c+r) 
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Now 
P(b+r)P(c—b) _ 


ja B(b+r, c—b) 


1 
s] @+r-1(1 —t)--1dt, 
0 


provided that the real parts of b+r and c—b are positive, and therefore 


F(a, Gines Wee ee 


Tle) te- a(a+1) ... (a+r—l) sy 
= Twi reo “a a ee “rl si 


Ie) mar 
= roen |, ret 


The inversion of the order of summation and integration which has been 
made is valid so long as the hypergeometric series remains uniformly con- 
vergent, that is to say if |w#|<p<1. Nevertheless the definite integral 
representation of the function is valid for all values of x, but to compensate 
for this increase of validity, restrictions have been imposed upon b and c. 

It is possible to alter the path of integration in such a way that the 
integral constitutes an independent solution of the differential equation. 


8-5. Solution by Double Integrals.—In many cases in which attempts to 
satisfy a given linear differential equation by a definite integral of the type 
(8'1, A) fail, it is possible to solve the problem by means of a multiple integral. 
For instance, a method such as that based upon the Laplace transformation 
is practically useless unless the transformed equation is of the first order and 
the equation to be solved restricted accordingly. In the present section a 
method of expressing the solution of a differential equation by a double 
integral will be outlined, and in the following section a particular example 
will be treated in detail. 

Let L,(y)=0 be the given differential equation, and let it be supposed 
that a function K(@; s, t) can be found such that 


(A) L,K(a; 3, t)=M,, ,K(a; 8, t), 


where M, ; is a partial differential operator of the second order of the type 
LEI Ee 1g 
(B) M;,1=47 5, +6 z ten, +d, 


where a, b, c and d are functions of s and ¢. Such relations as these can as 
a rule only be arrived at tentatively ; no general method for setting them up 
is known. 

Now consider the double integral 


(C) y(x)={[K(x; s, t)w(s, t)dsdt, 


where both the function w(s, t) and the domain of integration are at present 


unspecified. Then, assuming the validity of differentiation under the integral 4 
sign a sufficient number of times with respect to a, qC x a 
L,y(2) F L,K(x; s, t)w(s, t)dsdi cx oe 
=/[M,, K(a; s, t)w(s, t)dsdt. pty. we 
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But, by integration by parts, 


[am Ss a) aan 
| [ows yon £ dsdi = | Í bwK at] — Í i K o 
ifie Eis i | [ewkas| -f [AP asas, 


and therefore 


L,y(«)=f[K(a ; s, t)M,,(w)dsdt+[P{K, wY, 
where 


= 02 ð 
(D) Mii 


0 
BA. ae as b — aL c + d 
is the partial differential operator adjoint to (B), and P{K, w} is an expression 
analogous to the bilinear concomitant which may easily be written out 
in full. 

In the first place, then, w(s, t) is to be determined as a solution of the 
partial differential equation 

(E) M, (w)=0. 
Thus the solution of the problem appears to depend, and in fact may depend 
upon an appeal to a higher branch of analysis, namely the theory of partial 
differential equations. But in most cases of practical importance w(s, t) has 
the particular form u(s)v(t), and the single partial equation (E) is replaced by 
a pair of ordinary sini each of the first order : 


mB =0, ve +ô =0, 


where a and £ are ann of s only, and y and ô functions of ¢ only. 

In the second place, w(s, t) having been determined, it remains to choose 
a domain of integration such that the integral in (C) exists and the expression 
| P{K, w}] vanishes identically. 


8:501. Example of Solution by a Double wang —Consider the equation 


Lely) = (02-1) 54 +(a+b+1)0 2 + aby =o. 


It does not yield to treatment by the simple Laplace transformation because the 
first coefficient is of the second degree. It can, however, be solved by a double 
integral whose nucleus is est, a form suggested by Laplace’s nucleus e*. *In this 
case 


Lzerst ={x*s*t? —8*t? +-(a-+-b+1)ast +-ab}erst 


={(s A +a) +0) — st est, (erst). 


The multiplier w(s, t) therefore satisfies the differential equation 
i Ott YG b+) a 
= FU a ea 1 ws. fo, —g2f2 o 
Ms, (w) i(s rt a+ t ot b+1 )—s*t? -w=0, 
and it is sufficient to write w(s, t)=u(s)v(t), where 


d 
s —(a—1)u=—s*u, 


whence |; 
u(s) =e 7 $s" sa 1, 
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and 


dv 
t— —(b—1)u= — to, 
at ( ) 


whence 
v(t) =e- p1, 


The domain of integration may be taken to be the quadrant a>0 y>0 provided 
only that a and b are numbers whose real parts are positive. 
It follows that 


co po 

w= Í j ezst—}(8?+t°)sa—1tb-1dsdt, 
0/0 

and similarly that 


W ize] 
n=] | e—xst — (3? +t") ga —14b—1dsdt 
PO" 0 


are solutions of the given equation. 


8:502. Connection of the Double Integral with the Solutions in Series.—The 
double integrals which satisfy the differential equation of the previous section may 
readily be derived from the series solution by making use of the property of the 
Gamma function that * 

I'(2+1)=2I"(2)- 
A pair of series solutions, even and odd functions of æ respectively, is 


¥,=14 5a Ns a a La e 


4! 
4 a(a+2)(a +4 +2)(b +4) 04 ue 
Fyne GEDOL OHNE OHNO a | 
where the law of formation of the coefficients is sufficiently obvious. 


Then 


I'(4a)I"(46)¥ =I (4a) I" (4b) +2? karqa) PTD p 


ga(ža +1)I'(3a) . 30(20 +1) (3b) a 


| 4.24 2 Cr 
277" 1)P(46+1 247 2) (4b +2 
=r rago + eT TE pay EPGD Tey 
| matic A aa aaa T | A RSS pasar 


© ro 
| -22-1 | ip e—4(s? + )sa— 145-1 cosh(ast)dsdt 


=21—ta—-2(y, +Y2), 
and in the same way it may be proved that 


Pda HTD +HY = 2-1-0 | T, e— (8? +t") ga —1¢b—1 sinh(wxst)dsdt. 
=2—4a—10(y, —Y2). 


The series Y, and Y, converge for any values of a and b when |a|<1; the 
corresponding integrals exist for all values of æ when the real parts of a and b are 


e] 
* It will be remembered that I"(z)= | e—“u?—1du 
0 


(e o] 
=21-2 | e7 tt? dt, writing u=}. 
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positive. Thus the increase in the range of validity of the expression for the 
solution is gained at the expense of a restriction on the parameters a and b. 


8:6. Periodic Transformations.—It will now be supposed that, in the 
integral 


B 
(A) yl) =| K(a, t)o(tat 
the nucleus K(a, t) satisfies the partial differential equation 
(B) L,(K)=L({K). 


Then, if the differentiation under the integral sign is valid, and if A is an 
arbitrary constant, 


Lely) +Ay= | (LAK) +AKYo(bae 


= [ DAK) +A (0a 


EL | j K(a, t){L,(v) + Avjat-+ | PEK, 3)" 


Thus if, for any choice of the constant A, the function v(t) satisfies the 
differential equation 

(C) Lv)+Av=0, 
and the limits of integration are chosen so that the integrated part is identi- 
cally zero, the definite integral will satisfy the equation 

(D) L(y) +Ay=0 
for the same value of A. 

The solution of an equation such as (C) or (D) is often, as was seen in 
§ 7:4, a twofold process involving not merely the formal determination 
of a function which satisfies the equation together with a set of initial con- 
ditions relative to a specified point, but also the determination of the constant 
A so that other conditions may be satisfied. Such conditions might be 
introduced, for instance, by supposing that the solution is purely periodic 
with a given period, or has a zero at a point other than that to which the 
initial conditions refer. 

It will be supposed then, that such conditions are imposed upon the 
solution of (C), that such a solution can exist only for a set of discrete values 
of A, and when it exists is uniquely determined apart from an arbitrary 
constant multiplier. Precisely the same set of conditions will be imposed 
upon the nucleus K(x, t) regarded as a function of the single variable œ 
with ¢ as a parameter.* Then clearly, if the relation v,(t), so determined, 
corresponds to the characteristic value A,, then 


B 
y(a)=| K (a, t)o,(t)at 


satisfies (D) for the parameter A, and satisfies all the initial conditions which 
were imposed upon v,(¢). But y,(æ) is, under these restrictions, unique, that 
is to say, a mere multiple of v,(z). If v,(~7)=A,y,(v), then y,(a) satisfies the 
homogeneous integral equation + 


B 
y(a)=A K(x, thy(t)dt, 
Ja 
when À has the characteristic value À,. 
* The possibility of determining K(x, t) to satisfy the imposed conditions identically 
in ¢ is assumed. 


+ Bateman, Proc. London Math. Soc. (2), 4 (1907), pp. 90, 461; Trans. Camb. Phil. Soc. 
21 (1909), p. 187 ; Ince, Proc. Roy. Soc. Edin. 42 (1922), p. 43. 
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8:601. Example of Solution by an Integral Equation.—Let the given equation 


be 
es d*y dy 
L(y) +Ay = (1 —2?) Te? +{n—m—(m-+n)æ} i +{4 —p(m—n)æ +p°æ? yy =0, 


where m, n and p are constants and m>0,n>0. For certain discrete characteristic 
values of A there exists a solution, unique apart from a constant multiplier, which 
is finite in the neighbourhood of the singular points a=+1. The nucleus K(a, t) 


which satisfies the equation L,(K)—L,(K) and is finite, for all values of t except 
t= +1, in the neighbourhood of «= +1, is ep(1-+2)m—(1—1t)"-1.. Now 


aP{K, v} 


a OO LAK) —K(e, )L(0) 


ô K 
=5 [a 1904 -K {1 —#)0} {nm —(m +n +4) Ko], 


If v(t) is finite in the neighbourhood of t= +1, the expression in square brackets 
will vanish at those points provided n>0, m>0. Consequently solutions of the 
given equation will satisfy the integral equation 


yla) -af ena +m- 11 —t)”— ty(t)dt. 


MISCELLANEOUS EXAMPLES. 


1. Show that the differential equation 
æp(D)y+y(D)y=0, 
where ¢ and ¢% are polynomials with constant coefficients, is satisfied by 


y= er +Jv Ox(tdty(t)dt, 
Ja 


where x(t) is the reciprocal of ¢(t), and a and £ are so chosen that for all values of g, 


[exe+soersoae|? ae 


a 
2. Express the general solution of 
d*y dy 
e Ta —(a-+B)(1+2) % + apy =0 


in integral form (i) for positive, and (ii) for negative values of æ. [Petzval.] 
3. Show that the most general solution of 
dy 


dgn Y=% 


where a is a constant, is 
n r@ ( m+ 1 
y= ™ Arar | exp | wat— —— gdt, 
r=0 70 f wrt 


where w”+1!=1, and the constants 4, are connected by the single relation 


4. Prove that the equation 


has the particular solution 
iee] 
y=| sin (a/v)e~4”*y dv; 
0 
and that the equation 
d’y 
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has the particular solution 
(ee 
y=| e` zlo- tv dv 
0 
when a>0. What modification is required when «<0? 


Derive the general solution of each equation. [Petzval.] 
5. Show that the equation 
dy 


dy 
RETT we = +(a+a)y=0 
has the solution, finite at the origin, 


4 
y={ T cos (æ cos 0+a log cot 40)dt, 
0 
when a is real, [Sharpe, Mess. Math. x.] 
6. Prove that 
a +2m 9 Ys py — 0 
is satisfied by 
+1 
v=] (1—t?)m—1 cos at dt, 
—1 


and deduce the series-development of this solution. 
7. Prove that, in ey notation of Chapter VII., Example 8, 


F(a, B, y 5; 0, €3 
ROHE 


~ TBO — BI (y) (e—y) 
and thus express the general solution of the ,F,-equation in terms of double integrals. 
8. Prove that a particular integral of 


(eż "i a (ee + as Jy = f(a) 


i U g t 
y= | | Sistx)s% —'t%2—* ds dt, 
0J 0 
and obtain the corresponding result for the equation of order n: 


(«= + aed, + as) EA (e3 ae an) = fæ): 


9. Prove that, if Pm(æ)is a Legendre polynomial, and Q(z) the corresponding Legendre 
function of the second kind, 
ae 


/a-a-8 pei — ey) R ~*~ 0)°—-7 — adi 


Qna) = 3 fay a 


and deduce, by induction, that if m and n are oto integers and m>n, 


Palama) = 4 [gat at 


10. Find the differential equation of the fourth order satisfied by 
Pr(x)Pm(x), Pn(æ)Qm(x), Pm(n)Qn(x), Qm(x)Qn(z) 
and show that it is transformed into itself by the Euler transformation 


fla)= bar Hf) 


Obtain a general type of equation of order n invariant under this transformation. 
11. Show that the relation 


xz 
f(z) = | E aa ani i 
may be replaced by the three relations ` 


u(s) = i e—stK(t)dt, v(s) = | esiga i 


u(s)o(s) = R i e—stf(t)dt. [Borel. ] 
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Hence prove that, if Jn(x) is a Bessel function 
| Inle —t)Jn(t)t—tdt=n—1Im+n(2). [Bateman.]| 


12. Show that the nucleus K(zt) satisfies the partial differential equation 
ð g 0 ð 
aP F| æ — anal alt K -før t ET HNE ) 
l ( a Tam ait at 


if u=K(s) is a solution of 
BN ae H(s<)lu=o0 
( EA ( ds se 


and that there is then a transformation depending upon the nucleus K(æt) from 
(e2) +6(2)ly <0 
CR &—— sg = 
( da ( du) §" 
fma(1S +(e! 0 
7 v = U. 
d dt ' a 


Tata = I. J anf 2/ (tI p (that, 


where 2 is positive and n is real and greater than —}. [Bateman.] 


to the adjoint equation of 


Hence prove that 
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CHAPTER IX 
THE ALGEBRAIC THEORY OF LINEAR DIFFERENTIAL SYSTEMS 


9:1. Definition of a Linear Differential System.—The linear differential 
equation 
dy d"y d™—ly dy 

taken together with one or more supplementary conditions which are to be 
satisfied, for particular values of æ, by y and its first (n—1) derivatives, is 
said to form a linear differential system. The simplest set of supplementary 
conditions is that which was postulated for the fundamental existence 
theorem (§ 3°32), viz. : 


Y(%)=Yo  Y"(Lo)=Yo> - - » YPT D(z) =YV, 

Yo. Yos - - +» Yo” being n pre-assigned constants. The existence theorem 
reveals the fact that, when a is an ordinary point of the equation, the 
system has one and only one solution. This particular set of supplementary 
conditions provides what is known as a one-point boundary problem, since a 
solution of the differential equation has to be found which satisfies the 
initial conditions at one specified point. Such a problem, then, has one and 
only one solution provided that the number of independent conditions is 
equal to the order of the equation. 

In a two-point boundary problem the differential system is composed of 
the differential equation and a number of supplementary linear conditions 
of the form 

Uily) = oyla) o'ya) -> +ax"-Py"H(a) 
+Biy(b)+By'(b)+ . +B- Yb) =y 
in which the numbers a, 8 and y are given constants, and (a, b) is a definite 
range of variation of æ. It will be supposed that m linearly-independent 
supplementary conditions of this type are assigned; since there cannot be 
more than 2n independent linear relations between the 2n quantities 


y(a), y(a),.-.. V Na y(d), y'(b),.. yd), 


it follows that m<2n. 
The system will be written in brief as 


f L(y)=r(x), 


Ui(y)=yi (i=1, 2, . . ., m). 
Intimately related to the given system is the completely homogeneous 
system 

fay =0, 

Uy) =0 =A a 


This is known as the reduced system. 
In the case of the reduced system, there are clearly two possibilities to 
consider : 
204 
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(i) The system may possess no solution which is not identically zero ; 
the system is then said to be incompatible. 
(ii) The system may have k( <n) linearly independent solutions 


Yr(@),  Yo(@), - »  Ylæ). 
Then the general solution of the reduced system may be written 
C1Y1(@) +CoYo(@)+ . . » +exyy(@), 
and depends upon the k arbitrary constants cj, C2, . . ., Cpe The system is 


said, in this case, to be k-ply compatible ; k is called the index of compatibility. 

Similarly, in the non-homogeneous system there arise two cases : 

(i) The system may admit of no solution at all, which implies that no 
solution of the equation L(y)=7r(7) can be found which satisfies the m 
boundary conditions U;(y)=y;. 

(ii) The system may be satisfied by a particular solution yo(v). Then 
if the index of the reduced system is k, the general solution of the non- 
homogeneous system is 


Yo(@) +e1y1(@) +eoyo(v)+ . - . +exy,(2), 
where ¢€,Y;(@)+coyo(v)+ . . . +c,y,(v) is the general solution of the reduced 
system. It bears a close analogy to the complementary function (§ 5-1) of 
the linear differential equation, when the latter is unrestricted by boundary 
conditions. 

The present chapter will be devoted to the general question of the com- 
patibility or incompatibility of a linear differential system, and will show the 
very close resemblance which exists between the theory of linear differential 
systems on the one hand, and the theory of simultaneous linear algebraic 
equations on the other. 


9:2. Analogy with the Theory of a System of Linear Algebraic Equations.—- 
A linear differential system may be regarded as the limiting case of a 
system of M linear algebraic equations involving N variables, when, in the 
limit, M and N tend to infinity. For simplicity, the analogy will, in the 
first place, be developed for the case of a linear differential system of the 
second order, 


pola) TZ +910) SY +-pala)y =r), 


aiy(a) +ai'y'(a)+Biy(b) +Bi'y'(b) =i (i<4). 

It will be supposed that po(v), pi(x), po(v) and r(@) are continuous 
functions of the real variable v throughout the closed interval a<a<b. Let 
this interval be divided into s equal parts by the points 


Los Vis Lo, - e e Vey 
where %=d, «,=b, and let 


Ae=a,+41—2,, 
Ay, =Y(2y+1) —y(2y), 
Ay, =Yy(@)+2) —2y (a, +. 1) +y(2,)- 

Then the differential equation may be regarded as the limiting form of the 
difference equation * 

Ay, A 

Pole) Taz TPL) Je +HPal2,)yv=rla,) 

when, in the limit, 4x tends to zero. As it stands, this difference equation 
holds for v=0, 1, 2, . . .,s—2. In virtue of the expressions for Ay, and 


* Porter, Ann. of Math. (2), 3 (1902), p. 55, proved that the passage to the limit from 
the difference equation to the differential equation may be made with complete rigour. 
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A%y,, it may be written, after both members have been multiplied by 42?, 
in the form 

Poy +Piryv+1 +PoYr +2 =R, (y=0,; 1, 2e ., 82). 
There are thus s—1 equations connecting the s+-1 unknown quantities 


Yoo Yis Yor + + +> Ys 
In the same way, each boundary condition 


aiy(a) +a; y'(a) +Biy(b) +Bi'y'(b) =v: 
may be expressed as the limiting form of 
, A , A ga 
aio tai T +Biys +B; i a EM 
which, in turn, may be written as 
Ayo + Ainyi1 +Aj, s~1Ys—1 + Aisys=Bi, 
and so each boundary condition is equivalent to a linear difference equation 


connecting Yo, Y1, Ys—1, and Ys. 

The ideas here involved are clearly quite general ; thus a linear differential 
equation of order n, whose coefficients are continuous in (a, b), may be 
regarded as the limiting case of a family of difference equations of the type 

PowytPuyvtit - - - +Pmyr+n =R (v=0, 1, 2, . . EN) 
where, as before, s is the number of equal segments into which the interval 
(a, b) has been subdivided. Each boundary condition, whether it relates to 
one, to two, or to several, points of (a, b), also leads to an equation of pre- 
cisely the same type; if there are m boundary conditions, there will be, in 
all, s-+-m—n-+1 equations between the s-+-1 unknown quantities 

Yoo Yis Y2 ++ + Ys 

In order to emphasise the analogy which is thus seen to exist between 
linear differential systems and systems of linear algebraic equations, it is 
necessary to record the main properties which the latter are known to 
possess.* 


9:21. Properties of a Linear Algebraic System.—Consider the set of M 
simultaneous linear equations 


A11X4+2X9+. . .+ayXv=0, 


ayiX1+ay2Xe+. . .+adyyXy=0, 


between the N variables X4, Xo, . . „ Xy. Two cases may arise : 
(i) The system may admit of no solution except 
Aim Age ahah SA w=) 3 


that is, the system may be incompatible. 
(ii) There may be several, say k, sets of solutions : 


Xi X21; Wie BE Xy 
X12, X20, vidi ie. X yo, 
Xir X 2k; eM S. X Nk 


These relations are said to be linearly independent if it is impossible to 
determine constants c, which are not all zero, such that the N equations 


cıX11+02X12+ . . . +X =0, 
CX yi +c2X no+ - - - +0rXynr=0, 


* See Bôcher, Introduction to Higher Algebra, Chap. IV. 
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are satisfied simultaneously. When the k sets of solutions are in fact linearly 
independent, then on account of homogeneity of the system, the general 
solution is 


Xy=CyXy1+CoX e+ . . . +X yy, 
Xs SeX Foaia t i » +CX 2ks 
Xy Hay, PAA ea © eX Ni 
in which c1, C2, . . ., Care arbitrary constants. The system is, in this case, 


k-ply compatible. 

The index of compatibility, k, of the given system is determined by the 
following theorem : If p is the order of the non-zero determinant of highest 
order which can be extracted from the matrix 


Qil Go, ++ + Gn 
(4) = ( j } 


Qui, M2 -+  QMN 


then k=N—p. The number p is called the rank of the matrix (A). 
Consider now the non-homogeneous system of equations 


Qy1X4 tak: et. - theXy Oi 


da, T HG FETA es ee 
and with it the augmented matrix 


Gi Qiz -- + Gy, Oy 
(B) = ( : j A } 


diis Qmo- -st Gyn, by 


The rank of (B) is at least equal to that of (4); a necessary and sufficient 
condition that the non-homogeneous system of equations be compatible is 
that the rank of (B) should be ewactly equal to that of (4). In this case, if 


X10; Xo, o 8 49 X no 
is any particular solution of the non-homogeneous system, then the general 
solution is 
Xi=X +X ttit - -+X 
Xs =X20 tera TRT + Feed gee 
f, a, Mix N1 REE PENAN oi badn 


9:22. Determination of the Index of a Linear Differential System.—Let 
Yis Yo. + + +» Yn be a fundamental set of solutions of the homogeneous linear 
differential equation 

L(y)=0. 


The question as to whether or not this equation is compatible with the m 
homogeneous linear boundary conditions 


Ui(y)=0 Bl 2, a sye 
is equivalent to the problem of investigating the possibility of NARGEN 
the constants c4, C2, . . - Cn in the general solution 
Y=c1Y1 +CYot - - + HenYn 


in such a way that the boundary conditions are satisfied. Everything there- 
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fore depends upon the compatibility or incompatibility of the system of m 
simultaneous equations 


eV i(ya) +20 (Ya) + - + + +€nU3(Yn)=9, 
Cy Unlys) Pn A re - FCn Um(Yn) =0, 
and therefore upon the rank of the UTAN 
Uilyı) Uly) ++ -  UalYn) 
(U)= ; i i s 
U m(y1) U m(Y2); goe Ulin)! 
If the rank of this matrix is p, there will be n—p linearly independent sets 
of values of c4, Co, . . ., €, and corresponding to each of these sets of values 


there will be one solution of the differential equation which satisfies the 
boundary conditions. The index of the differential system is therefore 
k=n—p. Consequently, a necessary and sufficient condition that the given 
system should be k-ply compatible is that the rank of the matrix (U) is n—k. 
In particular, if the rank of the matrix is n (which implies the condition 
that m>n), the system will be incompatible. 

Consider now the non-homogeneous system 


j L(y) ="(2), 

Ui(y)=yi i=], ene m). 

If Yi, Yo, - - + Yn form, as before, a fundamental set of solutions of the 

homogeneous equation, and if yọ is a particular solution of the non-homo- 

geneous equation, then the general solution of the latter will be 
Y=Yoteiyit+esyeat +++ Fenn 


In order that the boundary conditions of the non-homogeneous system may 
be satisfied, it must be possible to determine the constants c4, Co, . . ., Cn 
from the equations 


e1Ualys) +e2U Ye) + - ile Vin) = =" re GF (Yo), 


Cy U nly) a Un(ys) hag Oa one WA D. 
The possibility of so doing Se aR upon Te rank of the augmented matrix 


u= iai Uwi > On), ut} 


Un(y1)> UmlY2), - + + U nln) Ym—Um(Yo) 
A necessary and sufficient condition that the non-homogeneous system should 
be compatible is that the rank of the matrix (U') is equal to the rank of the 
matriz (U). If pis the common rank of the matrices, the general solution of 
each system will depend upon n—p arbitrary constants. 

As an important corollary it follows that when m<n a necessary and 
sufficient condition that a non-homogeneous system should have a solution is 
that the corresponding reduced system is (n—m)-ply compatible; when m=n 
the condition is that the reduced system is incompatible. 


9:3. Properties of a Bilinear Form.—-The iting wink 


a1181Y1 +yo%Yot - - + +4,weyyN 
tartay Tatae Ae > Taney n 
aes 1UNY4 PRENS 2@ NY2 Bi, - +ayytyyn 
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is said to be a bilinear form in the two sets of N variables 
is La, qe ley CARNS 
A rr | 
for the reason that the coefficient of each wz is a linear function of the variables 


y and conversely. A distinction has to be made between the cases when the 
determinant 


Gi Aya, +++ Gy | 
‘ae ae oad kigi A . G ar 
aN1> aN2> e 8 8 NN 


which is known as the determinant of the form, is or is not zero respectively. 
In the former case the bilinear form is said to be singular, in the latter it is 
said to be ordinary. It will here be assumed that the form considered is 
ordinary. 


Let the variables a, %2, . . ., wy be replaced by a new set of N variables 
X Xe, . . ., Xy by means of the substitution 
@y=CyyX4+Cy2Xo+ ... +eyyXy, j 
T2 Senk teaaXat . » Foswža, 
ay eye 1 A oye 2 e are N 


such that the determinant 

C=| cy | 
is not zero. Since C0 the substitution is reversible, that is to say the 
variables X are uniquely determinate in terms of the variables æ. The 
bilinear form is then expressible as 


and the corresponding determinant is 
D=| dij |=] aix | | cx | 


=AC=0. 
The form therefore remains ordinary after the substitution has been made. 
Now let the variables y1, yo, - - -, yn be replaced by the set Y4, Yo, ...,¥ y 

by means of the ordinary substitution 

Yy=dyyyitdyoyot+ ... +divyy, 

Yz 5day: +dazya + - Hanta 

vs men I dki iam | thea: 
The form is thus reduced to 

XıYıt+X2Y2+ ... +XwYy, 


which may be regarded as the canonical representation of an ordinary bilinear 
form. This reduction may be carried out in an infinite number of ways 
because the variables v1, #2, . - ., æy may be transformed into the new set 
X 1, Xə, . . Xy by any linear substitution whose determinant is not zero. 
But once the new set of variables X,, Xo, . . ., Xy has been determined, 
the corresponding set Y4, Yo, . . -, Yy is unique. 

Consider then what change is introduced into the set of variables Y in 
consequence of a change in one or more of the variables X. In the first 
place suppose that to 

Xi, Xo, me te Xyu, XM+1 e.. Xy, 
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correspond respectively 


Yi, Yo, fe) te / Neg Y m, Ym+is 6a) ey Yy. 
Let X,, Xo, . . ., Xm remain unchanged ; let Xy+3, - . » Xy be replaced 
by the new variables X’y,4.3, . . ., X’yw which are such that 
DR PRS NCE SP Gea a ere. OE 
form a linearly independent system, and, further, let 
Yo Y'a Be (a9 Yin Y'u+y o 8 8 ori 
be the corresponding system. Then 
Xi¥i+XoVot ... +XuYutXuriYuyit ..-. +Xw¥y 
Y'3+Xe¥'ot+ ... +XuY'utX'm+1Y m+1+ ... X'vY'y. 
Since X,, Xo, . . ., Xu, X’yii, - - » X'y are linearly independent quanti- 
ties derived from the variables a,, @2, . . ., æy by a substitution whose 
determinant is not zero, it follows that a unique set of values of @, #2, . . .@y 
can be found such that 
Xj .. == X m0; oma tl, A cer BI isis =X'y=0. 
Then, if for these values of x1, Xo, . . -, ty, Xu+1, XM+2 - - Xy become 
respectively 4y+1, Au+2, - - -, Ay, it follows that 
Y'u41=4m41Y¥uiitAmieYuret --- +AyvYy. 
In the same r Y'm+2 . - + Y’y are expressible as linear combinations of 
Yuti e>» 
The BUMATA Y’;, Y'o, . . +» Y'm may be dealt with in a similar way. 
In particular, let that set of values of 2, v2, . . ., æy be determined for 
which 
Agel, Xo= ree EA A Mi= a ene =X'y=0; 
and for this set of values let Xy+,,..., Xy become By+;, ` ., By 
respectively. Then 
Y'5=¥i+Bu4i1Yu+it --- +BrYy, 
and similar expressions are found for Y's, . . ., Y'm. 


9:31. Adjoint Differential Systems.—The theory of the bilinear form, 
which was outlined in the previous section, finds an important application 
in the development of the conception of an adjoint pair of linear differential 
systems.* Let 


d 
L(u) =p, dx” eee pia R., e + Paige + pu 


be a linear differential expression, in which it is assumed that the coefficients 
pi are continuous functions of the real variable æ for a<w<b, that the first 
n—i derivatives of p; exist and are continuous, and that Po does not vanish 
at any point of the closed interval (a, b).t 
Then the adjoint differential expression is 


Biya (Haye ey ae) p a a Pete) 1 yy, 


* A special pair of adjoint differential systems is given by Liouville, J. de Math. 3 
(1838), p. 604. Mason, Trans. Am. Math. Soc. 7 (1906), p. 337, deals with systems of the 
second order. Birkhoff, ibid. 9 (1908), p. 373, and Bécher, ibid. 14 (19138), p. 408, treat 
the general question. Extensions to systems of differential equations have been made 
by Bounitzky, J. de Math. (6), 5 (1909), p. 65, and Bocher, loc. cit. 

+ This implies that the equation has no ’singular points within the interval (a, b) or 
at its end-points. 
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and L(w) and L(v) are related by the Lagrange identity (§ 5:3) 
= d 
vL(u)—uL(v) = yo P(u, v), 
where P(u, v) is the bilinear concomitant 


d io d”—1 
u| ppv “Pr 20) wei A ira AATA ae | 
ot d(Pn—g?) N 4d “(Ho?)] 
F dig LPn—2” a r mn Geert) du"—-2 
Wes SU Niel are 
d"—-ly 
dyn—1P0- 
The determinant of this form is 
A(s) = ae (—1)"-1p, 
(EEI s: 0 
— Po» A.. 0, 0 
Po» 0, Bil a oS 0, ; 0 


The elements below the secondary diagonal are all zero, and therefore the 
value of the determinant is +(po)”, which is not zero at any point of (a, b). 
The bilinear concomitant is therefore an ordinary (i.e. a non-singular) bilinear 
form in the set of variables 
thy Biss 6D, 
Veo’, 
If the Lagrange identity is integrated between the limits a and b, Green’s 
formula 
b L b 
| {oL(u) —uL()}da=| Pu, »)| 
a a 
is obtained. The right-hand member is a bilinear form in the two sets of 
2n quantities 


wa), -6(4), ..s5. wh Ma), ald), wb), our DB), 
v(a), ofa), ....  o-Y(a),. of), 0(b), «.. .», OMAN(D); 
its determinant is à 
(a), 0 ae b n 
| ik Ab) | tpo(a)po(b)} 


b 
and is not zero. The form | Peu, »)| is therefore ordinary, and consequently 
a 


reducible to the canonical form. 
Let Ui, Us, . . ., Us, be any 2n linearly independent homogeneous 
expressions of the type 


U,(u) =ayu(a)+a,’u'(a)+ . . . +aj—-Du—D(a) 
+ Bulb) -+B.'u'(b)-+ : . . +Ri"-Dur—0(6), 
where the determinant of the 4n? coefficients is not zero, then there exists a 
unique set 


Vi, Vo, Oe eS Von 
of independent forms linear in 
v(a), v(a), ..., va), v(b), v(b), ..., v™-1(b), 
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such that 
b 
[Pe v) | =UV ont UNV onat - - - +U2anV1. 
2 ; 
Consequently Green’s formula may be written 
b x 
| (ela) —uL(o)}de= OV ag FUP nat «+» + Ua 
a 
If U, Us, ..., Um remain unchanged, whilst a different choice of 
Um+1 - + + Uon is made, Vy, Vo, . o Von—m Will change into a new set 
V's, Vio, . e «+> V'on—m Which are linear combinations of Vy, Vo, . . a Von—m: 
Thus V;, Vo, . . ., Fon m depend in reality upon Ur. Ug, . . -Um only. 
The system ti 
L (v)=0, 
V {v)=0 (t=1, 2, . . ., 2n—m) 
is said to be the adjoint of 
L(u) =0, 
U,(u)=0 EL 2, .°. a 


The symmetry of the formule brings out the fact that, conversely, the 
second system is the adjoint of the first. 


When a homogeneous linear differential system is regarded as the analogy of 
the set of equations 


11X1 + KASAS +aıy XN =0, 


aMıXı+ ... +aynXy=0, 
the adjoint equation is the corresponding analogy of 
44,;Y¥,+ oe 6 +ayi,Yu=0, 
aıNYı+ ... +aunYu=0. 
9:32. A Property of the Solutions of a k-ply Compatible System.—The forms 
Um+1 - + +» Uo, are restricted only by the condition that 


ra re ere, ae E Pes 


are linearly independent. They have, however, the important property 
that if u1, U2, . . ., Up form a linearly independent set of solutions of the 
k-ply compatible system 

L(u) =0, 


U(u)=0 (s=1,2, . . .. MM), 
then 
Uj(u;), Uilue) . . ., Ulu) (t=m-+1, .. ., 2n) 
are linearly independent. 
For if not, then constants c1, C2, . . ., c, can be found so that 


Ui(ciui +eqle+ . . . +erur) 
=¢,U (U1) +egU(ug)+ . . . +erUi{u)=0 


(t=m-+1, .. ., 2n). 
But 


Uj(cyuy+egle+ .. . +¢,u,)=0 OEL A, ai o M 


U;(u)=0, 
where t=1,2, ..., 2m, and w=cyu,+cotet+ . . . +eyty 
These 2n independent homogeneous equations involve the 2n quantities 
u(a), wa), ..., ua), ub), u(b), .. . wb); 


and hence 
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since the determinant of the 4n? coefficients is not zero, these equations are not 
satisfied unless each of these quantities is zero. This, however, is impossible, 
since then u would Vanish identically. The theorem is therefore established. 


9°33. The Case in which the Number of independent Boundary Conditions is 
equal to the Order of the Equation.—The case m=n is of considerable im- 
portance, and is of rather greater simplicity than the more general case. 
In this case, it will be proved that the index of compatibility of a homo- 
geneous differential system is equal to the index of the adjoint system. 

Let the given system be 


L(u) =0 
U,(u)=0. eT) ee Cer } 
Let k be its index, and let u4, wo, . . ., Up be a set of linearly independent 
solutions. The adjoint system is _ 
L (v)=0, 

V(v)=0 Gah yey. ie a 
Let v1, Vg, . . ., Up be a fundamental set of solutions of the equation 

L(v)=0; 


then Green’s formula 


b me 
{oL(u) —uL(v)}de=UyV2,+U QV ant .. - +U nV 


reduces to 


Unsil) alo) + : s POPA 0, 


U,,4 ria | E AT ies )= 
where u denotes any solution of ines Set 63, tho, . . «5 Up 
This set of equations, regarded as equations to determine U,,4;,. . ., Uon 


has the k solutions 
Un+1(%i), So aR U2,(u;) (i=l, 2.. 4 k), 


and these solutions, in virtue of the lemma of the preceding section, are 
linearly independent. jino nia the rank of the matrix 


Palva)s > ts! 


V „(0n), $ DVINA ) 
is n—k at most. But this is iiaii the matrix which determines the 
index of the adjoint system. If the index of the adjoint system is k’, the 
rank of this matrix is n—k’, and hence 
n—k’' <n—k, 
or 
k’>k. 

But if in this reasoning the two systems are interchanged it would follow 

that k>k’, whence finally k’=k as was to be proved. 


If the restriction m=n is removed, the more general form of the theorem is 
that k’=k-+m—n. The proof follows on the same general lines. It is first estab- 
lished that k’>k+-m—n. From the reciprocity between the system and its 
adjoint, it is deduced that k>k’ +-(2n —m) —n, or k’<k+m—n, whence the theorem 
follows. 


9:34. The Non-homogeneous System.—Let the given complete system be 


L(u) =r, 
(A) U,(u)=y; (i=l, ER F n), 
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then a necessary and sufficient condition that this system may have a solution 
is that every solution v of the homogeneous adjoint system 


L(v)=0, 
(B) V {v)=0 ($=), 2,0 ee 
satisfies the relation 
(C) [orde—2P onto) + «e +Y¥nV n+1(0). 


Let k be the index of the homogeneous system (B); if k=0 the theorem 
follows from § 9°22, it will therefore be supposed that k>0, and that 
Uls, Vo, - . Up form a linearly independent set of solutions. 

If the given complete system has a solution u, let v be any solution of 
the system (B). Then if u and v so defined are substituted in Green’s formula, 
equation (C) follows immediately. The condition is therefore necessary. 

In order to prove the condition sufficient, let uọ be any solution of the 
equation 

L(u)=r, 
then Green’s theorem leads to the relation 


f 2rde—U (0g) 290) + E EA altos 


where v denotes any solution of the system (B). 
By subtraction from (C), it follows that 


(D) {U (uo) —Yy1} V 2n(0)+ aaa +H{U nlo) —¥n}V n+1(0)=0. 


Now let uw, wo, . . ., Un be a fundamental system of solutions of the homo- 
geneous equation 
L(u) =0, 
then, by Green’s theorem, 
Ului) onv) t+ - - - +Un(U1)Vn+1(v)=0, 

(E) : A : À ; ‘ l ; ; 
Uy(Un)Von(v) + - - » +Un(Un)V n+1(v)=0. 
Thus there are in all n+1 linear homogeneous equations in the n unknowns 
V2,(v), - »  Fn+1(0), and they are satisfied by the k solutions 

Fonli) ++ Vasil) (t=1, 2, .. a k) 

which, by § 9°32, are linearly independent. The rank of the matrix of the 
set of n+1 equations (D, E) is therefore at most n—k, but it cannot be less 
than n—k since the rank of the matrix of the n equations (E) is exactly n—k. 
The rank of both matrices is therefore n—k, from which it follows that the 
given complete system has a solution. 


When m=: n the theorem is that a necessary and sufficient condition that the 
complete system 


L(u) =r, 

Ui(u)=yi (i=1, 2, . . . m) 

should have a solution is that every solution v of the homogeneous adjoint system 
f L(v) =0, 

V(v)=0 (t=1, 2; . . ., 2n—m) 


satisfies the relation 


b 
f =r anl0)+ E E 


The case n>m, k=n —m is disposed of by reference to § 9°22; the proof then follows 
on the above lines. 
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$ 9-4. The self-adjoint Linear Differential System of the Second Order.— 
et 


d?u du 
L(u) = po da? + pi a + pou 


be a homogeneous linear differential expression of the second order. The | 
adjoint expression is 


= d2v , dv ” , 
Lv) = Po 7,3 + (2p —Pi) a, + (po" —p1' +p2)e. 


A necessary and sufficient condition that L(u) be identical i in form with its 
adjoint L(v) is clearly 


Po =P1- 
The expression may then be written 
d( du 
(pe oY) + pat. 


In its general form, L(w) is not self-adjoint, but the expression 


Py 
Lye © Fy) = af Sx nda Pedi 
0 ~~ da 

is self-adjoint. Since, therefore, any equation fx the second order can be 
made self-adjoint by multiplying throughout by an appropriate factor (which 
does not vanish or become infinite in (a, b) if the assumptions of § 9°31 are 
maintained), there is no loss in generality in regarding as the general equation 
of the second order the self-adjoint equation 


d m Yn 


which is known as the Sturm equation. In this case, let 
=E u 
L(u) = dat” de Gu, 


then, if u and v are any two functions of œ whose first and second 
derivatives are continuous in (a, b), 


VARI. | du dv 
oT (u)—ul(o)=£ |R o —u I, 
and hence the bilinear concomitant is 
‘ du do 
P(u, o= yam 2 


Green’s formula reduces, in this case, to the N form 


dv 
i, {oL(u) —uL(v)}de= KGA u =) - 
In particular, if L(u)=0, L(v)=0, it reduces to Abel’s formula 
K(b){v(b)u'(b) —u(b)o'(b)} =K(a){o(a)u'(a) —u(a)o'(a)}. 
Consider, then, the race differential system 


jee U,(u) a wane +agw'(a)-+a,u'(b)=0, 
U.(u) =Bu(a) +P2u(b) +B3u'(a) +Byu'(b) = 
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where it is supposed that U, and Uy, are linearly independent. This con- 
dition implies that, of the six determinants 8;;=a,8; —a,;B; contained in the 
matrix 

(22 Q2; Q3, el 


: Pi; Bo, Bs; By ‘ 
not all are zero. 


Suppose, in the first place, that 240, then let Uz and U, be taken in 
such a way that U, Us, Us and U, are linearly independent. For instance, 
let 

U;(u)=u'(a), U4(u)=u'(b), 
then if u and v are any functions of æ such that L(u) and L(v) are continuous 
in (a, b), 


fi {oL(u) —uL(v)}de= KOT Ji 
i =U; V4 +U 3 +U V 2+U4V 4, 


that is 
K(b){o(b)w'(b) —u(b)o'(b)} —K(a){o(a)u'(a) —u(a)o"(a)} 
={a,u(a) +-agu(b) +-agu'(a) +agu'(b)}V4 
+{B1u(a) +-Bou(b) +Bgu’(a) +Byw'(b)}V’g 
+u'(a)Vo+u'(b)V 3. 
A comparison of the coefficients of u(a), u(b), w’(a) and w’(b) gives rise to the 
four equations 


a4V4+PiV3=K(a)v'(a), 
a2V4+B2V3=—K(b)o'(d), 
V2+agV 4+P3V3= —K(a)v(a), 
Vy +a4V4+f4V3=K(b)o(b). 
From these equations V1, Vo, Vg and V4 may be obtained explicitly, viz. 


V (0) =K(b)o(b)-+5,- {824K (a)o' (a) +8,4K(b)o'(b)}, 
V (0) = —K(ayo(a)— 5 {823K (a)o'(a) +8,3K(b)o'(b)}, 
V(0)=—5 {aak(a)o'(a) +a, K(b)o(b)}, 


V.(v)= s {BoK (a)v'(a) +B 1K(b)0'(b)}- 


In order that the given system may be self-adjoint, it is necessary and 
sufficient that V;(v) and FV ə(v) should each be a linear combination of U,(v) 
and U,(v). Since v(a) does not enter into Vy, V; may be obtained by 
eliminating v(a) between U,(v) and U.(v). Hence V is a multiple of 


81 00(b) +8 30'(a)-+8)40'(d), 
and thus 


1 ’ , 
V s(0)=K(b)0(b) + 5 KO (a) +K). 
If this expression is compared with the previous expression for V4 it is seen 
that the condition sought for is that 
ôK (a) =ô;3K (b). 


Precisely the same condition is obtained by expressing the fact that V (v) 
is essentially the eliminant of v(b) between U,(v) and U,(v). Thus the 
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condition obtained is a necessary and a sufficient condition that the system 
dealt with may be self-adjoint. 
Assume next that +0; in this case an independent set of linear 
expressions U may be obtained by taking 
Us(u)=u(b), U,(u)=u'(b). 
It is then easily found that 


V s(0) =K(b)0(b) + Bu K (ajola) +K (a)o'(a)}, 
V s(0) =—K(b)o(b)+ § {812K (a)0(a) —3zsK(a)v'(a)}, 
Rise i {a,K(a)o(a) +agK(a)v'(a)}, 


V=; {BiK(a)o(a) +PoK(a)(a)}. 


Again, it may be inferred that 
524K (a) =8)3K (b) 
is a necessary and sufficient condition that the given system may be self- 
adjoint. 
The remaining four cases 4+0, 230, 524-0, and g4 +0 may be dealt 
with in the same way ; each case leads to the same condition that the given 
system may be self-adjoint. 


9°41. Sturm-Liouville Systems.—A system of the type 
d {dy W 
T get + g—Dy=0, 


ayy(a) +-a2y(b) -asy'(a) +asy'(b)=0, 
Byy(a) +Beoy(b) +Bsy"(a) +-Bay'(b)=0, 
is known as a Sturm-Liouville system. In the interval a<a<b, k (which is 
everywhere positive), g and l are continuous functions of a, and A is an 
arbitrary parameter. The condition that the system may be self-adjoint is 
So4k(a)=8 3h(b) ; it will be supposed that this condition is satisfied. 
A special case of the system, in which the boundary conditions are 
(B) y'(a) —hy(a) =0, 
y'(b) +-Hy(b)=0, 
arises in the problem of the distribution of temperature in a heterogeneous 
bar ; * the system is self-adjoint, for in this case s4 =813 =0. 
By eliminating in turn y’(a) and y(a), the boundary conditions of (A) may 
be brought into the form 
813y(@) +823y(b) —S34y'(b) =0, 
13y (a) +812y(b) +814y'(b) =0. 
If 5;3;=0, which since the system is self-adjoint implies that 5,,=0, the 


boundary conditions reduce to (B). When +0 the system may be 
written 


(A) 


a SeS +Qg—Dy=0, 
| y(a)=y:y(b)+y1'y'(b), 
y'(a)=yo2y(b) +y2'y'(d), 


* In this problem k represents the conductivity, g the specific heat, and l, h and H 
depend upon the emissivity at the surface and at the ends of the bar respectively. À has 
to be determined so as to render the system compatible. 


(C) 
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and the condition that the system may be self-adjoint becomes 


k(b)=(y1y2' —y1'y2)k(a). 
In particular, the system involving the so-called periodic boundary 
conditions 
y(a)=y(b), 
y'(a)=y'(b) 
is self-adjoint provided that 
k(a)=k(b). 


9°5. Differential Systems which involve a Parameter. The Characteristic 
Numbers.— It frequently happens that, in the homogeneous differential 
system of order n 
L{y)=0, 
U(y)=0 (Q==1, By.) as 


the coefficients in the differential equation, and possibly those in the boundary 
conditions, depend upon a parameter A. A case in point was met with in 
the preceding section. The capital question here is to determine those 
particular values of A for which the system becomes compatible. Such 
values are known as the characteristic numbers of the system, the solutions 
which correspond to them are termed the characteristic functions. A later 
chapter (Chap. XI.) will be devoted to a closer study of the characteristic 
functions; the present section serves as a link between the theory which was 
expounded in the preceding pages and that which will be developed subse- 


quently. 
Let y1, Yo, - - -» Yn be a fundamental set of real solutions of the equation 


L(y)=9, 
these are to be regarded as functions of the real variable-pair (æ, A), and as 
such are continuous functions * of (~, A), and possess derivatives with respect 
to æ up to and including the (n—1)th order, which are likewise continuous 
functions of (x, À) when a<g<b and A lies in a certain interval, say (A,, Ae). 
The condition for compatibility is that 


Ux(yi), - - ++ Us(Yn) | am 
° . - . . | 
U,(Y1); ETa te U,(Yn) | 
which may be written 
F(A)=0. 


It will be assumed that the coefficients in U; are continuous functions of 
A, then F(A) will be continuous in the interval (44, 42). This equation is 
known as the characteristic equation of the system, its roots are the character- 
istic numbers. For values of A which lie in the open interval 1,;<A<Ag, 
the roots of the characteristic equation are isolated ; + the end points A, 
and A, may, however, be the limit points of an infinite number of roots. 

The characteristic equation is independent of the fundamental set of 
solutions chosen, for the effect of replacing y; by Y;, where 


Yi=cy1yi tenet - - - +€inYn (Gsa}, AE 
is to multiply the left-hand member of the characteristic equation by the 
* For a definition of a continuous function of two real variables, see footnote to 
§3°1. Tha Yo: «+ +> Yn and their first (n— 1) derivatives with respect to x are continuous 


ty oe 
functions of (æ, A) follows from the existence theorems of §§ 3°31, 3°32. 
t See!§ 9°6 infra. 
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determinant | c;j| which is not zero since Yy, Y,..., Y, form a funda- 
mental set.* 

By definition, each characteristic number 4; renders the system com- 
patible ; the system will then have a certain index of compatibility, say k;. 
Furthermore A;, regarded as a root of the characteristic equation, is of a 
certain multiplicity m; Now m; may be unequal to k;, but in all cases, 


k; <m; 
(It will be remembered that k;<n). To establish this inequality, it will be 
sufficient to prove that, if A is any characteristic number, and k its index, 
E\(A) =F" (A) = .... 6 BOR YOA)=0. 

Now F(X) is obtained by writing down a number of determinants, each 
of which contains at least (n—r) columns of F(A) unaltered, the remaining 
columns being derived by differentiation from the corresponding columns 
of F(A). Let each of these determinants be developed, by Laplace’s formula, t 
in terms of the minors contained in the n—r undifferentiated columns. 
Since the index of À is k, all determinants of order greater than or equal to 
n—k-+1 extracted from the matrix (U;,(y;)) are zero. That is to say each 
term in the development of FOA) will be zero, or 


F(X) =0, 


provided that r<k—1. Therefore the root A is of multiplicity k at least, as 
was to be proved. 


9°6. The Effect of Small Variations in the Coefficients of a Linear Differential 
System.—The supposition that the coefficients of the linear differential system 


L(y)=0, 
(A) e 3 
U;(y) =0 (i=1, 2, Ne) ss n), 
depend upon a parameter À raises the question as to how a change in the 
value of A will influence the compatibility of the system. In particular, it is 
important to determine whether an arbitrarily small variation in À will raise, 
lower or leave unaltered the index of the system when it is known that for a 
given value of A, say à, the system is k-ply compatible. In its broader 
aspect, this question is settled by the following theorem.} 


THEOREM I.—The index of the system is not raised by any variation of the 
coefficients which is uniformly sufficiently small.§ 


The index of the system for the characteristic number Ag being k, there 
exists within the matrix 


Ea Loo E 
U,(y1); Wks ts U (Yn) 
at least one determinant of order n—k which is not zero when À= (§ 9°22). 
Let à be given a small variation, then if a number ô (independent of æ) exists 


such that, consequent on this variation, every coefficient in L(y) and in 
Ui(y) changes by an amount not greater in absolute magnitude than 6, the 


* The coefficients c;; may be functions of A, but then the set Y,, Y}, . . . Yn ceases 
to be fundamental for any values of A for which |c;;|=0. The difficulty is overcome by 
stipulating that y,, Y2 . +, Yn form a fundamental set for all values of A in (A,, 43). 

t Scott and Mathews, Theory of Determinants, p. 30. 

t The present discussion is due to Bécher, Bull. Am. Math. Soc. 21 (1914), p. 1. 

§ That is to say, corresponding to each characteristic number àp, a number 6 exists, 
such that in each coefficient of L(y) is, in absolute magnitude, less than ô for all values 
of æ in (a. b). The variation of every coefficient in U;(y) is similarly less, in absolute 
magnitude, than ô. 
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variation in the value of the determinant will be comparable with 6. Thus 
a sufficiently small variation in Ap will not reduce the determinant to zero, 
which proves the theorem. 

On the other hand, all determinants of order n—k -+1 extracted from the 
matrix are zero when A=. It is at least extremely probable that a small 
variation given to Ay would alter the value of at least one of these determinants, 
which would mean that the index had fallen below k. Without going into 
the question in its fullest aspect, an important case will be taken up, and it 
will be proved that by a uniformly sufficiently small variation in one coefficient 
alone, namely the coefficient of y in L(y), the index may be reduced to zero. 
The proof depends upon three preliminary lemmas. 

Lemma I.—Let yo(x) be any particular solution of the given system corre- 
sponding to the characteristic number Xo. Then there exists a function y(a, À), 
continuous in (x, À), which satisfies the system (A) for values of A in an interval 
A including à, and which reduces to yo(x) when A=Ap. 

To make matters definite, let it be supposed that the determinant which 
does not vanish, when A= , is that formed by the first (n—k) rows and 
columns of the matrix (U). Then any solution of L(y)=0 which satisfies 
the first (n—k) boundary conditions will also satisfy the remaining k con- 
ditions. 

Such a solution is given by 


(B) y(#, A) 
= eas > so Yn-b C1Yn—-k+1 +. Eey 
O) - - +» Uai) CU (Yn—-z+1) +- - - +e,U (yn) 
Un—K(Y1)> - - > Un-tlYn-r) C1Un—e(Yn-et+i)t+ - - » +¢rkUn-x(Yn) 
The identical vanishing of this determinant, were it possible, would express 
a linear relationship between the fundamental solutions y1, yo, . © .. Yn: 


Since this is contrary to hypothesis, the determinant is not identically zero. 
Consequently, the formula (B) represents a solution of the given system, and, 
being dependent upon k arbitrary constants, is its general solution. 

Suppose now that there exists an interval A, containing à, such that the 
system remains of index k for all values of A within A. Then A may be 
taken sufficiently small to ensure that the (n—k)-rowed determinant which 
does not vanish for Ao, is not zero for any value of Ain A. Consequently (B) 
is the general solution of the system for all values of A in A, and is a con- 
tinuous function of (æ, A), provided that the c; are determined as constants 
or as continuous functions of A. 

Lemma II.—Let u(x) be a real solution of the system 


L(u)=gu, 
(C) U(u)=0 (§=1, 2, . 4 a) 


where g is a continuous function of x, and v(x) a real solution of the system 
adjoint to (A) 


M Y =0 
(D) ( ) 3 j 
V (v)=0 (G1) By. 6 geal 
then 
b 
(E) | _gu(v)o(a)de=0. 


This lemma is a consequence of Green’s Theorem.* 


* For details of the proof, refer to the more general case of § 10°7 infra. 
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Lemma III.—If the given system (A) is compatible and of index k>1, and 
if an arbitrarily small positive number e is assigned, there exists a continuous 
real function g(x) such that 0<g(w)<e for which the index of the system (C) is 
less than k. 

Let y(x) be a solution of the system (A) when À=, and let v(x) be a 
solution of (D) for the same value of A. Neither y(z) nor v(æ) can have an 
infinite number of zeros in (a, b).* Consequently a point c can be found in 
(a, b) at which the product y(z)o(z) is not zero. Moreover, since y(a)u(x) is a 
continuous function of æ, the point c can be included in an interval (a’, b’) 
within which y(æ)o(æ) does not vanish. Now define ¢ as a continuous real 
function of æ which is zero outside (a’, b’) and positive, but less than e, for 
a’<a<b’. From this definition, it follows that 


b 
| $y(a)o(a)de-+0. 
Define g by the relation 
g=Kd, 
where « is a constant and 0<«<1. Then, from (E), 


| ' pu(æjo(x)dæ =0. 


Let it be assumed, for the moment, that Lemma III. is false. Then for 
0<x<1, the system (C) is at least k-ply compatible, whereas, by virtue of 
Theorem I., its index cannot exceed k for sufficiently small values of x. Let 
« then be restricted to values sufficiently small to ensure that the index of 
(C) is precisely k. Then, by Lemma I., u(x) is a continuous function of 


(æ, k) which approaches y(#) uniformly as « approaches zero through positive 
values, consequently 


rb b 
| dulao(w)de-> | $y(o)o(a)dx 


uniformly as «k->0. But this is impossible since the first integral is zero 
for all values of k, whereas the second integral is not zero This contradiction 
demonstrates the truth of Lemma III. 

From it follows : 


THEOREM II.—If a positive number e is arbitrarily assigned, there exists a 
continuous real function g(x) such that 0<g(a)<e for which the system (C) is 
incompatible. The function g(x) may be chosen as zero except in an arbitrarily 
small sub-interval of (a, b). 

The function g which was defined in the proof of Lemma III. lowers the 
index of the system (C) by at least unity. If the index is not then zero, 
the process may be repeated by defining a function g,(x) such that 0<g,<e, 
which is everywhere zero except in an interval (a”, b”) which does not overlap 
the interval (a’, b’). Then the index of the system 


L(u)=gu-+giu, 

U,(u)=0 (=l; 2, . . «5 ) 
is at least one unit lower than that of (C) and therefore at least two units 
lower than that of (A). By continuing the process, the index may be reduced 
to zero. ‘Theorem II. is therefore true. 

If to the function g(x), which renders the system (C) incompatible, there 
is added a sufficiently small function of æ which is positive, but not zero, at 


* If y(x), for instance, had an infinite number of zeros in (a, b), these zeros would have 


a limit point, say c, in (a,b). Then y(c)=y'(c)= ... =y(n—1)(c)=0, which is impossible 
unless y(x) is identically zero. See § 10:2, infra. 
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all. points in (a, b), then, by Theorem I., the system remains incompatible. 
This consideration leads to a new theorem as follows : 

THEOREM III.—If a positive number e be arbitrarily assigned, a continuous 
real Dee g(x) such that 0< g(æ)<e exists for which the system (C) is incom- 
patible. : 


MISCELLANEOUS EXAMPLES. 
1. Show that the system 
Y” +Ppy' +4y =T, 
| ayla) + a,y(b) + asy’(a) + ayy’(b) =A, 
j AEH Byy(4) + Boy(6) + Boy’(b) +Piy (b) =B 
is self-adjoint if i 
aapi— aba =(a1bs— aspi) exp | pde. 


2. Prove that if e is an arbitrary positive number and @,, .. ., p are arbitrarily 
assigned points in (a, b), there exists a real continuous function g(x) which vanishes and 
changes sign at each of the points xj, but vanishes at no other point of (a, b), which 
satisfies the condition |(g(æ))| <e, and which is such that the system 

{ L(u)=gu, 
U,(u)=0 (4=1, 2.0 sau) 
is incompatible. 
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CHAPTER X 
THE STURMIAN THEORY AND ITS LATER DEVELOPMENTS 


10:1. The Purpose of the Sturmian Theory.—The present chapter deals, 
in the main, with equations of the type 


Lyi Kol —Gy=0, 


in which K and G are, throughout the closed interval a<#<b, continuous 
real functions of the real variable œ. K does not vanish, and may therefore 
be assumed to be positive, and has a continuous first derivative throughout 
the interval. 

The fundamental existence theorem (§ 3°32) has established the fact that 
this equation has one and only one continuous solution with a continuous 
derivative which satisfies the initial conditions 


y(c)=yo y'(e)=Y1 

where c is any point of the closed interval (a, b). But valuable as the exist- 
ence theorem is from the theoretical point of view, it supplies little or no 
information as to the nature of the solution whose existence it demonstrates. 

It is important from the point of view of physical applications, and not 
without theoretical interest, to determine the number of zeros which the 
solution has in the interval (a, b). This problem was first attacked by 
Sturm ;* the theory based upon his work may now be regarded as classical. 
The two Theorems of Comparison, which form the core of the present chapter, 
are fundamental, and serve as the basis of a considerable body of further 
investigation. 


10°2. The Separation}Theorem.—No continuous solution of the equation 
can have an infinite number of zeros in (a, b) without being identically zero. 
For if there were an infinite number of zeros, these zeros would, by the 
Bolzano-Weierstrass theorem, have at least one limit-point c. Then, not 
only y(c)=0, but also y’(c)=0. For 


yle +h) =y(c) +hy'(c+8h) (0<@<1) 
and, since c is a limit-point of zeros, k may be taken so small that 
y(c+h)=0, 


and therefore 
y'(c+6h)=0, 


* J. de Math. 1 (1836), p. 106. The most complete account of the theory and its 
modern development is that given in the monograph by Bécher: Legons sur les méthodes 
de Sturm (Paris, 1917). See also the paper by the same author in the Proceedings, Fifth 
International Congress (Cambridge, 1912), I. p. 163. 

+ Whittaker and Watson, Modern Analysis, § 2°21. 
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from which, on account of the continuity of y'(«), it follows that 


y'(c)=0. 
But the system 
L(y) =0, 
y(c)=y'(c) =0 
has no solution not identically zero. This proves the theorem, which may be 
extended to the linear homogeneous equation of order n. 

Now let yı and ye be any two real linearly-distinct solutions of the 
differential equation. It will be supposed that y, vanishes at least twice 
in (a, b); let 2, and a, be two consecutive zeros of y; in that interval. Then 
Yz vanishes at least once in the open interval v; <u<&z. 

In the first place y cannot vanish at 2, or at æ>, for y would then be a 
mere multiple of yı. Suppose then that y does not vanish at any point of 
(£1, 2). Now, the function y,/y2 is continuous and has a continuous deri- 
vative throughout the interval 7,<w<@s,, and vanishes at its end-points. 
Its derivative must therefore vanish at not less than one internal point of 
the interval. But 


? 


st = els ae 
dil ys Y2? 

a fraction whose numerator is the Wronskian of yı and yọ and therefore 
cannot vanish at any point of (4, @2). This contradiction proves that yə 
must have at least one zero between æ; and æo. It cannot have more than one 
such zero, for if it had two, then yı would have a zero between them, and 
a, and æ would not be consecutive zeros of y;. The theorem which has thus 
been proved may be restated as follows : the zeros of two real linearly-distinct 
solutions of a linear differential equation of the second order separate one another. 


This theorem does not hold if the solutions are not real. Thus, in the equation 
yY” +y=0, 


=s 0, Ya =Cos æ 


the roots of the real solutions 


separate one another. More generally the roots of any two real solutions 
yı =A sin +B cos æ, Y, =C sin +D cos æ 


separate one another provided that AD —BC+0, which is merely the condition 
that these two solutions are linearly independent. But the imaginary solution 


y=cos +i sin æ 
has no zero in any interval of the real variable g. 


10:3. Sturm’s Fundamental Theorem.—If there are two functions of a, 
say yı and yə, defined and continuous in the interval (a, b), and if in this 
interval y has more zeros than y;, then yz is said to oscillate more rapidly 
than y,. Thus, for instance, if m and n are positive integers and m>n, 
cos mæ oscillates more rapidly than cos næ in the interval (0, 7) for the 
former has m, and the latter zeros in that interval. The separation 
theorem of the previous paragraph may be stated roughly as follows: the 
zeros of all solutions of a given differential equation oscillate equally 
rapidly, by which it is implied that the number of zeros of any solution in 
an interval (a, £) lying in (a, b) cannot exceed the number of zeros of any 
independent solution in the same interval by more than one. If, in any 
interval, a solution has not more than one zero, it is said to be non-oscillatory 
in that interval. 
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The theorem to which this and the succeeding paragraph are devoted 
asserts that if the solutions of 
d ( -dy a7 
oscillate in the interval (a, b), they will oscillate more rapidly when K and 


G are diminished. In the first place, the theorem will be proved when G 
alone diminishes, K remaining unchanged. 


Let u be a solution of 
d ( „du 
and v a solution of 
d ( -dv 
me Tet G20 =0. 
where G,>G, throughout (a, b), but Gi+G at all points of the interval. 
By multiplying the first equation throughout by v, and the second by u, 
and subtracting, it is found that 


Í {K(u'v —w')}=(Gi—G2)wo, 
whence 


To Ta 
|Kw'v—w’)] vi | (G,—G.)uvda, 
my si 
a particular case of Green’s formula. 

Let the limits of integration 2, and æ be taken to be consecutive zeros 
of u; suppose that v has no zero in the interval x; <&<&. With no loss in 
generality u and v may be regarded as positive within that interval. The 
right-hand member of the above equation is then definitely positive. On 
the left-hand side u is zero at xı and at ag, uy’ is positive at æ and negative 
at æo and v is positive at both limits. The left-hand member is, therefore, 
negative, which leads to a contradiction. Hence v vanishes at least once 
between æ; and æo. 

In particular, if u and v are both zero at a,, the theorem shows that v 
vanishes again before the consecutive zero of u appears. Thus v oscillates 
more rapidly than u. 


For instance, the solutions of 
v” +m?v=0 
oscillate more rapidly than those of 
u” +n?u=0, 
provided that m>n. 


10°31. The Modification due to Picone.—The more general theorem which 
compares the rapidity of the oscillation of the solutions of the two differential 
equations 


d du 
pate A — Gu =0, 
d d 


(0) : 
IKa A — Gv = 
wherein 
Kı>K>0, G12 Go, 
may be attacked by means of the extended formula 


[Kiwo-Kaw |” = |” (G1—6:jwde+ |” (K1—Kow'v'da, 
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but a difficulty arises through the presence of the product w’v’ in the second 
integral. This difficulty was overcome by Picone,* who replaced the above 
formula by a similar one obtained as follows : 


she (Kwo Kw’) 
U 


d , d , tee 
=t fo Z (Kw) u T (Kw) HE -Kawo (+ 


o (K,u'v—K uv’) 
hot 7 wa 
=% ¢(G,—G,)u0+(Ky—Ks)u'0"} + Kyu? —(K1+Kojuw 4 Ku? 


\9o 


= (G,—Gy)u2 + (Ky Ka)? +K au" ue 
Then 


[5 (Kwo -Kaw |” 


Ti 


= f° (G, — Goju?’ de + J ” (Kı—Ka\w'?de 
tı LA 


Rie OK ee aan 


which is known as the Picone formula. 

Let a, and a, be consecutive zeros of u, and suppose that v is not zero 
at any point of the closed interval xı < <æ. Then the right-hand member 
of the Picone formula is positive (apart from the exceptional case mentioned 
below) and the left-hand member is zero. This contradiction proves that 
v has at least one zero in the interval (71, v2). 

The theorem also holds if v is zero at one or both of a, and g2; a slight 
modification of the form of the left-hand member of the Picone formula is all 
that is necessary. Suppose, for instance, that v vanishes at a,, then the 
indeterminate quantity ujv must be replaced by its limiting value w’/v’, 
which is determinate since u’ and v’ are not zero at points where u and v 
respectively vanish. Consequently, 


lim | Kw ~K,w’)| = [(K,—K»)uu' lena, 
t—Pa, (4 0 


Thus, whether v is zero at a, and æ or not, the left-hand side of the Picone 
formula is zero, and the right-hand side positive, a contradiction which 
leads to the conclusion that v has at least one zero in the open interval 
V LUKU. 


If in any finite part of the interval (%1, 7.) G1>G,, then the first term of the 
right-hand member of the Picone formula is positive and not zero. The only con- 
ceivable case in which the right-hand member could become zero is when G4 =G; 
throughout the interval (v,, %), and Kı =K, in part of the interval, whilst in the 
remainder of the interval w’ =0 (which implies G, =0 in that range). The first and 
second integrals are then zero, the third is zero if v is proportional to u. The essence 
of the exception lies in the fact that if, in any part of (%1, ə), G is identically zero, 
then, within that range, K can be changed in any continuous way without increasing 
the oscillation of solution which is constant in that range. This exceptional case 
may be met by imposing the condition that G, and G, are not both identically zero 
in any finite part of (a, b). 


10:32. Conditions that the Solutions of an Equation may be Oscillatory or 
Non-oscillatory.—The coefficients K and G in the equation 


dí —d 
(A) Beg icin 
* Ann. Scuola Norm. Pisa, 11 (1909), p. 1. 


www.rcin.org.pl 


THE STURMIAN THEORY AND ITS LATER DEVELOPMENTS 227 


being supposed to be continuous and bounded in the interval a<a<b, let 
the upper bounds of K and G in this interval be K and @ and their lower 
bounds k and g respectively. Thus, throughout (a, b), 


K>K>k>0, 
G>Gog. 
As a first comparison equation, consider 
A ut af 
(B) oe k da $ 84 =o 
which may be written 
dy g 
da? kI TA 
Then the solutions of equation (A) do not oscillate more rapidly in (a, b) 


than the solutions of (B). The latter equation is (as its alternative form 
shows) immediately integrable ; its solutions are as follows : 
1°. If g >0, there is the exponential solution exp{,/(g/k)z}, which has no 
zero in (a, b). Similarly, if g=0, the comparison solution may be taken as 
unity. Hence, if g>0 the solutions of (B) are non-oscillatory. This leads 
to the conclusion that if G>0 throughout the interval (a, b), the solutions of 
the given equation (A) are non-oscillatory. 
2°. Ifg<0, there is the oscillatory solution sin {4/(—g/k)a}; the interval 
between its consecutive zeros, or between consecutive zeros of any other 
solution of the comparison equation, is 71/(—k/g). If, therefore, 
ma/(—k/g)>b—a, 
no solution of the given equation can have more than one zero in the interval 
(a, b). Consequently, the solutions of (A) are non-oscillatory provided that 
| g 7 
| k G-a 
| Now consider, as a second comparison equation, 


© dfx -oy-o 


or 


then the solutions of (A) oscillate at least as rapidly as those of (C). , Let 
G be negative; then the solutions of (C) are oscillatory, and the interval 
between consecutive zeros of any solution is 74/(—K/G). It follows that 
a sufficient condition that the solutions of the given equation (A) should have 
at least m zeros in (a, b) is that 


mav/(—K/G) <b —a, 


MD POP ail 
K~ (b—a)2’ 
In particular, a sufficient condition that the equation (A) should possess 
a solution which oscillates in (a, b) is that 


> ae 

K ~ (b—a)?" 

10:33. Application to the Sturm-Liouville Equation. The equation 
d a NEN 
A RW L ag—hy=0 


or 
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is typical of a large class of equations which arise in problems of mathematical 
physics.* The oscillatory or non-oscillatory character of its solutions, and, 
in the oscillatory case, the number of zeros in an interval (a, b), are questions 
of considerable interest to the physicist. 

If k>0 and g>0, which is the case in many physical problems, the equation 
can be regarded as a particular case of 


efl w i 
dæ Ea Ua; 
with 

K=k, G=l—ìg. 


In this case an increment in A leaves k unaltered, but diminishes G and 
therefore increases the rapidity of the oscillation. 

Another, and apparently distinct, case is that in which k>0, l>0 and g 
changes sign within the interval (a, b). This case may, however, be brought 
under the general type by writing 

k l—Ag 
K=, G=. 
|à] [A] 
If |A| increases whilst A remains continually of one sign, both K and G 
diminish in general. If l is identically zero, K diminishes but G is un- 
changed. In either case an increment in |A| produces a more rapid 
oscillation of the solution. 


10:4. The First Comparison Theorem.—This theorem aims at comparing 
the distribution of the zeros of the solution u(x) of the equation 
a M Gu=0 
which satisfies the initial conditions 
u(a)=a;, w(a)=a;', 
with the distribution of the zeros of the solution v(x) of 
d d 


HAA — Gov =() 


which satisfies the conditions 
: v(a)=ag, v'(a)=ax', 
when, throughout the interval (a, b), 
K,>K,>0, G,>Gs2. 


_ The following assumptions are made : 
1°. a, and a,’ are not both zero, nor are ax and a,. 
2°. If a,+0, then 


K,(a)ay’ = Ko(a)az 
ð ? 
ai ae 

which implies that a, =+0. 

3°. The identity Gi = G= 0 is not satisfied in any finite part of (a, b). 

Then Sturm’s first comparison theorem states that if u(x) has m zeros 
in the interval axa <b, then v(x) has at least m zeros in the same interval, and 
the i th. zero of v(x) is less than the i th. zero of u(z). 


Let 7, o ...,@, be the zeros of u(x) which lie in (a, b); if these 
zeros are so enumerated that 
atin em... <8m<d, 
then Sturm’s fundamental theorem shows that between each pair of consecu- 
* See § 9°41. 
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tive zeros a; and 2;,, there lies at least one zero of v(æ). The comparison 
theorem follows at once if it can be proved that at least one zero of v(z) lies 
between a and g4. 

If u(x) has also a zero at the end-point a, that is to say, if a}=0, then 
v(x) certainly has a zero between a and a@,; it will therefore be supposed 
that a,+-0. Then, since v(a@)=a2++0, the Picone formula 


[e(z -K7 |” = i: (Gy -Gaudo + |" (Kı —Ko)u"?dx 


may be applied. The right-hand member is positive ; ; if the left-hand 
member is evaluated, on the supposition that v has no zero in (a, æı), it is 
found to reduce to 


—u2 (E 1(@)ay’ ou K alaja ) ; 
a a9 
which is negative or zero in virtue of the second assumption. This contra- 
diction proves that there is at least one zero of v(x) between a and 2. The 
theorem is therefore true. 
If the zeros of the solution of the differential system 


Fab A Tae 


Snes y'(a)=a' 


are marked in order on the line AB, where A is the point =a, and B is e=b 
(a<b), then the effect of diminishing K and G, but leaving a and a’ invariant, 
is to cause all the roots to move in the direction from B towards 4. When 
K and G diminish continuously,* a stage may arrive when a new zero enters 
the segment AB. This new zero will first appear in the segment? at B; 
a further diminution of K and G will cause the zero to enter into the 
segment and to travel towards A. 


10°41. The Second Comparison Theorem.—Let c be any interior point 
of the interval (a, b) which is not a zero of u(x) or of v(x), then in the open 
interval (a, c), v(@) has by the first comparison theorem at least as many 
zeros as u(v). The second comparison theorem states that if c is such that 
u(x) and v(x) have the same number of zeros in the interval a<&<c, then 


K,(c)u'(c) _ K2(c)v'(c) 
u(c) v(c) i 

Let æ; be the zero next before c; it is necessarily a zero of u(æ) and not 

of v(x), for between a and a; there lie not less than i (and by supposition 

exactly i) zeros of v(æ). Then the Picone formula, taken between the 


limits x; and c shows that 
, wu’ Y’ e 
2 AN hse 
[u (Kı a K> z)l, >% 
This gives at once the desired inequality. If u(x) and v(x) had no zero in 


* This process may most easily be affected by supposing K and G to depend upon an 
auxiliary parameter À, as in the Sturm-Liouville equation. 

+ The boundary conditions preclude the possibility of a new zero entering at A; since 
the solution is continuous and varies continuously with K and G, any new zero appearing. 
at an interior point of (a, b) would appear as a double zero, which is contrary to the 
supposition that K does not vanish in (a, b). Any new zero which appears, therefore, 
enters the segment at B. 


3 agr y ' 
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(a, c), the theorem would be proved in a similar manner by considering the 
Picone formula taken between the limits a and c. 
Thus, in the system 


_d dy yy — 
L(y) = al E gn Y=% 
ua =a, Ya) =a, 
the effect of continuously diminishing K and G is to cause the value of 
K(æ)y'(x)/y(æ) at any point of (a, b), which was not originally a zero of 
y(æ), to diminish until that point becomes a zero of y(æ). 


It may be noted that the comparison theorems which have been proved 
for the system (A) hold equally well in the case of the system 


L(y)=0 

B j s 4 F 

oe y(a)=pa, y'(a)=pa', 

where p is any constant. For if y(#) is the solution of (A), then py(æ) will 
be the solution of (B). The truth of the remark is now obvious. But if 
p is regarded as arbitrary, then (B) is equivalent to the system 


‘05 í L(y) =0, 


l a'y(a)—ay'(a)=0, 
in which the two non-homogeneous boundary conditions have been replaced 
by one homogeneous condition. Since the solution of (C) is py(x), the 
two comparison theorems hold in the case of the completely homogeneous 
system (C). 


(A) 


10:5. Boundary Problems in One Dimension.—By a boundary problem 
in its general sense is meant the question as to whether a given dfferential 
equation possesses or does not possess solutions which satisfy certain boun- 
dary, or end-point, conditions, and assuming that such solutions exist, 
to determine their functionai nature and to investigate those modifications 
which arise through variations either in the differential equation itself, or 
in the assigned boundary conditions. 

A boundary problem in one dimension is that aspect of the general problem 
which arises when the equation is an ordinary differential equation, in par- 
ticular an ordinary linear equation, and the boundary conditions are relations 
which hold between the values of the solution and its successive derivatives 
for particular values of the independent variable æ. The fundamental 
existence theorems of Chapter III. are in reality solutions of one-point 
boundary problems, for the initial conditions are such as refer to a single point 
&. In the following pages a wider aspect of the problem will be taken up, 
namely the two-point boundary problem, in which the boundary conditions 
relate to the two-end points of the interval a<a<b. 

It will be supposed that the coefficients in the differential equation, and 
possibly also those which enter into the boundary conditions, depend upon 
a parameter A. Thus it will be supposed that in 


"o M _dy 
raked 
K and G are continuous functions of (x, A) when a<a<b, A, <A<Ao, that 
K is positive and is uniformly differentiable with respect to a, its derived 


function being continuous in (a, b).* The coefficients in the boundary 
conditions are also assumed to be continuous functions of A when A; <A<Ag. 


* It may happen that K has only an R-derivative at a and an L-derivative at b. 
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The questions which arise are now of two categories : 

1°. Questions of Ewistence-—For what values of A does a solution exist 
which satisfies all the conditions of the problem ? 

2°. Questions of Oscillation——When a solution exists, how many zeros 
does it possess in the interval (a, b) ? 

For the one-point boundary problem, the first question is answered by 
the fundamental existence theorem, which states that for every value of A 
in (Aj, 42) a solution exists, and is a continuous function of (æ, A). The 
second question is then answered, in part at least, by the theorems which 
have been developed in this chapter. These theorems will now be developed 
and expanded in such a way that they become applicable to the more delicate 
two-point problem.* 


10:6. Sturm’s Oscillation Theorems.—The differential system which fur- 
nishes the simplest type of two-point boundary problem is the following, 
known as a Sturmian system : 


Ly) = \K 4 ? —Gy=0, 


a'y(a)—ay'(a)=0, 
B’y(b) -+By’(b) =0. 
The particular boundary conditions which are here imposed are of a very 
special type, for each is, in itself, a one-point boundary condition. The 
equation, taken together with the first condition, has one and only one distinct 


solution, say y=Y(a, A). The association of this solution with the second 
boundary condition furnishes the characteristic equation 


F(A)=p'Y(b, 4) +BY"(b, A)=0, 
whose roots are the characteristic numbers. 

It will be supposed that K and G are real monotonic decreasing functions 
of A, and, in accordance with the provisions of § 10°31, that G is not identically 
zero in any finite sub-interval of (a, b). The upper bounds G and K, and the 
lower bounds g and k are continuous monotonic decreasing functions of A 
in the interval (4, 42). 

It was seen in § 10°32 that if, for any particular value of A, the equation 

L(y)=0 


(A) 


is such that 
G_ mr? 
7K 7 (b—a)? 
then, for that value of A, the equation admits of a real solution, satisfying 
the boundary condition 
a’y(a) —ay"(a)=0, 
and having at least m zeros in the interval (a, b). Now suppose that the 
further condition that 
—G/K -> +% as A>A, 


is imposed ; it will be proved that the solution in question can be caused to 
have any number of zeros, however great, in (a, b) by taking A sufficiently 
near to Ay. The coefficients a and a’ may be functions of A, in which case 
it will be supposed that K(a)a’/a is a monotonic decreasing function of À. 


* The oscillation theorem which immediately follows occurs in the famous paper by 
Sturm, already quoted, J. de Math, 1 (1836), p. 106. The boundary conditions are there, 
however, of a very special type. The investigation was brought to successive degrees 
of completion by Mason, Trans. Am. Math. Soc. 7 (1906), p. 387; Bécher, C. R. Acad. Sc. 
Paris, 140 (1905), p. 928; Birkhoff, Trans. Am. Math. Soc. 10 (1909), p. 259. 
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Let A be caused to increase from a number arbitrarily close to 4;, and 
suppose that the solution considered has initially i zeros in the open interval 
a<a<b. As A increases, the number of zeros increases, and each zero tends 
to move in the direction of the end-point a. Consequently, for a certain 
value of A, say A=p,;, the solution will acquire an additional zero, which 
appears at the end-point b and then travels, as A increases, towards a. For 
the value A=; , another zero appears, and so on. Thus, there exists a 
sequence of numbers 

Pas parte TREF + * + 
which have the limit-point 4, and which are such that when 


UAC ACh 
the equation admits of a unique solution which has exactly m-+1 zeros in 
(a, b), and which satisfies the first boundary condition. 
Moreover, it was seen, by the second comparison theorem, that when À 
varies from upm tO [4m+1, the expression 


K(b)y'(b)/y(b) 
is a monotonic decreasing function of À. It must necessarily decrease from 
+œ to— because when A=p,, and A=pm+1, Y(b)=0, but y'(b)+0. 
The effect of imposing the second boundary condition 


B’y(b) +By'(b) =0 
in addition to the first will now be considered. The coefficients B and 8’ 
may be functions of A; it will be supposed that $ is not idontioniy zero,” 


and that 
K(b)B"/B 


is a monotonic decreasing function of A. 

Since K(b)y'(b)/y(b) is a function which, as A increases from um tO fm+i, 
steadily decreases from +% to —o, and since —K(b)§’/B steadily increases 
in the same interval, there must be a single value of A between um and py+1 
for which these two expressions become equal, that is to say, for which the 
second boundary condition is satisfied as well as the first. For this value 
of A, say A,,+1, the system is compatible ; it admits of a solution which has 
precisely m-+-1 zeros in the interval a<aw<b. The results which have been 
obtained so far may in part be summed up as: 

TuroreM I. The system (A) has an infinite number of real characteristic 
numbers which have no limit point but Ay. For each integer m>i there 
exists one and only one characteristic number Am+1, to which corresponds 
a solution having m-+-1 zeros in the open interval (a, b 

In order to obtain a degree of precision which is lacking in this theorem 
as it stands, a further assumption is made, namely that 


—g/k->—% as à> 
Since k is positive for all relevant values of œ and A, this implies that, in the 


neighbourhood of Aj, g is positive. 
Consider, then, as a comparison equation 


d §, dui 
(B) Ak dah 8u=0, 
which may be written 
u” —s?u=0, 
where 
s?=g/k>0 


for values of A sufficiently near to A. 


* The case 8 =0 may be dismissed at once ; the second boundary condition reduces 
to y(b)=0, the characteristic numbers are therefore pi, pitis». 
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Let u(x) be that solution of (B) which satisfies the initial conditions 


(C) u(a)=a, u'(a)=a’, 
then 


u(a) =1(a + : Jee-a Hla R $ Je-so—a), 


For sufficiently large values of s, that is to say for values of A sufficiently 
near to A, u(a@) approximates to a cosh s(w—a) and therefore has no zeros. 
Now let y(x) be the solution of the original equation 
a yh oy 
da ip da i 


which satisfies the conditions (C). 
Then the conditions of the first comparison theorem, viz. 
K>k, G>g, 
Ka’ /a>ka’/a, 
are satisfied. Consequently y(v) has no more zeros for a<æ<b than u(æ), 
and therefore, for values of A sufficiently near to A, y(w) has no zeros in 
(a, b). It follows that 1=0. 

It may now be proved that there exists one and only one characteristic 
number à in the interval (44, uo). Since, for values of A in that interval, 
y(æ) and u(#) have no zeros for a<a<b, it follows from the second comparison 
theorem that 

K(b)y (6) _ ku(6) 
y(b) u(d) 
But as A->A,, s->-+ © and therefore 
wu'(b)/u(b)-> +% , 
and since k>0, 


K(b)y"(b)/y(b)> +@ - 

Consequently, as A increases from A, to po, K(b)y'(b)/y(b) steadily 
decreases from +% to —a«. The system has therefore one characteristic 
number, and one only, in the interval (41, pọ). The sum total of these 
results is contained in the main theorem of oscillation : 

THEOREM II.—The real characteristic numbers of the system (A) may be 
arranged in increasing order of magnitude and may be denoted by 


ees OR. eae ae oan 


if the corresponding characteristic functions are 


Yoo Yi Yo. ++ + Ym += +: 
then Ym will have exactly m zeros in the interval axa<b. 


The supposition that 
lim {—g/k}=—o, 


upon which Theorem II. depends, was made for the express purpose of ensuring 
that the characteristic number Ag should exist. This condition, though 
sufficient, is very far from being necessary for the existence of àg; its chief 
importance lies in its practical applicability. Another set of conditions, 
sufficient to ensure the existence of Ag and of some utility in later work is 
as follows. 

Up to the present it has been supposed that K, G, a, a’, 8 and f’ are defined 
in the open interval 4;<A<A,; it will now be supposed that the interval 
is closed at its left-hand end-point, that is to say that A, belongs to the 


interval. Let 
K,, Gy a, ay’, Bis By’ 
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be the values of the corresponding quantities when A=A,, and suppose that 
81>0, aya;'>0, f1f,;'>0, 
but that a, and a,’ are not both zero, nor are 8, and f;,’. 
Now consider the comparison system 
d e 
(C) dæ kı dæ —8ıu =0, 
a;'u(a)—a;u' (a)=0 ; 
the differential equation may be written as 
u” —s2u—0, 
in which 
s? =g;/K; >0. 
Suppose for the moment that s>0, then the solution of the comparison 
system may be taken as 
u(#) =a, cosh s(a—a) +> sinh s(a—a), 
so that u(x) is definitely positive or definitely negative for «>a. 
Now if v(æ) is the solution of the system 


d >i si 
(D) dir a dy S— G1? 
a;'0(a) —ayv’(a) =0, 
in which K, and G; represent K and G when A=A,, the first comparison 
theorem states that v(x) can have no more zeros in (a, b) than u(x) has; it 


therefore has no zeros in (a, b), in other words i=0. For a certain value of 
A greater than A,, namely A=po, the solution y(æ) of 


[eon 


a'y(a) —ay’ (a) =0 
(which reduces to v(v) when A=A)) will have a zero at «=b. Since neither 
u(x) nor y(x) has a zero in (a, b) when A,<A<pp, the second comparison 
theorem may be applied ; it shows that 

Kx(b)y'(b) Ew (b) 

y(b) u(b) * 
when A,;<A<pp. The right-hand member of the inequality may be calcu- 
lated directly ; it is readily found to be positive, from which it follows that the 
left-hand member is also positive. Thus the expression 


K(b)y"(b)/y(0), 
which assumes the value K,(b)o'(b)/o(b) when A=A,, steadily diminishes 
from a value greater than zero to negative infinity as A increases from A, 


to po. Since 

—K(b)B"/B 
steadily increases from a negative value when A=Aj, a point must come at 
which the two expressions become equal, and for that value of A, say Ao, 
y(æ) satisfies also the second boundary condition 


By'(b) +B'y(b)=0. 

There is, therefore, a characteristic number à in the interval (44, po) 
distinct from A, and pp (except when B=0, in which case Ay=p) such that 
the system (A) has a solution which has no zeros in the interval a<a<b. 

The special case s=0 may now be considered very briefly. The solution 
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u(x) is here a linear function of the argument w—a. Furthermore u(x) is 
definitely positive or negative in (a, b) and kw’(b)/u(b) is in general positive 
but may be zero. Thus, as before, the characteristic number Ag exists but 
may, in a special case, coincide with A,. This case arises when 
ay" Sha =a0; Gy aza 0, 
but in no other circumstances. Hence follows : 
THEOREM II.— Under the assumption that 


8ı>0, ajay’ >0, BB,’ >0, 
the system (A) has an infinite set of real characteristic numbers 


Aa Ri Ra o L yl A E a 
to which correspond the characteristic functions 


Yo» Yis Y2 b 2 os Um Ee Sia 
such that Ym has exactly m zeros in the interval axa<b. The least characteristic 
number à is distinct from A, except in the case 


Gi = 0, a,’=0, Ba =0. 


10°61. Application to the Sturm-Liouville System.—The group of 
theorems now known as the oscillation theorems were first proved by 
Sturm * in the case of the system 
d (dy a 
AFA +(àg—l)y =0, 
a'y(a)—ay'(a)=0, 
PB'y(a)+By'(a)=0, 
which has already been met with.t 
In this case it will be supposed that k, g and lare real continuous functions 
of « when a<a<b, are independent of À and are such that :>0, g>0. The 
coefficients a, a’, 8 and f’ are also independent of À. Since G==1—Ag steadily 
decreases, or at most remains constant for any value of in (a, b) as A increases 
from A,;=—x to A,=+, the conditions which were imposed in the 
course of the proof of Theorem IT. (§ 10°6) are satisfied. In particular 


—G=min (Ag—l) > +0, 
as A->-+«. Consequently there exists an infinite set of real characteristic 
numbers àp, Ay, Ag, . « ., which have no limit-point except A=-+-« ; if the 
corresponding characteristic functions are Yo, Yi, Yz, - + - then Ym has exactly 


m zeros in the interval axa<b. 

If the additional conditions 

1>0, aa’>0, Bp’>0 
for A=0 are imposed, then A, may be taken to be zero. In this case, when 
A=0, 
g=min />0. 

and the characteristic numbers are all positive. This case is important from 
the physical point of view. 

Now consider the case in which k>0, 1>0 and g changes sign in the 
interval (a, b). The problem may be attacked by precisely the same device 
as that which was adopted in § 10°33. Rewrite the equation as 

ETE S 6, 
dal | À | dæ ae 
* J. de Math. 1 (1836), pp. 139, 143. t $§ 9°41, 10°33. 
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it is now of the general type considered in § 10°6 if 
k l 


Risen) ee a when A>0, 
[A] 1A 

Ri k G= SM +g when A<0 
R là] 


In either case, K and G steadily diminish as | À | increases ; if the conditions 
aa’ >0, BB’ >0 are also satisfied, 
a'k(a) B'k(b) 
and 
a |à] B |A| 
steadily diminish as | À| increases. Up to the present point the required 
conditions are satisfied, but if it is noted that, since g changes sign in (a, b), 


G>0 and K>0, 


it is seen that 
—Q/K->— o 
as |Aà]> œ. 
Thus the conditions of Theorem I. (§ 10°6) are not satisfied ; it does not, how- 
ever, follow that the theorem is false in the case now considered. On the 
contrary, since g changes sign in (a, b) a sub-interval (a’, b’) can be found in 
which 
g>0 in the case A>0, j 
g<0 in the case A<0. 
In either case, values of A may be taken sufficiently large in absolute value 
to make it certain that G<0 in (a’, b’). Consequently the required condition 


that 
—G/K-—>-+ 
as | A | —> œ is fulfilled in the interval (a’, b’). Thus A may be taken sufficiently 
great to ensure that the solution of the system 
d § , dy L 
sage + g—Dy =0, 
a'y(a) —ay'(a) =0 
oscillates in (a’, b’) and a fortiori in (a, b). The number of zeros in (a, b) may 
be increased indefinitely by taking A sufficiently large. 
But on the other hand the solution of the system 


ice 


dæl dx 

a'y(a) —ay’(a)=0 
(which is the case A=0) has no zero in (a, b) if 1>0 except possibly in the case 
1==0, when one zero may exist. 

Let it be supposed that 
l>0, aa’>0, fp’>0, 
and let the special case 
1=0; a =p =0, 

which requires special treatment,* be excluded. Then the methods by 
which Theorem III. (§ 10:6) was proved may be utilised here to demonstrate 
the existence of characteristic numbers to which correspond characteristic 
functions having 0, 1, 2,..., m, ... zeros in (a, 0): The only real 
difference is that the case A<0 separates itself from the case A>0 so that 


* Such a treatment is given by Picone, Ann. Scuola Norm. Pisa, 11 (1909), p. 39; 
Bocher, Bull. Am. Math. Soc. 21 (1914), p. 6. 
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there is an infinite set of negative characteristic numbers with the limit-point 
A=—o as well as an infinite set of positive characteristic numbers with 
the limit-point A=-++-. The oscillation theorem now reads as follows : * 
If g changes sign in (a, b), and 
1>0, aa’>0, Bp’>0, 


there exists an infinite set of real characteristic numbers which have the limit- 
points +œ and —œ. If the positive and negative characteristic numbers 
are arranged each in order of increasing numerical value, and are denoted by 


RAR OAR ANAS, ales 

Ay» ADs ASS eae 
and the corresponding characteristic functions by 

UE NC Oe UO AA 

i RER AMA TOET anemia 


,, have exactly m zeros in the interval a<v<b. 


then y} and y 
10:7. The Orthogonal Property of Characteristic Functions and its Conse- 
quences.—Consider the differential system 
du d”—iuų du 
L(u) +Agu= Po aon + pi ae, rig bw bs + Pn-17, +(Pn+Ag)u=0, 
U,(u)=0 (G2=8 9, ah 


in which the coefficients Po, Pis - - + Pn—1s Pn g in the differential equation 
and the coefficients which enter into the expressions U;(w) are independent 
of the parameter A. The adjoint system is 


7 


(A) 


3 [Lows apean e T Oa ape (Pn—12) 
| +(Pn+Ag)o=0, 
V (v)=0 fore, Be ts: T 


Let the system (A) admit of at least two characteristic numbers, say A; and 
àj; and let the corresponding characteristic functions be w; and uj. Then 
the system (B) is compatible for A; and àj; let the characteristic functions 
be v; and vj. 

Now Green’s formula 


b a 
| {oL(u)—uL(0)}=UV on +U V ana t - - - HUV: 


(§ 9°31) holds whatever u and v may be. Let u=u; and v=v;, then the right- 
hand member vanishes since l 


U,(uj)=U(u)= . . . =U,(u;)=0, 
V1(0;)=V (0) = . . . =V (vj) =0. 
Consequently 
| ; {v;L(u;)—ujL(0))}dx =0, 
which reduces to z 
(Àj —À;) [_ guioyde =0, 


* Sanlievici, Ann. Éc. Norm. (3) 26 (1909), p. 19; Picone, loc. cit.; Richardson, 
Math. Ann. 68 (1910), p. 279. 
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and since A; and A; are distinct 
b 
| gujvjdz —0. 
a 
In particular when the system (A) is self-adjoint, 


b 
| gundu =0 (+)). 
a 
A set of functions 
Uy, Ug, + e e Wir + + 1 Uj, - 
which are such that, the function g being assigned, 
b 
| ,gueuide=0 (+j), 
are said to be orthogonal with respect to the function g; if, in addition, 
b 
| gudx>0, 
a 


then each function u; may be multiplied by a constant so that 
b 
| gu2dx=1, 
a 


when so adjusted the functions are said to be normal. The characteristic 
functions of the system (A), when the latter is self-adjoint, therefore form an 
orthogonal set. In certain cases, and in particular when g>0, they can also 
be normalised. 

From this orthogonal property follows the important theorem that 
if g>0 throughout the interval (a, b), the characteristic numbers are all real. 
For suppose that A;=o-+i7 is a complex characteristic number, then since 
the coefficients of the system are all real, among the remaining characteristic 
numbers is the number conjugate to A;, say A,=o—ir. If the characteristic 
function wu; is s+it, then wu, will be its conjugate s—it. Then 


| gujujde= | “ale -+4)da, 


which cannot be zero unless s=t=0. Thus when g>0, the assumption of 
the existence of complex characteristic numbers leads to a contradiction, 
which proves the theorem. The condition g>0 may be replaced by the 
less stringent condition g>0 provided that the equality does not hold at all 
points of any finite sub-interval of (a, b). 


10°71. Application to Sturm-Liouville Systems.—The preceding investiga- 
tion is immediately applicable to the Sturm-Liouville system, 
| ay} z 
a'y(a)—ay'(a)=0, 
B’y(b)-+By'(b) =0 ; 
if g is of one sign throughout the interval (a, b), every characteristic number 
is real.* 
If, on the other hand, g changes sign in (a, b), then all the characteristic 
numbers may be proved to be real provided that the conditions 
k>0, 1l>0, aa’>0, Bp’ >0 
hold (cf. § 10°61). Let it be supposed, for the moment, that À; is a complex 


(A) 


* This theorem can be traced back to Poisson, Bull. Soc. Philomath. Paris, 1826, p. 145. 
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characteristic number, say o+ir; the corresponding characteristic function 
y; will be complex, say s+it. Then the equation 


De(F +i Z) lotiri 


is satisfied identically. The real and imaginary parts, equated separately 
to zero, give respectively 


= £ REL (ag —l)s —7gt=0, 


d §, dt 
THO hE ngs + (og —l)i=0. 


From these equations it follows that 


| (sS +47 )dx =| hiss s)| mt | k(s'2+t'2)dæ 


b b 
+o | g(s? -+12)da — | I(s2-+42)de=0. 
a a 
Now 
b 
[iss +er)| <0, 
a . 
by virtue of the restrictions 
k>0, aa’>0, BB’ >0 ; 
also 
b 
ni | k(s’2-+t'2)da<0, 
/ a 
since k>0 in (a, b), and s’ and t are not identically zero ; * and finally 


| ” (8? -H2)da=0, 


A | ” 1(82-+42)da<0. 


The contradiction which evidently follows proves that no complex or 
imaginary characteristic number can exist in the case under consideration. 
In this case also it may be proved that, if y; be any characteristic function, 


b 
| Beda +0. 
Let A; be the characteristic number to which y; corresponds, then 
ap iy 
i8yi=tYi dx! das 


If this identity is multiplied through by y; and integrated between the 
limits a and b, it gives rise to the relation 


b b b b 
Xf ayede= | Iyde+ f ky'2de [yar | . 
a a a a 


The first term in the right-hand member is positive or zero, the second is 
definitely positive and the third is positive or zero. Hence 


b 
[ >o if A>0, 
a 

<E Ac 


* s’=t/=0 would imply (o+it)g—l=0, and therefore tg=0 ; since t0, g=0 
contrary to the supposition that g changes sign in (a, b). 
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In the notation of § 10°51, the characteristic functions y+ and y; may 
be multiplied by appropriate real constants so that 


-b 
| aut )*da=-+1, 


| su )2de=—1. 


Now consider the more general system : * 


BN Gh (Ag —Dy=0, 


ayy(a) +azy(b)+asy'(a) +a,y'(b)=0, 
Pıyla)+B2y(b) +Bsy'(2) +B4y'(b)=0, 
(cf. § 9°41). It is supposed that at least two of the ratios 


(B) 


az 
RE ae. a? 


are unequal. If 


the system reduces to (A). This particular case is rejected as having been 
dealt with ; in any other case the boundary conditions are reducible to 

(C) y(a)=yry() +y1'y'(2) 

y'(a)=y2y(b)+y2'y (b). 

It will be supposed that the condition 

(D) k(b)=(y1y2' —y1'Y2)k(a), 
that the system may be self-adjoint, is satisfied. 

Now the relation 


k(ss’ +t’) an ” k(s'2 4t 2de — ” (s2 4t2)dæ=0, 
N lr 


which is a necessary consequence of the supposition that the system (B) 
admits of a complex characteristic number, is violated when k>0, l>0, if 
b 
[ress +4) | <o, 
a 
that is to say, if 
k(a)s(a)s’(a) —k(b)s(b)s’(b) >0, 
k(a)t(a)t'(a) —k(b)t(b)t'(b) >0. 
It follows from (C) that these two inequalities are satisfied if 
k(a){yié +y Hy +72'n} —k(b) &y >0, 
where €=s(b), y=s'(b), or €=t(b), n=t'(b). By means of (D) this inequality 
reduces to 
vives? +2y1'yoén +71'yo'n? >0, 
which may also be written 
(yay +y1 Ym)? 171 'ValV1¥2' —¥1' Ya)? ~o, 
Yiv 
The condition (C) implies that yyyo'—y,;"ye>0; it follows that the above 


inequalities are satisfied when both y,'ye>0 and yyy2>0. 
The system (B) then admits of none but real characteristic numbers. 


* Mason, Trans. Am. Math. Soc. '7 (1906), p. 337. 
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These conditions are satisfied in a very important case, namely that of 
the periodic boundary conditions, 


y(a)=y(b), y'(a)=y'(0). 


Thus if k>0,1>0 and k(a)=k(b), the characteristic numbers of the system 
are all real. 


10°72. The Index and Multiplicity of the Characteristic Numbers.— Consider 
again the simple Sturm-Liouville system : 


| set Y+ -y= 


l a'y(a)—ay'(a)=0, 
B’y(b) +-By'(b) =0. 
If, for any particular value of A, the index of the system were 2, then the 
most general solution of the equation would satisfy the first boundary- 
condition, which is clearly impossible. The index of the system, for each 
characteristic number, is therefore unity. 

Let y(z, A) be the solution of the differential equation which satisfies the 
first boundary-condition. Then the second boundary-condition imposed 
upon y(z, A) gives the characteristic equation, viz. 


F(A) =B’y(6, A) +By'(b, A) =0. 
Let A; be a characteristic number, and y(a, A;) the corresponding characteristic 
function, then 


Airi ya, NHA —l)y(æ, A)=0, 


ilr £ yla, A) ig —Yyla A,)=0. 


By eliminating / between these equations and then integrating the eliminant 
between the limits a and b, there is obtained the relation 
b b 
[Hula Ajy'(æ, A) —y'læ, Ayla, A)|, +Ai—A) f, gule, yle, Adæ=o, 
which, in view of the fact that y(@, A) and y(æ, A;) both satisfy the first 
boundary-condition, while y(z, A;) satisfies also the second boundary-condi- 
tion, reduces to 
b 
B' | aula, Ayla, Adæ=k(b)y'(b, AJB Yl, A)-+By'(b, A)}/(A—N) 
=k(b)y (b, N)E(A)/(A—A;). 
F(A)(A—A)-> F(A) since F(A) =0, 
ylz, A)->y(#, Ai) 


uniformly because y(w, A) is an integral function of A. Consequently in the 
limit, 


Now as A->A,, 


e'f 'glyle, 4)}2de=K(D)y'(O, N)E'O). 


If 8'+0, the left-hand member of the equation is not zero. It follows 
that F’(A;)=-0, that is to say, A; is a simple root of the characteristic equation. 
If B’=0, a modification of the method leads to the same result with the 
possible exception of the case in which g changes sign in (a, b), lis identi- 
cally zero, and a’=$’=0. In that case the characteristic numbers may 
occur as double roots of the characteristic equation. 
R 
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10:8. Periodic Boundary Conditions.—The system which will now be 

considered is the following : * 
eal a N Uy 

L(y) = 71K p| EY =: 
| y(a)=y(b), 

y'(a)=y'(b), 
in which the condition that the system be self-adjoint, viz. K(a)=K(b), is 
satisfied. It includes, as a most important particular case, that in which 
K and G are periodic functions, with period (b—a), but in reality it goes far 
beyond this case. 

It is, as before, assumed that K and G are continuous functions of 
(æ, A) when a<a<b, A1 <àÀ<Aə, and that both decrease as A increases. 
The slightly more stringent restriction that 

oG 

or 
is also made; this does not exclude the most important of all cases, the 
Sturm-Liouville case where G=l—Ag, g>0. It is also assumed that 


(A) 


<0 


. —g . —G 
lim ——=—o, lim —=-+o. 
=A, $ =A, K 


Let y; (x, A) and y2(a, A) be two fundamental solutions of the differential 
equation chosen so as to satisfy the initial conditions 


yı(a, à)=1, Ya, À) =0, 
yı (a, A)=0, yz(a, A)=1, 
then, by Abel’s formula (§ 9°4), 
(B) yi(b, à)yz'(b, A)—yo(b, à)yı'(b, A)=K(a)/K(b) =1, 
a relation satisfied identically for all values of À. 
The characteristic equation is 


yı(a, À) —yild, À), Yla, À) he Yyo(d, À) | =0, 
yı'(a, A)—yr'(b, à), -Y2'(a, A)—Yo'(, A) 
or 


| tyi (b, À), —Y2 (b, À) | =0, 
—y1 (b, A), 1—ye"(b, A) 

which, by virtue of the above identity (B), reduces to 
(C) FA)=y(b, A)-+4ye'(b, à) —2=0. 


A number À such that F(à)=0, but not all the elements of the characteristic 
determinant are zero, is said to be a simple characteristic number. If all 
these elements are zero, then there will exist two linearly independent solutions 
of the system (A). Such a value of A, for which 
yi(d, A)=1, Y2(b, À) =0, 
yı(b, A)=0, yz'(b, A)=1, 
is said to be a double characteristic number. 
The immediate problem is to prove that, under the conditions stated, the 
characteristic equation admits, as its roots, of an infinite set of real character- 
* Tzitzéica, C. R. Acad. Sc. Paris, 140 (1905), p. 223; Bôcher, ibid. p. 928 ; Mason, 
ibid. p. 1086 ; Math. Ann. 58 (1904), p. 528 ; Trans. Am. Math. Soc. 7 (1906), p. 337. See 
also Picard, Traité d Analyse, 3 (1st ed.), p. 149; (2nd ed.), p. 188. Extensions to the 


general self-adjoint linear system of the second order have been made by Birkhoff, Trans. 
Am. Math. Soc. 10 (1909), p. 259 ; and Ettlinger, ibid. 19 (1918), p. 79 ; 22 (1921), p. 136. 
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istic numbers.* This problem is attacked, in an indirect manner, by studying 
the sign of F(A) for certain values of A corresponding to which the solutions 
of L(y) =0 have certain ascertainable properties. 

In the first place, let A=; be a characteristic number of the system 


(D) L(u)=0, 
u(a)=u(b) =0. 

This system is of the Sturmian type, in fact it is the particular case of the 
Sturmian system (§ 10°6, A) in which a=8=0. It has therefore an infinite 
number of characteristic numbers u; (i >1) such that each of the corresponding 
characteristic functions w; (æ) has, in the interval f a<a<b, a number of zeros 
equal to the suffix 7. 

The characteristic numbers w; of (D) are not in general, but in particular 
cases may be, roots of the characteristic equation (C). Now u(x) may be 
identified with yo(v, u;). Since in this case 


“pa yal, pi) =0, 
the identity (B) reduces to 


Yı(b, pi)yz (b, pi)=1, 


and hence 
1 
F(;)=y3(b, p) —2-+- ———~ 
_ {ya(b, pi) 1}? _ {y2'(b, wi) -1}P 
Yı(b, mi) Yz (b, pi) 
Consequently 


F(w)>0 when y,(b, p;)>0 but +1, 
or when y2 (b, w;)>0 but +1, 

F(u;)=0 when y,(b, pi)=y2'(b, wi) =1, 

F(u) <O when yi(b, pi) or yo'(b, pi)<0. 
Now since ye'(a, p;i) =l and yo(b, mi) =yo(a, pi)=0, yo'(b, pi) is positive or 
negative according to whether y(x, m;) has an even or an odd number of 
zeros in the interval a<æ<b. Therefore, when i is even, F(u;)>0 and 
consequently u; may be a root of the characteristic equation (C), and when 
iis odd, F(w;)<0 f and pis not a root of (C). 


The sign of F(A) at the points u1, H2, H3, . . . may be exhibited graphically 
as follows : 


= A, Mi: MM, ok Ma Az 


F(X) <0 =0 <0 20 +: 
Fic. 6. 


The characteristic equation F(àÀ)=0 has therefore an even number of roots § 
in each interval (11, u3), (43 5), - - -» thus it is seen that there exists an 
infinite set of real characteristic numbers of the system (A). 

In the second place consider the system 


(E) fto) a 
v'(a)=v'(b)=0 ; 


* The methods of the preceding section may be employed to prove that in a very large 
class of cases, the system has no complex characteristic numbers. 

+ The first end-point a is included, but the second end-point b is excluded because 
u(b)=u(a) ; there is no characteristic number py since each uj;(#) has a zero when a=a. 

{ A very slight modification of the argument shows that F( ki) < —4 when t is odd. 

§ A possible double root is counted twice. 
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it admits of an infinite set of characteristic numbers v;(i>0) such that each 
characteristic function v;(æ) has i zeros in the intervala <æ <b. By identifying 
v(x) with y(x, vi) it is found, as before, that 
yi(d, vi)Yo'(b, vi) =1, 
b, v4) —1}2 
Fu; _ {yal Td! i 
A yalbs ¥) 


F(vy,)>0 when y,(b, 4)>0 but +1, 

F(v;s=0 when y;,(b, v;)=1, 

F(v;)<0 when y,(b, v;)<0. 
Now y(x, vi) has an even or an odd number of zeros in a<a<b according 
as 7 is even or odd. Since yj(a, v;)=1 it follows that y,(b, v;i) is positive or 
negative according to whether 7 is even or odd. ‘Therefore, when 7 is even, 
F(v;)>0 and v; may be a root of the characteristic equation (C), and when i 
is odd, F(v;)<0 and v; is not a root of (C). 

The sign of F(A) therefore runs as follows : 


eet iy iis V, V, pil eao A 


Consequently 


Fic. 7. 


F(X) has thus an even number of roots in each interval (44, v1), (v1, 13). 
(vg, vs) - - - - Now it is clear that 

Vi Pi41 Vite, Pi Vit 1 Hi+2 
because an increase in the number of zeros in a<w<b implies an increase in 
the value of A. But, on the other hand, nothing can be said as to the relative 
magnitudes of u and v;. Supposing, merely for purposes of illustration, that 
pi<v;, the change in the sign of F(A) may be exhibited thus: 


A= A, Voinnet Me. Vac ey. Mat A 


FÀ) my ee eo >00 a0. CO" 
Fic. 8. 


It has thus been proved that, under the conditions stated, there exists at 

ne characteristic number for the system (A) in each interval (pi, Bbi+1), 
Vi, Vi+1)- 

The next step is to show that there is only one characteristic number for 
the system (A) in each interval (mi, mi+1) or (vj, vi41). In order to do so it 
will be sufficient to prove that F’(A) has the same sign at every root of F(x) =0 
which occurs in any such interval. Since ascending and descending nodes 
must succeed one another in the graph of a continuous function, the result 
will then follow immediately. To simplify the working it will now be 
assumed that K(æ) is independent of A. Now 


F(A) =yr(b, A)+-y2'(b, A)—2; 


F(A) SSN dy (0, À) al ĉyo'(b, À) ; 


and therefore 


oA oA 
Let u(x, A) be the unique solution of the system 
L(u)=0, 


u(a)=a, u'(a)=a’, 
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in which a and a’ are real numbers, independent of A. Then clearly u 
satisfies the non-homogeneous equation 


d( dôu au ôG 
Aea Gay an 


But the corresponding homogeneous equation 


d 
ia aad x )$-@ oy =o 


is known to possess the fundamental pair of solutions 
Ov ðv 
aA =y;(@, À), aA =y2(@, A), 


., OU ô (dw j ai 
from which AA and ee a) are to be derived by the method of variation of 


parameters (§ 5°23), thus * 
a ea n ot Mut afu, A)yo(x, A)—yalt, A)yr(2, r) tat 
and 
d g% 
ade us RA F N Dule, ajni, à)ya (w, A)—yolt, A)yr'(a, r) ta, 


Therefore, taking e=b and u=y, in the expression for m it is found that 


OA 
Oy 1(b, A b 
cL -5a EA yilt, Maile, Ayal, A) —y(t, Nya(b, 2) tat 


and taking «=b and u=yp in the expression for = ee ) it is similarly found 
that 
Oys'(b, A) 1 f Ses OG(t, À) 
aP ek Pe 
It follows that 
; 1 [aG A , 
PA= pa, gn [b At, A Hy, V-70, Vl, Ayl A 
a —yr'(b, Aya? A) hae 
Since K(a)>0 and y <0, the sign of, F’(A) is opposite to that of the 
quadratic form 
P(E, ) =yo(b, A)E +[yo'(b, A)—yr(b, A)]En—yr'(b, An? 
in which €=y;,(t, A), n=yə(t, A). The discriminant of this form is 
[y2 (b, A)—ya(b, A)? +4yo(b, A)yr'(D, A) 
which, by virtue of Abel’s formula, 
yı(b, A)yo'(b, A)—yo(b, A)yr'(b, A)= 
[Y2'(b, A)+y1(b, A)]2— 
and therefore, for those values of À for which the characteristic equation 
Yı(b, À) +y2'(b, à)= 


* It is to be remembered that u(a, \)=—a, u’(a, 4)=a’ for all values of A, and therefore 


yalt, VÍ, Ayab, Ayolt, Adya'(b, A) hd 


reduces to 


ð NN 
ay (a A)=0, an (a, A)=0. 
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is satisfied, the discriminant is zero. For such values of A, the quadratic 
form may be written as 
hes 2 
pie, m= ae the! -uM 
oa Rar ae Van 
— _ {yr'n—(L—9) 8}? 
yı (b, A) 
Now at a simple characteristic value of À 
y2 +yz —yıM yin—A—yié 
cannot both be zero. It follows therefore that F'(À) is not zero and its sign 
is that of yı'(b, A) or —yə(b, A). Consequently F(A) changes sign at a simple 
characteristic value of À. 
When, for any particular value of A, 


Yo(b, A)=y1'(b, A) =0, 

yı(b, A)+Yy2'(b, A)=0, 
and it then follows from the characteristic equation 

ya(b, X)--Ye'(b, A)=2 


yı(b, A)=yo'(b, A)=1 
The value of A in question is therefore a double characteristic number and for 
such a value 


Abel’s formula reduces to 


that 


F(A)=0, F’(A)=0 
Now it may be proved, by a method similar to that adopted in finding F'(A), 
that 


FO) =— rrip, no I tants, Naat Vyas, Vlt, Aedes 


Since yı and y> are ce (a of the differential equation, and 
s and ¢ are independent variables, 

yıls, A)yo(t, A)—Yo(s, A)yr(t, A) 
is not identically zero. Consequently F’’(A) is negative for a double cha- 
racteristic value of A, and therefore, in the neighbourhood of a double characteristic 
number, F(X) preserves a constant negative sign. 

Now since F(A) is negative at po,,—; and at pom+ı and is positive or 
zero at fom, there must exist at least two simple characteristic numbers A, 
and àp, or one double characteristic number A,=A,, in the double interval 
(H2m—1» K2m+1) Such that 

Ham —1<Ap <Pam <Ag< Hem +1" 


No double characteristic number can lie in this interval except at Mom 
If then there are additional characteristic numbers in (j19,,—1, Hom) they must 
be simple, and even in number. But for these values of A, F'(À) is of opposite 
sign to yə(b, A) which is impossible since ys(b, A) does not change sign at any 
interior point of the interval. Thus there are no characteristic numbers 
other than A, and A, in the double interval (W2m—1, Hom+1). In the same 
way it may be proved that there are only two characteristic numbers in the 
double interval (vəm—1, Vom+1) ; Obviously these characteristic numbers are 
A, and Àp and therefore 


Vom—1<Ap <Vam <Ag<Vam+1° 


It follows immediately that no characteristic number can lie in the open 
interval (Homs V2m) Or in the closed interval (Moəm+1s Vom+1)- In the same 
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way it may be proved that F(A)>0 in the interval 4;<A<v, and therefore 
no characteristic number lies in that interval. 

Since A, and A, are interior points of the double interval (pom—1; Ham+1)> 
the corresponding characteristic functions y, and y, cannot have less than 
2m—1 nor more than 2m-+1 zeros in the interval a<aw<b. But, on account 
of the periodic boundary conditions, the number of zeros in that interval 
must be even. Consequently y, and y, both have precisely 2m zeros in the 
interval a<Kæ<b. 

Let the interval (41, vo) be denoted by (xo), and the intervals (u1, v1), 
(Ho v2) - » - by (Ky), (Kg), . . - (Fig. 9). Then no characteristic number 
can be an interior point of any interval («;). On the other hand, between 
any two consecutive intervals («;) and («;,) there lies one and only one 
characteristic number ;* let it be denoted by A; and let y,(z) be the corre- 
sponding characteristic function. Then y(7) does not vanish in the interval 
a<a<b, y;(x) and yə(æ) vanish twice, y(x) and y,(v) vanish four times, and 
soon. This leads to the following Oscillation Theorem : 

There exists for the system (A) an infinite set of characteristic numbers 


Àp Aq, Ào, «+ +> Ay. . . Such that, if the corresponding characteristic functions 
are denoted by Yo, Yis Yo. «+ > Yip - - +» then y; has an even number of zeros 
in the interval axa<b, namely i or i-+-1 zeros. 
A, (Ko) (K;) (Ko) E A aka 
No À; À, RT 
Fic. 9. 


10°81. Equations with Periodic Coefficients—The most important appli- 
cation of the theory of systems with periodic boundary conditions is to the 
case in which the coefficients of the differential equation are periodic functions 
of æ with a period commensurable with (b—a). In particular, let K and G be 
even periodic functions, with period 7, and let the boundary conditions be 


y(—7)=y(7), y'(—7)=y'(m), 
then it will follow from the differential equation that if y; is any characteristic 
function, y;(—7)=y;(7), and therefore every characteristic function will 
be purely periodic and of period 27. 

It is convenient to define the fundamental solutions y,(a, A) and y(x, A) 

thus : 

Yı (9, A)=1, Yo (0, à)=0, 

yı (0, A)=0, y2'(0, A)=1, 
then y(x, A) will be an even, and y(x, A) an odd, function of x. For if 
yı(x, A), for instance, were not even, then y(x, À)—yı(—x, A) would be a 
solution of the equation, vanishing, together with its first derivative for 
x=0, which is impossible. 

If, for any value of A, y;(—7, A)=0, then y(x, A) would have an even 
number of zeros in the interval—a<a<z, which would violate the condition 
y (—7)=y' (7), and consequently that value of A would not be characteristic. 
For any other value of A, y;(«, A) satisfies the condition 


y( —7) =y(77)=-0. 
The further condition 


y'(—m)=y'(7)=0 


* The modification of this statement when double characteristic numbers occur is 
obvious. 
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is satisfied when À=vəm. Similarly, for all relevant values of A, yo(a, A) 
satisfies the condition 
y'(—7)=y'(7) 0, 


and also satisfies the condition 


y(—7) =y(7)=0 
when A=pom- In this case, therefore, A; is to be identified with v; when i 
is even, and with y;, , when 7 is odd. 


An interesting and important extension of this case is to periodic solutions 
of the second kind; that is to say y(r) and y’(7) are not equal to, but are 
merely proportional to y(—7) and y'(—r). The two linear boundary con- 
ditions are now replaced by a single quadratie boundary condition, viz. 


y(—r)y (m) —y"(—7) y(77) =0. 
The problem is essentially that dealt with in a later chapter under the name 
of the Floquet Theory. The system will there be seen always to have one 
solution, and in general, for all values of A, to have two linearly independent 
solutions. 


10:9. Klein’s Oscillation Theorem.—An example of an oscillation theorem 
will now be given, whose scope far outreaches that of the theorems due to 
Sturm. It gives an indication of the lines upon which further generalisations 
of the problem have proceeded. 

Consider the ‘ae known as the Lamé equation,* 


4] T 1 1 ey Av+B 6 

hue de (40 —e,)(w—e2)(e—e9) 9 
in bd €4<€g<e3. Let two closed intervals (a1, b1), (d2, b2) be taken, such 
that each lies wholly within one or other of the open intervals (e1, €2), (e2, 3), 
(é€3,0© ), but not both within the same interval. In this way the continuity 
of the coefficients of the differential equation is ensured in each of the intervals 
(ay, b1), (ag, b2). The constants A and B are to be regarded as parameters ; 
the problem which is suggested by physical considerations is, if possible, so 
to determine A and B that the equation possesses, at the same time, a 
solution yı which satisfies certain boundary conditions relative to (a, b1), 
and a solution y> which satisfies other boundary conditions relative to (dg, ba). 
Or, more particularly, it may be required to determine A and B such that the 
equation admits of a solution yı which vanishes at a, and bı and has mı 
zeros between a, and b;, and also admits of a solution y which vanishes at 
dg and b and has mz zeros between m; and mg. This was the problem actually 
discussed by Klein ; ¢ his method of attack forms the basis of the rather 
more general theory which will now be discussed. 

In the differential equation 


di dg 
(A) aK h—Gy—0, 
let G be of the form 


G=l(a@)—{Ap+Aya+ ... +A,a"}g(2), 
being thus dependent upon n+1 parameters. Further, let there be n+1 


closed intervals 
(ao, bo), (a4, bı), eS) (ans bn) 


* See Whittaker and Watson, Modern Analysis (8rd ed.), Chap. XXIII. 

+ Math. Ann. 18 (1881), p. 410; Gött. Nach. (1890), p.91; [Ges. Math. Abh., 2, pp. 512, 
540]; Bocher, Bull. Am. Math. Soc. 4 (1898), p. 295 ; 5 (1899), p. 365. The case of a pair 
of equations of the second order with two parameters is treated by Richardson, Trans. 
Am. Math. Soc. 18 (1912), p. 22; Math. Ann. 78 (1912),tp. 289. 


ETEN P aan o AAE Sa 7, 
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where 
Ag <bgp<ay<bi< . . . <a,<b,, 


such that K, l and g are continuous and g>0 for values of æ lying in any of 
these intervals.* 


The problem now set is to investigate the possibility of determining 


Xo, Ay, - » - A, in such a manner that n-+1 particular solutions of the equation 
can be found, say Yo, Yı, - > -» Yn, Where y, satisfies the pair of boundary 
conditions 
(B) oe —7Y, (A,) =0, 
B,'Y (by) —BrYr (b,) =0 (r=0, lL... n), 


and has an assigned number of zeros, say m,, in (a,, b,). 

The oscillation theorem which provides a complete solution of the problem 
stated is as follows: There ewists an infinite set of simultaneous characteristic 
numbers (Ao, Az, . - » An), such that to each particular set there corresponds 
a set of characteristic functions. If (n+1) positive integers or zeros (mo, 
Mi, . +. +» Mp) are assigned, then the characteristic numbers (Ag, Ay, . . +s An) 
can be chosen, in one way only, so that in each interval a,<a<b,, the correspond- 
ing characteristic function y, has precisely m, zeros. 

The theorem is proved by induction; it is certainly true when n=0, 
for then it reduces to the older oscillation theorem of § 10°6. Let it be 
supposed that the theorem is true up to and including the case of n para- 
meters ; it will then be proved to be true for the case of n-+1 parameters. 
Now if G is rewritten in the form 


G={U(x) —A,0"g(@)} {Ao tAw+ . . - +An—12"-“Hg(2), 
and the parameter À, is, for the moment, fixed, then G may be regarded as 
dependent upon the n parameters Ag, Ài, . . ., A,—1. Now the hypothesis 
is that these n constants may be chosen in one way, and in one way only, 
so that the characteristic functions yp, Y1, . . ., Y,—1 exist such that each 
satisfies its peculiar boundary conditions, and each has an assigned number 
of zeros in the corresponding interval. The n characteristic numbers Ap, 
Ai, > . . , A,—1 so determined naturally depend upon 4,, and therefore, if 
Ao, Ay, © + +» An—1 are expressed in terms of 4, G may now be regarded as a 


function of œ and of the single parameter A, If Sturm’s oscillation theorem 
can be applied to the equation 


d{ ~ dy ; et 
11% a aie, A, )y=0 


so as to demonstrate the existence of a solution y,, having m, zeros in the 
interval a,<#2<b,, the theorem is proved. It is therefore imperative to 
make certain that G (x, A,) is such that the conditions requisite for the 
validity of the oscillation theorem are satisfied. 

In the first place, it will be proved that G (a, À„) is a continuous function 
of (x, Àn) for values of æ which lie in the interval (a,, bn). Now if A,’ is any 
fixed value of the parameter 4,, the difference 

G(x, Xn) —G(z, An’) 
must vanish for at least one value of x in each interval a,<a<b, (r<n—1), 
for if this difference were constantly of one sign in any interval (a,, b,) then 
y,(a, Àn) would, by the comparison theorem, oscillate more (or less) rapidly 
than y,(a, A,,’), which contradicts the fact that y, has exactly m, zeros in (a, bp). 
Hence there is at least one point æ, in each interval (a,, b,) such that 


G (ay, An) =G(@, Ay ) PGS. neg ee 


* Nothing is assumed as to the nature of K, l and g, for values of æ which do not lie in 
one or other of these intervals; in fact, in the case of the Lamé equation, the coefficients 
become infinite for certain values of æ (viz. e,, €3, €z) outside the intervals chosen. 
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But 
G (a, An) —G(@, An’) ={(Ao’ Ao) HA Ae «(An An )a”}g(@) 
=(A, —An)(@—a)(—a) . . . (@—@,-1)g(@). 
Thus when eg lies in (ap, bn) 
| G(x, Ay) —G(@, An’) |< | An’ —An || bn—ao || 62-1 | - - - [baan || g(a) |, 
from which the continuity of G(@, A,,) follows. Also 
v—z,>0 (70, 1,02). 6 
when 2 lies in (a,, bn), and consequently 


G(x, An) —G(a, X,') 


ee te 


for a,<«<b,. More precisely, 
G(v, A,)>—2 as à> +o, 
G(a, A,)>+2 as A,>—o. 


The conditions requisite for Sturm’s oscillation theorem are therefore satisfied. 
Consequently there exists one and only one characteristic number À„ such 
that y,, admits of exactly m,, zeros in the interval a,<a<b,. The induction 
is now complete, and the theorem proved. 

The characteristic numbers which have been under consideration are real. 
As in Sturm’s case, the question arises as to whether or not there may also 
exist complex characteristic numbers, and as before the assumption of the 
existence of complex characteristic numbers leads to a contradiction. 

Let Ao, Ay, . . ., A, be a set of simultaneous characteristic numbers, to 
which corresponds the set of characteristic functions up, uv, ..., Up. If, 
as is supposed, at least one of àp Ay, . . ., A, is a complex number, while 
all other coefficients in the differential equation and in the boundary con- 
ditions are real, then the differential system admits as a set of charac- 
teristic numbers the set po, fis -> +» bn, Conjugate to Ag, Ay, . -= Ans 


together with the set of characteristic functions vp, v1, . . ., 0, conjugate 
ED tip, yy e u +, Uy Then 

d‘_,du 

aK MNL PAm .. . +A,2")g—DBu,=0, 


tae: 
Ol ug tmet . . +Hn0")g—Do,=0 


(P=0, Lt ica etl 


On eliminating / between the two equations and integrating the eliminant 
between the limits a, and b, the following set of equations is obtained : 


br 
[ “{o—Ho) +m) > o HAn— Hne" }gur o de=0 
AN (PD Ts A 


The (n-+1) numbers A,—p, are not all zero; let it be supposed, in the 
first place, that no one of them is zero. Then there are n+1 equations 
between the (n-+-1) quantities (A,—j,); the condition that these equations 
should be consistent is that (C) 


ù bn 
| Ap Alw- - +» OB) -lEn lool) - - - wnload. . . dx, =0, 


ao an 
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where 
A(ao; PORAI BA ee 1, Us. + + Xo” 
By yg ss a E 
BAe a is at a OS 
=II(x,—2;) (r>s). 


If p of the quantities A,—, vanish (which implies that the corresponding 
numbers A, are real) there will be n-+1 equations between the n—p-+l 
remaining quantities. The condition for their consistence is expressible as 
a number of equations of the form (C), in each of which the order of the 
multiple integral is n—p-+1. The remainder of the argument is essentially 
the same in all cases. 

When n=0 the formula (C) reduces to 


b 
| : guodx=0. 


Now in (C), 
Gs) > vig N ECE Man. we E 
&,(@,)>0, 
U,(&,)0,(v,)>0 since u, and v, are conjugate quantities. 
The integral therefore cannot be zero, a contradiction which proves the 
non-existence of complex or imaginary characteristic numbers. 
The theory can be extended, without any real difficulty, to the case of 
an equation in which 
G=1—ApSo — A181 — oh age Anda 
In the multiple integral, the product 


A(x, coe oe NS ®n)8(2o) + ia Ae Elta) 


is replaced by the determinant 


golan) 81(%), - +» >» Balo) d: 
8o(@1); 81(@4), ee pS 8n(@1) 
Eoln)» ACAP a 29 En(®n) 
The non-existence of complex characteristic numbers is assured if 
Zo. Zi. + + » Zn are such that the determinant maintains a fixed sign when 


Ay Sy <9, -o An<eyn<d,. 


MISCELLANEOUS EXAMPLES. 


1. Prove that the Wronskian of k linearly independent solutions of a linear differential 
equation of order n >k cannot have an infinite number of zeros in any interval (a, b) in 
which the coefficients are continuous. 

[Bécher, Bull. Am. Math. Soc. 8 (1901), p. 53.] 


d( d 
: KE Gy=o, 
dæ) dx 


and ¢, and ¢, be functions of æ which, with their first derivatives, are continuous in the 
interval (a, b). Let 
o=¢,y—9,Ky’, 


i eee 
($n $s}=$1'b2—$ihs’ + — Gb 


then if {¢,, $a} does not vanish in (a, b), ® cannot vanish more than a finite number of 
times there, and @ and @ do not both vanish at any point of (a, b). 
[Bécher, Trans. Am. Math. Soc. 2 (1901), p. 430.] 


2. Let y be any solution of 
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8. If y, and y, are distinct solutions of the equation of (2), and if 


D,=$1i—¢2Kyy’, P,.=4b1Y.—¢2Ky2’s 
then between any two consecutive zeros of ®,, there lies one and only one zero of ®,. 
[Bocher, ibid. 3 (1902), p. 214.] 


4. Let Y, and y}, be functions of the same nature as ¢, and ¢, and let 
P=$,y—$,Ky’, Y =py—p.Ky’, 


pipa — pati {ġo po} 


vanishes in (a, b), then in any portion of (a, b) in which ¥ does not vanish, Ø cannot vanish 
more than once. 


then if neither of 


[Bécher, ibid., 2 (1901), p. 430.] 
5. If none of the functions 


Pit2—battis {$1 ba}, {tr bo} 


vanish in (a, b), then between two consecutive zeros of ® lies one and only one root of ¥ 


and vice versa. 
[Bôcher, ibid., p. 431.] 


6. If to the conditions of (5) is added the condition that {¢,, ġa} and {,, Ya} are of 
opposite sign, then neither ® nor ¥ vanishes more than once in (a, b), and if one of these 
functions vatiishes, the other does not. Consider the special case 4,=1, y,=0. 

[Bécher, ibid. p. 431.] 

7. Let yı and y, be similar to ¢, and ġ,, and let 

=¢,y—¢,Ky, P=yp,y—y.Ky’, X=xy—xKy’, 
then if none of the six functions 


$ıpa— pahi Pıxa— paxo Xih2—Xabv {hr $2 {Yo ab {xv Xa} 
vanish in (a, b), if the last three have the same sign, and if the product of all six is negative, 
then between any root of ® and a larger root of X lies a root of ¥, between any 
root of ¥ and a larger root of ® lies a root of X, and between any root of X 
and a larger root of ¥ lies a root of ®. 

[Bécher, ibid. p. 482 ; in a special case, Sturm, J. de Math. 1 (1836), p. 165.] 


8. If, throughout the interval (a, b) m 
d 4 

Lge, cco, “(EJ ex 

KO, Kb, G< aG ra 


then the zeros of y, y’, y” follow one another cyclically in that order if K’>0, and in the 
reverse order if K’<0. 


9. The positive zeros of the Bessel functions J;,(«), Jp, + 4(@), Jn + (æ) follow one another 
cyclically in that order if n>—1, and in the reverse order if n<—1. 
[Bôcher. Bull. Am. Math. Soc, (1897), p. 207 ; loc. cit. ante, p. 434.] 
10. For a system 
d = 
—? KÆR =0, 
ay fa ae 


Llyal=Moly)], L ily(a)]=Miy(b)], 


Lily(æ)]=aiy(x)—piKy’(x), 

Mi[y(@)] =yiy(@) + 3i:Ky(2) (i=1, 2), 
and K, G, ai, Bi, yy 5; depend upon à, let the following conditions for (a <æ <b), (A,;<A< Ay) 
be imposed namely : 

(Ar) K and G are continuous and K`>0 for all values of (æ, à) considered ; 

(An) K and G do not increase as À increases, and for any A there exists a value of æ for 
which K or G actually decreases ; 

(Amı) the eight coefficients aj, . . . , 5; are continuous real functions of A in the interval 


considered and 
Joi] + |Bi]>0, |yi] + | 8i1>03 
(Ary) either 8; is identically zero or aj/B; does not increase as À increases, and either ô; 
is identically zero or y;/5; does not increase with À ; 
(B) the conditions which will ensure the correctness of Sturm’s oscillation theorem for 
the system 


where 


(2) (7) Bont Gyo, 


(tua0, Mo[y(b)]=0 ; 
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(C) ao Bos Yor So 
a, Py Yp 94 < 
0. 
| aos Pos Yoo So di 
| ay’, By’, yy’, Èr | 
Let y(x, A) and y,(a, A) denote the two nay independent solutions of the differential 
equation satisfying the conditions 
Lly(@1=0, L,[yo(a)]=1, 
Lly(4)|=1, L,lyx(a)]=0, 
then the characteristic equation for the system (1) is 
F(A) = M,[yo(, A)] + M[yx(b, 4)]—2=0, 
and there exists one and only one characteristic number between every pair of characteristic 
numbers of the Sturmian system (2). If yo, Hı, . . . are the ordered characteristic numbers 


of the system (2) and àp A;, . . . those of the system (1), account being taken of their 
multiplicity, then the following cases are possible : 


Iq. Ay < Mo KULLA Kha ass. <a, 
Iz. AL Ao Ho KALIL Aa KHa KAL HL ~ AS, 
IIg. AL ALLAK Ag pa apg... <A), 
IIp. Ay< oL Ao 1 KAL ha Aa Kh Ag 20 SA. 
The conditions for these cases are respectively 

Ia. M lyo(b, ào)]>0, F(A,+¢)>0, 

Ib. M lyobb, à)]>0, F(4,+€6)<0, 

Ia. M lyo(b, à)]<0, F(41+6)>0, 

Iib. M lyo(b, à)]<0, F(4,1+6)<0. 


The characteristic function corresponding to the characteristic number À p Will have p—2, 
p—l, p, p+1 or p +2 zeros in the interval a<'@<b. 


[Ettlinger, Trans. Am. Math. Soc. 19 (1918), p, 79 ; 22 (1921), p. 136.] 


www.rcin.org.pl 


CHAPTER XI 


FURTHER DEVELOPMENTS IN THE THEORY OF BOUNDARY 
PROBLEMS 


11:1. Green’s Functions in One Dimension.—The most powerful instru- 
ment for carrying the theory of boundary problems beyond the stage to which 
it was brought in the previous chapter is the so-called Green’s function, which 
will now be defined.* Consider the completely-homogeneous linear differential 
' system : 


du 
(A) L(u)= p05 ene i ee - TPn-1 jp Tine, 


U,(u)=0 Ce) et a a a 1 

It will be supposed that this system is incompatible, that is to say, it admits 
of no solution, not identically zero, which together with its first n—1 deriva- 
tives, is continuous throughout the interval (a, b). But though (A) possesses 
no solution in this strict sense, there possibly exists a function which formally 
satisfies the system but violates, at least in part, the conditions of continuity. 

Such is a Green’s Function G(a, €) which 

(1°) is continuous and possesses continuous derivatives of orders up to 
and including (n—2) when a<a<b, 

(2°) is such that its derivative of order (n—1) is discontinuous at a point é 
within (a, b), the discontinuity being an upward jump of amount 1/p9(&), 

(3°) formally satisfies the system at all points of (a, b) except &. 

It will first of all be proved that such a function G(a, €) actually does 
exist, and, moreover, is unique. Let 


Uy(@), tig(@),... +.» tby(@) 
be a fundamental set of solutions of the equation 
L(u)=0, 


then, since G(w, é) satisfies the equation in the interval a<æ< é, it must be 
expressible in the form 

G(a, €)=ayu;(x)+aguo(x)+ ... +a,u,(x) 
in that interval; similarly it must be expressible as 

G(x, §)=byu;(w)+boue(@)+ - . . +b,Up(@) 

in the interval é<a<b. But G(x, £) and its first (n—2) derivatives are 
continuous at é, and therefore 
gs aio lel + Hanun €)} —{byUy(€) +bouo(€)+ . - . +bntin(§)}=0, 
{a (E) Hauz (8) + fhe Un ()}— Dr (E) + Datia'(E) + . - - £OnUn'(E)}=0, 


{au DE) Hagu- OrS + Fn AE) 
ae oe bii -2)(£) beug- ME a e aa OE) 0. 


* Bôcher, Bull. Am. Math. Soc. 7 (1901), p. 297; Hilbert, Grundzüge einer allgemeinen 
Theorie der linearen Iniegralgleichungen, vii-ix. 
254 
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The discontinuity in G—)(@, €), when =é, gives rise to the equation 
{ayu -D E) + aque —D(E)+ . . . ta,umn—1)(F)} 
1 
—{byuy—Y(E) +bgue™—D(E) 4. - TO ntn®—Y(E)}= ~ pol é)’ 
These equations may be written 


€yU4(E)+egue(E)+ - - - +entn(€) =9, 
CyUy'(E)+eque'(E)+ - -> +Cntin ()=0, 


Cha ™—2)( E) Hesus- E)+ . . . Fenti" A E)=0, 
cxtty—D(E) +eathg™—M(Z) +... Hont ME) = Ta, 
Polé) 
where 
ci =b; —a; (¢=1, 2, A a 
The discriminant of these n equations is the value of the Wronskian of 
u læ), U(x), . . ., Unlæ) when a=€ ; itis not zero since the n solutions chosen 
form a fundamental set. Consequently the numbers c1, C2, . . ., Cn may be 
determined uniquely. 
Thus far the boundary conditions in (A) have not been utilised. Let 


Ui(u)=4:(u)+B:(u), 
where the terms relative to the end-point a are grouped under A;, and those 
relative to b under B;. Then, taking into consideration the fact that the 
representation of G in (a, é) differs from that in (é, b), it is seen that 


e, Ui(G)=a;4;i(u1)+a24i(to)+ . . - +anAi(Un) 

-2 +b1Bi(u1)+b2Bi(u2)+ . . . +bnBilun)=0, 

Swhich may be rewritten as 

5B, Uj(uy) +b2U,(ue) + oe $b,U (Un) =cyAi(uy) +e24i(Ue)+ . . . +¢,Ai(Un) 
= (i=1, 2, ..., n). 


The determinant | U;(w;)| is not zero since the n boundary conditions are 
nearly independent and the system is incompatible. The equations are 


-Z Stherefore sufficient to determine bj, bg, . . ., b, uniquely in terms of the 
> known quantities c1, cg, . . ., Cn and the coefficients of U;. 
~ 28 Thus the coefficients a; and b; are determined uniquely; G(x, é) is 


«therefore unique. Also G(a, €) and its first (n—2) derivatives are continuous 
jn (a, b), whilst the next derivative has the discontinuity postulated, viz. 
= liv eo eee E) _ an 7G(§ ea i, aA 

€>0 dx" 1 oun 1 Po(§) 
Now let H(a, €) denote the corresponding Green’s function for the 
adjoint system 


Sieh 
V (v) =0 (i=1,2,..., n). 


Let the interval (a, b) be divided up into three parts (a, é), (£1; £2), (£2, b), 
and consider the two Green’s functions 


u=G(z, £1), v=H(a, é). 


Then Green’s formula 
b AA b 
J O +ub(o)}ae =| Pru, »)| 


may be applied, with the proviso that the range of integration is regarded as 
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the limiting case of the aggregate of the three ranges (a, €;—e), (€; +e, 2 — €); 
(€-++e, b) when e tends to zero. In each of these ranges, 

L(G)=0, L(H)=0, 
and therefore 


lim [PG n|” " + lim |P, m|” ` +lim [PG m| si. 
a fite fate 
Since, by virtue of the boundary conditions, 
P(G, H)=0 
when #w=a and when w=2, this relation reduces to 
lim [PG a + lim [P@. mje aK, 
Tae ag 


On referring back to § 9°31, it is seen that the only discontinuous term in 
P(G, H) is 
de= d”-ıH 
pol Hom i amen 
and therefore 
si PORT IGaa + _ pd™-1Hy fate 
Pol §1)H(€1, €2) lim (eee — pol §2)G( £2, £1) lim ae | = 


Ẹ i 
and since 


f,—e 


_ [de—-1G)h +" 
pots) lim [Fs |“ = Polé) lim 


it follows that 


fame ih a 


Tat aa = 


fa—e s 
H(é, £2) =G( Es, é). 


This formula has been proved when &,> é, it may equally well be proved 
when ,<&,. Consequently, if œ and € are any two points in (a, b), 


H(z, £)=G(E, 2), 


or in other words, the Green’s function of the adjoint system (B) is G(£, æ). 
Furthermore, if the given system is self-adjoint, the Green’s function is 


symmetrical, that is to say, 
G(g, x)=G(z, £). 


Since the Green’s function of a given system is unique, the converse 
follows, namely that if the Green’s function of a given system is symmetrical, 
the system is self-adjoint. 


11°11. Solution of the Non-Homogeneous System.—It is known that, since 
the homogeneous system 
L(u) =0, 
(A) i (S3, 2, s ap 0) 
is incompatible, any non-homogeneous system corresponding to it, and in 
particular the system 
L(y) =r(@), 


(B) poe Kan 
admits of one, and only one, solution. When the Green’s function G(a, é) 
of (A) is known, an explicit solution of (B) can immediately be obtained, 
namely, 


(©) y(a)=[ Gle, ENEJA. 
For 


ya) = f Zame) aeae (v=1, 2, . . ., n—2), 
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on 2G(a, $) 


and since sacs 


is uniformly continuous in (a, b) it follows that 


b O"-1G(a, é) 
( ipi ) — _—_—— 
y-M(a)= | aai EdE. 
But the integrand is now discontinuous at =a, and therefore 
z gn— 1G(w, é b gn— 1G(a, é) 
(n) a be Dy. ih rot ate? 
ya) = af lt E) eye + È an some édé 


i © »(2)dé + lim m [Ë ee é) no) ne 


oa” =g e 
b onG(w, é r(x) 
= =Í, an Ehag + aay 


and therefore ' 
Liy)= | L(G) €)dé +4(2) ` 
=#(a), 


since L(G)=0. The differential equation of (B) is therefore satisfied. 
Since U,(y) involves no derivatives of y of higher order than (n—1) it 
follows that 


b 
Uy) = | UGE 


=0 a R OAERTN he 
since U;(G)=0. Thus the boundary conditions are also satisfied. The 
expression (C) is therefore the solution of the system (B). 
The solution of the more general non-homogeneous system 
L =7(@), 
me f(y) =n) | 
Uy) =yi losak A eh TA 
may now be obtained in a very simple way. Let G,(æ) be the unique solution 
of the system 


L(G;) =0, 
foe- 22. =U; -1(6:)=U;+1(G:)= . . . =U, (G) = 
(U:(G:) =1; 


then it may immediately be verified that the solution of (D) is 
b 
yla)=[ Gæ, EMEdE+y C(e) +y2Gole)+ >-  +YnGn(2). 
Let u,(z) and u,(x) be pier IGN A solutions of the equation 


pola) Se + Pp (a) = p(«)u=0, 


and consider the function 
u(æyu(£)—u (xju) 
F(x, £)=Auy(w) + Busta 5° eye Epu E uE TE 


where the positive sign is taken when a<av<é, and the negative sign when é<æ<b. 
F(x, €) is continuous in (a, b) ; its differential coefficient has the finite discontinuity 
1/po() when a= but is elsewhere continuous. The third term is independent of 
the solutions u,(v) and u,(a) chosen. F(a, £) is therefore of the nature of a Green’s 
function, and by a choice of the constants A and B so that F(z, &) satisfies assigned 
boundary conditions, becomes the Green’s function of that system. 


S 
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Examples .— 
du 
(1°) Jagt T” 
u(0)=u(1)=0. 
F(x, €)=A+Ba+tih(E—2) 
G(x, £)=a(§—1) (<£), 
=€(a—1) (w>6é). 


du $ 
(2°) a —n*u=—0, 
u(0) =u(1) =0. 


1 
F(a, €)=A cosh ng+B sinh na+ ra sinh n(é—2), 
sinh næ sinh n(é—1) 
n sinh n 


_ sinh né sinh n(æ—1) 
n n sinh n 


G(x, £)= 


d'u 
— 4+n?u=0, 
dæ 


u(0)=u(1), 
u(0)=u'(1). 


F(a, £)=A cos næ +B sin na+ = sin n(é—2), 


(3°) 


G(x, §)= 2S cot > cos n(& —#) +sin n | é—e | l 


This last example shows that, when the system becomes compatible, i.e. when 
n=?2kr, where k is an integer, the Green’s function becomes infinite. 


11:12. The Green’s Function of a System involving a Parameter.—The 
preceding investigation shows that when A is not a characteristic number of 


the system 
er +Au=r(z), 


U,(u)=0 BE x a eye 909) 
a unique Green’s function G(x, é; A) exists, and the solution of the system is 


u(o)=[ Gle, E; NEE. 
Similarly the solution of the adjoint system 
TOAND anla); 
l V(v)=0 ((=s1, 3, .< oo) 
is 
b 
o(a)= | GCE, w3 AMENE. 


As an important corollary it follows that if À; is a characteristic number 
which renders the homogeneous system 


hoje hi end), 

U;(u)=0 CE PE EREE %) 
singly-compatible, and jf u(x) is the corresponding characteristic function, 
then ' 


ula) =(A—A) | Gæ, E; NuilE)de. 
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This result follows immediately from the fact that the differential equation 
L(u) +Au=(A—A;)u;(z) 
admits of the solution u,(@). 


If yi(æ), yo(@), - . .» Y,(@) form a linearly independent set of solutions of 
the homogeneous equation 


L(u)+Au=0, 
the explicit form of G(v, é; A) may be written down,* namely 
. 9, NG, €3 A) 
G(x, é: A) == HF. y y a 
where 
yi(@), Y2(2), + sa Dult)s g(x, RAP V 
N(a, é, A)= Vil), Valya), h UilYn), Ule) | 
UG), Taltie)y pron, Only): U,(g) | 
Uilyı) Uly) ~~ +  UilYn) 
A(A) =(—1)" Valy), Valya); s : *? Volyn) 
U,,(Y1); Biles, A U(Yn) 
and 
Yi(2), se -o Yna) 
ME) WOTANE, >- YAE 
nl) yal), TE unl é) 


E; Ay=44 “a 
ala, €; = +4 | yi™-WE), YPE), -s yg D(E) 
| MOTNE wal MU), - so wa M18) 


K (ê), ya), a TG 
the positive or negative sign being taken according as w< or >é. 

The existence theorem of § 3°31 shows that if L(u), r(x) and U;(u) are 
independent of A, the solutions y;(x), ys(a), . . ., Yn(æ) are integral functions 
of A. It follows that G(x, €; À) is an analytic function of À for all values of 
A except the zeros of 4(A), that is, for all values of A except the characteristic 
numbers.t The form which G(w, é; A) assumes in the neighbourhood of a 
simple characteristic number A; which occurs as a simple zero of 4(A) will 
now be determined. 


If 4(A) has the simple zero À; the Green’s function may be written 
R(x, 
G(e, E; N= FEE tala, &5 N, 
where G;(@, é; A) is analytic at A= ie 
Now 


R(w, ¿)= lim Aea, E; A) 
à—>Ài A (À) 
_N(@, é; Ai) 

Bia" 


* Birkhoff, Trans. Am. Math. Soc. 9 (1908), p. 377. It is assumed that the coefficient 
of u(n) in L(u) is unity. 
+ In fact, G(x, é; A) is a meromorphic function of A. 
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In the expansion of the determinant for N(x, €; A;), the coefficient of g(v, E; A;) 
is zero. Consequently N(a#, €; A;) and its first n derivatives with respect to 
æ and é are continuous functions of (x, €) for a<a<b, a<&<b. Moreover, 
N(a, €; A) satisfies the system 

L,(u)+Au=0, 

U;(u)=0 {ao a Kr PARRE E 
for all values of A, and therefore R(x, €), regarded as a function of æ, satisfies 
this system for the characteristic number A; This characteristic number is 
simple, and therefore R(x, £) is of the form 

Ciu;(æ), 
where u,(a) is the characteristic function corresponding to A;, and C; depends 
upon é only. But regarded as a function of é, R(x, Ẹ) satisfies the system 


L,(v) +Av ==), 


V (v)=0, (i=—=1, 2," 2) 4. 
for the characteristic number A;; C; is therefore of the form 
‘evi é), 


where c; is a constant. Hence 
R(x, é ) =C,Uj(@)0;( é), 


and it remains to determine the constant ¢;. 


Now 
(A—A,)G(a, é; A)—R(2, €) 
is analytic in A if A is sufficiently near to à, and is continuous in æ and å, 
since both G and R are continuous in æ and é; also 


lim {(A—A)G(@, £; 2) —ee,(a)0,( £)} =0. 

A> Ai 
It follows that l i 

lim (A—A) | Gl, £; AulEdé— cana) | uled =0. 
Adi a a 
But 
(AA) | Gla, £; Au EdE=ui(), 
which is not identically zero, and therefore 
ci] (evi de =. 


The following theorem has thus been established: If A=A; is a simple root 
of the characteristic equation, the Green’s function has the form 


ulevi) —— 4R(a, €; À), 
(A—A;) | iE) ) a 


where 
b 
[leet Qyae-+o, 


and R(a, €; A) is regular in the neighbourhood of À; 
If all the characteristic numbers A; whose moduli are less than a number A 
are simple roots of the characteristic equation, then 


Gla, £; N= WHE) _ me, £; A), 
(AA) | ui(Q)0i()4E 


www.rcin.org.pl 


DEVELOPMENTS IN THEORY OF BOUNDARY PROBLEMS 261 


where E(a, é; A) does not become infinite for any value of A such that 
A|<A. 
Since ų(æ) and v;(æ) satisfy homogeneous systems, they may be normalised 
so that 


rb 
| wilde dé =1, 
and then 
Gla, E; P= OME) Ela, £; 2». 
i i 

11:2. The Relationship between a Linear Differential System and an 
Integral Equation.—Any non-homogeneous linear differential system with 
boundary conditions equal in number to n, the order of the equation, may be 
written in the form 


Ui(y) =); CesT Be a, N 
and, moreover, the main theorem of § 9°6 shows that when the system is given, 
g(x) may be so chosen that the homogeneous system 

Liu) =0, 
(B) (u) 
U;(u) =0 
is incompatible. It does not follow that (A) has a unique solution, or in fact 


any solution at all. Let it be assumed, however, for the moment, that (A) 
has a solution y;(@). Then the system 


L(y) =g(«)yr(@) +r(@), 

Ui(y)=yi 
has a unique solution, and this solution is y;(~). As in §11°11, y;(a) satisfies 
the relation 


u(x) =| Gla, D {AEE HEEG la) +y) - - . +G, la), 


where G(x, €) is the Green’s function of the system (B). 
But now y(z) occurs under the integral sign; the relation has therefore 
taken the form of an integral equation, of which G(#, é) is the nucleus. 


Write 
K(a, £)=Gl0, (E), 
fla) =7:G,(0)-+y72G(0)+ - - - +yaGu(a) +] Glo, ENEE, 


“expressions which, theoretically at least, are regarded as known. Then the 
integral equation which would be satisfied by a solution of (A) is 


(©) yla) =fle)+ |" Ki, EEE, 


which is known as a Fredholm equation of the second kind.* 

It has thus been proved that any solution of the differential system (A), 
supposed compatible, satisfies the integral equation (C). 

Conversely if y.(z) is a solution of (C), then 


y(a)=fle)+] Kle, Syed 


satisfies the system 
| L(y) =g(x)y2(x) +7(2), 
U:(y)=0. 
* Whittaker and Watson, Modern Analysis, § 11:2. 
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But, in the integral equation, y(#)=y.(v); the differential system therefore 
admits of the solution yo(v), that is to say, any solution of the integral equation 
(C) satisfies the differential system (A). 

These two theorems are included in the general statement that the 
differential system and the integral equation are equivalent to one another. 

In particular, if A is not a characteristic number of the system 


(D) L(u) +Au=0, : 
U,(u)=0 n=l, DE tang n), 
in which L(u) and U;(u) are independent of A, then the system 


(E) e E | 
i(y)=0 (221, 2)... 3,5) 
is equivalent to the integral equation 
b 
(F) ylo)-+Af Gle, EEdE=fa), 
where 


b 
Ha)=| Gla, Eed. 


G(a, €) is, as before, the Green’s function of the system (B); let Iv, £; A) 
be the Green’s function of the system 


(G) | L(v) +v =0, 
V (v)=0 a ie RM a 

adjoint to (D). Then by applying Green’s formula 

b m b 

| @Lw)-uL@yjde—[P(u, »)] 

a S a 

it is found, as in § 11°1, that 
b 
(Œ) Af Gle, £T, £s; Ajde 


SPENT En bas N tim pean |, -PLEDGE £ im ee | 


=I (éi, 2; A)—G(&e, £1). 


The function I(@, €; A) which enters into this relation is known as the 
resolvent function of the nucleus G(æ, €), for now the integral equation (F) 
and therefore the differential system (E) have solutions explicitly given by 


(1 yla)=fle)—Af" The, £; NKEA, 


as is seen by substituting this expression in (F) and making use of (H). 

But since the characteristic numbers of the system (G) are the poles of 
its Green’s function I'(a, é; A), and since the poles of (xv, £; A) are precisely 
the characteristic numbers of the homogeneous integral equation 


(3) u(o)-+A] Gle, Eu(g)dé—0, 


it follows that this integral equation is equivalent to the system (D), and in 
the same way the adjoint integral equation 


(K) o(a) +A f" Glé, a)o(g)dé=0 


is equivalent to the adjoint system (G). 
If the solutions of the system (D) are denoted by u;(z), and those of (G) 


fg — e 
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by v;(æ), then it is known from the theory of adjoint integral equations that 
the systems (œ), v;(v) are biorthogonal, that is to say, 


b 
[,(a)o,(a)do=0 (i+). 
The systems may also be normalised, so that 
b 
| u,(x)v,(a)da=1. 
Ja 


| Then G(a, €), regarded as the nucleus of the homogeneous integral equation 
| (J) may be developed thus : 


n 
G(x, €)= S Moke) +E(a, é), 
i=1 
where A,, Ao, . . ., A, are arranged in order of increasing modulus and 
E(a, é) is a nucleus which has no characteristic numbers of modulus less 
than |A, |. This agrees with the development in the preceding section. 

When the given differential system is self-adjoint, and therefore the 
Green’s function is symmetrical, the results of the well-developed theory of 
integral equations with symmetrical nuclei can be taken over bodily. Thus, 
for instance, the theorems that at least one characteristic number exists, and 
that there can be no imaginary characteristic numbers are true for self- 
adjoint differential systems. 

Moreover, it may be shown that when the given system is of the form (D) 
the Green’s function is closed, that is to say, there exists no continuous 
function ¢(#) such that 


[ Ge, O$(2)d¢=0 


identically. In such a case there always exists an infinite set of characteristic 
numbers. 


11:3. Application of the Method of Successive Approximations.—The 
demonstration of the existence theorems of Chapter III. by means of the 
method of successive approximations is equivalent to the theoretical solution 
of a one-point boundary problem. By a modification of the method the two- 
point problem may also be approached.* This new aspect of the problem is 
valuable because it brings out very clearly the part played by the character- 
istic numbers. 

The differential system may be written in a variety of ways as 

Ui(y)=V ily) +7: (i=1, 2, E T n), 
in which parts of the differential expression and of the boundary expressions 
| have been transferred to the right-hand members of the equations. Thus 
L(y) is a differential expression of order n, and M(y) a differential expression 
of order lower than n; U;(y) and V;(y) are linear forms in 


yla), y'(a) .. n y™ Ma), yb), yb), + YO" PCD). 
The coefficient of y™®)(æ) in L(y) will be taken to be unity, the remaining 
coefficients in L(y) and those of M(y) will be supposed to be continuous in 


(a, b). 
Now the given system may, by § 9°6, be so written in the form (A) that the 
system 
L(u) =0 
B (Lu) =o, 
aD (B) i U;(u)=0 (E Bo) qC 
is incompatible. j y4 
* Liouville, J. de Math. 5 (1840), p. 356. eA ai 
b ‘ e 
\y g% 
PA Á ye? 
» 
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Now let yo be a function of æ such that M(yp) is continuous in (a, b) and 
the expressions V’;(yo) are finite. Then since (B) is incompatible, a system 
of functions 

yi(2), Y2(@), Bilis hey y,(2@), $ 
is determined uniquely by the recurrence-relations 
l L(y,) =M(y,- 1) +1(), 

Oi(yr)=V i(yr—1) +7 (i=1, 2,..., n). 

In fact, if G(x, £) is the Green’s function of the system (B), 


eo) f'G, [Mtu EE e > [ 7ly,—a(2)} +71 | Gla), 


so that if 


1=41, Vo=Yo—Y1 + + es Vr =Y Yrs - 
then 


b n 
(C)  va)=f Gla, E Mior- +X Vito,-a(0)} Ga), 
i=1 
where the functions G;(w) are as defined in § 11°11. 
The question now at issue is whether or not the process converges, that 
is to say whether or not the series 


Uy t+0eot+ ... +0,+... 
and the first n—1 derived series obtained by term-by-term differentiation 


converge uniformly in the interval (a, b). It will be seen that the question 
is now by no means as simple as it was in the case of the one-point boundary 


problem. 
Let A be a number at least equal to the greatest of the upper bounds of 
| 0G a"-1G 
| G(a, é) |, | Ox > E azn- 1 P 
[Gi(z)|, | Gi(w)|, -- 5 [Gea], (i=1,2, .. n) 


in the interval (a, b). 

Let F(x) be the sum of the moduli of the coefficients of M(v) and 2 the 
sum of the moduli of the coefficients of all the n expressions V;(v). Also 
let w, be the greatest of the upper bounds of 


[orb | 
in (a, b). Then 


b 
|o, (x) |< | Aw,—1F(t)dt-+AQuw,-, (v=0,1,..., n—1) 


for all values of a: in (a, b), or 
@,<ABw,—3, 
where 


b 
Ha | F(t)dt-+Q. 


The process therefore converges if AB<1. Now it will be seen that 4 
depends only on the coefficients of Z(v) and U;,(v) and on r(x) and y;, and 
B depends only upon the coefficients of M(v) and V;,(v). If, therefore, M(v) 
and V’,(v) can be chosen so that AB is sufficiently small, the process will 
converge. 

The most satisfactory way of attacking the problem is to consider the 
auxiliary system 

(D) (Lly) AMi) trior) 

Ui(y)=AV ily) + m} +9; (i=l, 2, .. ., m), 
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where 
rı(@)+rə(x)=r(æ), 
niti =Yyi. 
This system reduces to the original system (A) when A=1. 
Let y(x) be chosen so as to satisfy the system 


f L(y) =r2(2), 

LUY) =0; aN RL 
and let 

GAO eae, At) S N 
be defined by successive approximation in (D). Then y;(x) will be 
independent of A and y,(7) will be a polynomial in A of degree r—1. In the 
limit this polynomial becomes a power series in A which will presumably 
converge for sufficiently small values of |à]. The point at issue is 
whether or not it converges for A=1. 

To settle this question, consider for the moment a system of a more 

general character than (D), namely 


L(w) =r(æ), 
(E) e LA Gala aN, 


in which r(x) and the coefficients of L(w) are analytic functions of A throughout 
a given domain, and are uniformly continuous functions of œ in (a, b). 
Similarly £; and the coefficients of U;(w) are analytic functions of A in the 
given domain. 

The formal expression of the solution of this system is 


Wo Yis PRANA 


Yn | 
woo) | yey) is Mle ea Ram ee? SD 
Tifosi hes OOo ERS ee o fame 

in which wp is a solution of the equation 

L(w) =1(2), 
and Yı, . . ., Yn are linearly-independent solutions of 

L(y) =0. 
Now since wp, Y1 - - » Yn are solutions of equations whose coefficients are 


analytic in A and uniformly continuous in a, the two determinants which 
figure in the expression for w(x) are themselves analytic in A and uniformly 
continuous in æ. Hence w(z) is also analytic in A and uniformly continuous 
in œ except for those values of A for which the determinant in the denominator 
vanishes, that is to say, except for characteristic values of À. 

This result may now be applied to the system (D) to the effect that the 
power series in A which represents the limiting value of y,(@) converges in any 
circle whose centre lies at the point A=<0 and which does not contain any 
characteristic number of the system 


L(u) =AM(u), 
(Ry alt (t=1, 2, ..., n). 


It follows that the method of successive approximations as applied to the 
system (A) will converge if the system (F) has no characteristic number of 
modulus less than or equal to unity. 

A much more precise result can now be obtained. Let A=A,, be a 
characteristic number of the homogeneous system corresponding to (E). 
Then (A—A,) will be a factor of the denominator of w(a) and the multiplicity 
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of this factor will be at least equal to the index of A;._ If it so happens that 
(A—Aj) is also a factor of the numerator of the same multiplicity as in the 
denominator, then the solution w(a) will exist even for the characteristic 
number À. This will occur, for instance, when the multiplicity of Aj, is 
equal to its index k, and the non-homogeneous system (E) has a solution 
when A=A,. For then every minor of order n—k which can be extracted 
from the numerator of w(a) will be zero when A=A,, and therefore the 
numerator, as well as the denominator, will contain the factor (A—A,) repeated 
exactly k times. Thus w(æ) will remain analytic when A=). 

Applied to the system (D) this result proves that the process will converge 
when |X|<1 provided that if any characteristic numbers of (F) lie within or on 
the circumference of the haf à | =1, the index of each such characteristic number 
is equal to its multiplicity and that for each such characteristic number the system 
(D) is compatible. 


11:31. Conditions for the Compatibility of a Non-Homogeneous System for 
Characteristic Values of the Parameter.— When, as in the case of any con- 
sistent one-point boundary problem, there exist no characteristic numbers, 
the method of successive approximations certainly converges for all values 
of the parameter for which the coefficients of the equation remain continuous. 
On the other hand, the system corresponding to a two-point boundary 
problem has, in general, characteristic numbers, and in order that the 
method of successive approximation may be applicable, it is necessary that 
the system should remain compatible at least for those characteristic numbers 
whose moduli do not exceed a certain magnitude. Necessary and sufficient 
conditions for the existence of solutions of a non-homogeneous system for a 
characteristic value of the parameter are known.* In the present section 
such conditions will be given in the case of the self-adjoint system of the 
second order 


( d 

| Ly) = Ej Ket —Gy=B, 
(A) dxt dæ 

| U (y)=ay(a)+azy(b)+asy'(a)+a,y'(b)=4, 

Us(y) =Biy(4) +B2y(b) +Bsy (a) +Bay(b) =B. 

All coefficients which occur in the system are supposed to be analytic 
functions of the parameter A in a given domain, K, G and R are further 
supposed to be uniformly continuous functions of æ in (a, b). The condition 
that the system may be self-adjoint is that 


(B) 524K (a) =8)3K(b), 
where : 
õi; =a,8; —a48;. 
Let u(x) and ua(æ) be solutions of 
L(u) =0 
such that 
(C) Uy Ug --ug u1 =1/K, 
then the general solution of the equation 
L(y)=R 


is 
x b 
yY =C +C9U2 +u | KRu,dax +Us | K Rude. 
v Q / & 


* Such conditions are given in the case of equations of the second order by Mason, 
Trans. Am. Math. Soc. 7 (1906), p. 8837; and in the case of equations of higher order by 
Dini, Ann. di Mat. (3), 12 (1906), p. 243. 


www.rcin.org.pl 


DEVELOPMENTS IN THEORY OF BOUNDARY PROBLEMS 267 


The constants c; and co are determined by imposing the boundary conditions 
thus : 


cb 
6,U (ts) +e2U (Uta) =A —{oua(a)+asuz'(a)} | K Rude 


—{ayt()-+-a4u4'(0)} | KRusda, 
c1U (U1) +c2U2(%2)=B —{BU2(a) +yua'(a)} | KRu,dx 


cb 
{Bate (b) Biur '(b)}| Kuga. 

Everything depends upon the determinant 
U,(u;), Uy (ug) | 
U,(u), Us(ue) | 
Values of A for which J is not zero are not characteristic numbers; the 
given system is then compatible. The purpose of the present investigation 
is to discover what conditions must be imposed upon R, A and B in order 
that when 4 is zero, the system may admit of a solution. Two cases arise : 

(1°) The minors of A are not all zero. 

The reduced system is now singly-compatible ; it admits of one and only 
one independent solution. Let u;(z) be this solution, then 

U;(u;)=U2(u1)=0, 

but U(u2) and U2(ug) are not both zero. 


A necessary and sufficient condition that the system (A) should be 
compatible is that 


Us(ua)[ B—{Brvs(a)+Bata'(a)} | K Runde —{Baun (b) +Biu'(0)} | KRuzda]| 


A (ui, U2) = | 


Rs Uslus)| —{a;u(a)+azu'(a)} [KRujde—{au1(b)-+ayu'(b)} | KRusie] ey 

In the left-hand member, the coefficient of f K Rudæ may be written 
{a.yU2(@) +-agte’(a)}{B yu (a) +Bgty'(4)}—{age(d) +a4ts’(b) }{Bous(b) +Byuy'(b)} 

—{B1U2(@) +B3tl9'(a)}{a U4 (a) +agty'(a)} +{Bovo(b) +Pyue'(b)}{asws(b) +ayuy'(b)} 

=ô {Uy (a)uo(a)—uz' (ajuı(a)}—õz4{u1 (b)ua(b)—uz'(bJuı(b)} 

N _ 5a 
K(a) K(b) 

so that the condition becomes 


(D) _ Us(us)| B—{Py(a) +8st2"(a)} f KRuyde 


=0, 


b 
—U,(ug)| A —{ayug(a)-bagts'(a)} | K Rusda | —=0. 
Now i 
21u (b) +8314 (a) +8414 '(b)=0, 
(E) | 51 9t1(@) +-839ty'(a) +842u1'(b)=0, 
| igu (a) +823U1(b) +8431 (b)=0, 
14u (a) +-8o4t41(d) +-834u4y (a) =0, 
for the left-hand members of these equations are of the form 
PiU i(u1)—a;U (u1), 
where 7=1, 2, 3, 4 respectively. 
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By means of the relations (13), (C) and (E) it may be verified that 
U (U2){BoK (a)uy'(a)+B,K(b)uy'(b)}~ Uo(ue){a2K (a)uy (a) +a, K(b)uy'(b)}=0, 
Uy(ug){ByK(a)ui(a) +BgK(b)uy(b)} —Us(ue){agK (a)u;(a) +agK(b)u,(d)} =0, 
U;(uz){B2K(a)u,(a) —B3K(b)uy'(b)}— Us(we){agK(a)uy(a) —agK(b)u,'(b)}=0, 
U (u2){ByK(a)uy'(a) —B1K(b)u;(b)} — U2(ug){ogK(a)uy (a) —a,K(b)uy(d)} =0. 
Now U,(uz) and U.(uz) are not both zero; they may therefore be 


eliminated between (D) and any one of the four equations of (F). Thus 
the eliminant of (D) and the first equation of (F) is 


{42K (a)uy (a) +a K (b)uy'(0)}| B—Pree(a)-+85r(a)} | K Rude 


(F) 


— aK (ayuy'(a)-+P,K Oju O)| A—farte(a)-+ague'(a)} f" KRu,de| = 
which reduces to 1 
(4B —ByA)K(a)uy"(a)-+-(0,B—B1A)K (b)i (0) +812] KRuydo—0. 


Moreover, the process may be reversed, that is to say, the eliminant so 
obtained and the first equation of (F) lead back to (D), except when 


aK (a)uz'(a) -+-a,K(b)uy'(b) = 
BK (a)uy'(a) +B 1K (b)uy'(b) =0, 


that is to say, except when 8,,=0 or when w,'(a)=wu,'(b)=0. In the latter 
case, both wu (a) and u;(b) must be distinct from zero, and therefore the first 
and second equations of (E) show that 5;,—0, which is thus the only excep- 
tional case. The equations obtained by eliminating Ulu) and Ua(u2) 
between (D) and the four equations (F) are respectively 


(a2B—B+4)K (ajur (a) +(01B—B14)K bju (6) +812[ KRuydo=0, 


(a,B —B,A)K(a)u;(a)+(agB—B34)K(b)ujz(b) +843 | ; KRu,dz=0, 
(G) : 
(a3B—ByA)K'a)iy(a) —(0gB—PyA)K(O)uy'(b) +85] KRuyde=0, 


(uB —8,A)K(a)uy"(a)—(a,B—P,A)K(0)u(0) +814) ” KRuyde=0. 


Any one of these is equivalent to the condition (D) provided that the corre- 
sponding determinant 545, 543, 523 or 5,4 is not zero. Now if any three of 
these determinants are Zero, then all determinants ô; are zero, which is 
impossible, since the expressions U,(u) and Uə(u) are independent. Hence 
at least two of the equations (G) are significant. 

Hence a necessary and sufficient condition that the system (A) be compatible 
when the corresponding reduced system has only one distinct solution uy is 
that A, B and R should satisfy one or other of the relations (G) with non-zero 
determinant Õ;j. 

When A and B are both zero, the condition is that 


b 
J KRu,dx=0. 


(2°) The minors of A are all zero. 
The reduced system is now doubly-compatible and admits of the two 
solutions u(x) and u(x). The equations (E) still hold, but there is now also 
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a precisely similar set of equations in ug. Suppose for the moment that 
533;=0, then, by (B), 5,=0. The first equation in (E) becomes 


591%(b) +8411 (b)=0, 
ô21u2(b) +841u2' (b) =0. 
K(b){uy'(d)ug(d) —Uq'(b)uy(5)} =1, 


and similarly 
But, by (C), 


and therefore 

591 =041 =0. 
Similarly 

do8 = 843 Ext 
All determinants are thus zero, which is impossible; it follows that ôg and 
do, are not zero. 

Since 
U (ui) =U (u2)=U2(u1)=U2(u2)=0, 


necessary and sufficient conditions for the existence of a solution of the 
system (A) are that 


A —{a;uo(a) +asuz (a)} N K Ruda —{azu(b)+ayu1'(b)} | KRuz,dx=0, 


b b 
B—{Brus(a)+Bsuz'(a)} | KRurde—{Bau (b)+ (0)} | KRugdo=0. 
These equations are equivalent to 


| (a,B —ByA)K(a)t6s(a) +(agB—PyA)K(a)tig'(a) +845 [ KRu,de=0, 


(H) . 
| (P24 —agB)K(b)uy(b) +44 —agB)K(b)uy'(b) +824 | KRu,dx=0. 


Other equations of the same type may be found, but only two are independent. 
A necessary and sufficient condition that the system (A) may be compatible 

when the corresponding reduced system has two linearly distinct solutions u 

and Uz is that A, B and R should satisfy one or other of the relations (H). 
When A and B are zero, R must satisfy the relations 


rb b 
| KRu,dx=0, | KRusdx=0. 
a a 


11°32. Development of the Solution of a Non-Homogeneous System.— 
Consider the particular system * 


eee (Ag—Dy +(e) =0, 

y'(a)—hy(a)=0, 

y'(b)+Hy(b)=0, 

where k, g, l and p(w) are continuous, and k does not vanish when a<a<ob. 
Let u, and ug be a fundamental pair of solutions of the homogeneous equation 


rT (g—Iu=0, 


(A) 


such that 
uy(@)=1, w'(a)=0, 
u,(a)=0, us (a)=1. 


* Kneser, Math. Ann. 58 (1904), p. 109. 
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Then the general solution of the differential equation in (A) is 


y—Cytx(0)+Cata(e)-+u(a) | ua(*p(e)at—us() f uy(*)plC)at 


where Cı and C are arbitrary constants. Each of the four terms which 
enter into this expression is an integral function of A when a <æ <b. 
The boundary conditions of (A) lead to the relations 


C2z—hC, =0, 
Capes NO pt eee) aes: (b)+Hua(b)} 
+{ur'(b) +Huy(b)} f updi —{ug(b)+Hus(d)}[ws(tp(Ode=0, 
which determine Cı and Cə. Thus 
y =w(g, à)/A (à), 
where w(æ, A) is, for all values of @ in (a, b), an integral function of A, and 


A(A), the characteristic determinant, is an integral function of À alone. 
Let A; be a characteristic number of the homogeneous system 


d dv 
| saga + As—ho=0, 
v'(a) —ho(a) =v'(b) +Hv(b) =0, 
and let v(x) be the corresponding characteristic function. Then since this 


system is simply-compatible, a necessary and sufficient condition that the 
non-homogeneous system may have a solution when A=A,; is that 


(©) f’ roplejajde=o. 


If this condition is satisfied, the function w(æ, A)/M(A) will be finite 
when A=A;. Let it be supposed that the condition is satisfied by all charac- 
teristic functions 


(B) 


03(@), Vo(@), . . -, 0,(2), . 
then w(x, A)/4(A) will be finite when A assumes any of the values 
AM EUS co yb «Phau thie 


that is to say, it is finite for all values of A for which 4 vanishes. Conse- 

quently, when (C) is satisfied for all integral values of i, y(z) is an integral 

function of A and may be developed, when a<a<J, in the convergent series 
y(a) =a9+a,A+ Bie 6 +a,A"+ . 

in which the coefficients ap, Qi, ..., a,, .. +. may i: determined by the 

method of successive approximations. 


11°4, The Asymptotic Development of Characteristic Numbers and Functions. 
—In the Sturm-Liouville equation 


ASU (g—Dy=0, 


it will be supposed that, throughout the interval a<w<b, the functions 
k, g and lare continuous and k and g do not vanish, that k possesses a con- 
tinuous derivative, and that gk has a continuous second derivative. Then if 
the following mecca are made 


=z Q) =(gk)ty, p? =K?), 
where K is the constant 
1/°(g\t 
al G) 
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the equation assumes the normal form 


where s 
= E EAO, 


and 6(z) and ¢4(z) are respectively (gk)t and l/g, expressed as functions of z. 
The interval a<a<b becomes 0<z<m. Throughout this interval q(z) is 
continuous ; for the present no further restrictions are necessary,* but later 
work requires also the existence and continuity of the first two derivatives 
of q(2). 

he boundary conditions are not altered in form by the transformation ; 
they will be supposed to be 


PE EEE 
u' (zr) +-Hu(7r) =0, 
where the constants h and H are real. 

If now the equation is written as 


du 
d2 +p?u=9(2)u, 
its general solution may be expressed symbolically as 
u(z)=A cos pz+B sin pz+(D?2-+-p2)~19(z)u(z) 
=A cos pz+B sin pats f sin p(z —t)q(t)u(t)dt. 
0 


The differential system as it stands is homogeneous ; to make its solution 
quite definite, the first boundary condition will be replaced by the non- 
homogeneous conditions 


u(0)=1; u’(0)=h. 
The constants A and B are then uniquely determined,} and 
u(z) =cos pets sin pets | 3 sin p(z—t)q(t)u(t)dt. 
0 


The fundamental existence theorem affirms that | u(z)| is bounded in 
(0, m). Let M be its upper bound, then 


Lue [<(1 +55) + [| ae la 


Since | u(z) | is continuous in the closed interval 0<a<z, it attains its upper 
bound, and therefore 


M<(1 +) +2)" lac lat 


M<(1 +2) [0 MLO jae} 


for all values of p greater than a fixed positive number. 
If now the second boundary condition is applied, it is found that p is 
determined by the equation 


whence 


ie P’ > 
* These restrictions may be considerably lightened by adopting the methods of Dixon, 
Phil. Trans. R. S. (A) 211 (1911), p. 411. 
+ The relation thus obtained is interesting historically as being the first recorded 
instance of an integral equation of the first kind, Liouville, J. de Math. 2 (1837), p. 24. 


tan 7p = É. 
P 
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where 


‘i Hy 
P =h 4H + | | f cos NET sin pt Lo(t)u(tt, 


Piss = -+ | “sin pt + z cos pt ha tyu(e)at. 


Since 
M <l +0(p7!1), 


in (0, 7), it follows that | P| and | P’| are both less than finite numbers 
independent of p. 
The development will now be carried a step further.* Since u(t) is of 
the form i 
cos pt +" t) M 
where a(p, t) is bounded, 


u(z)=cos pa | i sin pt( cos pt + Jaina} 


; Rae a(p, t) 
-+sin pty tE, cos pt( cos pt+ ia Jaat}, 
and therefore 
u(z)=cos pz{1+O(p-2)}+sin pz {Q(z)p-1+O(p-2)}, 
where 
Qe)=h+ a(t)ae 
It is now easy to verify that 


P=h+H+h,+0(p-1), P'=0(p7!), 
where 


m= | adt. 


The characteristic equation now becomes 


h+H-+hı+0(p7?) 


tan 7p= 


a ai N 
and therefore, for sufficiently large values of p 
h : h 
=n tE Olp) 
Atak np hell +0(n-2), 


or 


Pn=n+en-1+O(n-?), ° 
where c is independent of n. This expression incidentally furnishes a new 
proof of the theorem that there exists an infinite set of characteristic 
numbers. 
Now 

COS p,2=Ccos nz {1 +0(n-2)}—sin nz {ezn-1+-O(n-2)}, 

sin p,2=sin nz {1 +O(n—2)}-+-cos nz {ezn—-1+O0(n-2)}, 
and therefore the characteristic function corresponding to p, is 


U,(z)=cos nz {1 +0(n-2)}+sin nz {a(z)n—1+-O(n-2)}, 
* Hobson, Proc. London Math. Soc. (2) 6 (1908), p. 874. 
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where 
a(z) =Q(z) —cz. 
Let the characteristic function be normalised, and then denoted by 2,(z), 
thus 


v,,(s) = (2) cos nz {1+O(n-2)}-+sin nz {B(z)n-1+0(n-2)}. 


This is the asymptotic expression for the characteristic functions; it is of 
particular utility in computing the characteristic functions for large values 
of n. The expression may be carried to any desired degree of approxima- 
tion.* 

Two exceptional cases deserve mention, namely (1°) when either hk or H 
is infinite, (2°) when both h and H are infinite.j In the first case, at one of 
the end-points, but not at the other, u(z) is zero; then 


n=n+3+O0(n-}). 
In the second case, w(x) vanishes at both end-points, and 


Pn=n+1+O(n-?). 
11:5. The Sturm-Liouville Development of an Arbitrary Function.— Let 


Up(2), U;(@), aon. U,(2), 
be the set of normalised characteristic functions of the system 
du 


sith hate iy 
daz TP’ U2) }u=0, 
| w'(0)—hu(0)=0, 
w'(m)+Hu(rt)=0, 
corresponding respectively to the characteristic numbers 
Po Pi + + +> Pw - 
Pn=n+en-1+O(n-2). 


It will first be shown that this set of characteristic functions is closed, 
that is to say, if p(x) is any function continuous in (0, 7) and if 


(B) f * plæjun(x)dz=0 


for all values of n, then 


(A) 


where, as in § 11:4, 


Bay p(x) =0 
identically. 
Consider the system 
d2 
(©) | qaa +12 —9(2)}0 +-p(@) =0, 
v'(0) —hv(0) =0' (77) + Hv(7) =0. 


When p is not a characteristic number, this system has a unique solution 
which may be expressed in the form of the infinite series 


(D) U(@)=Up + p20, + e +p*",+..., 


* Horn, Math. Ann. 52 (1899), pp. 271, 340; Schlesinger, ibid. 63 (1907), p. 277; 
Birkhoff, Trans. Am. Math. Soc. 9 (1908), pp. 219, 373 ; Blumenthal, Archiv d. Math. u. 
Phys. (8), 19 (1912), p. 136. 

t Kneser, Math. Ann. 58 (1904), p. 186. 

t Ibid., p. 118. 
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where vp, 1, -- +» Un; - + + Satisfy the equations 

dy 

ey —quo+p(x) =0, 

dv 


d?v 
Taz Un AO 1 =0, 


From these equations it is easily verified that 


al d2v D0 y+ m 
ii J Pmt Ta? — Un a A M jae f” {0m0n—Um+ 1Vn—1}d2. 
Now the left-hand member of this relation reduces to 


+ + m 
Um+1Un Un} m+1 a 


which is zero on account of the boundary conditions. Hence 
m m 
i Pmt 0n- 1d0= | Umüpdæ. 


The common value of these integrals therefore depends only upon the sum 
of the suffixes ; it will be denoted by W m+n. Now 


F 
i (20m —1 +B0m +1)7d@ =W om — 90? +2W omab +W om +28, 
which cannot be negative for any real values of a and f, and therefore 
considering a=0, B=0 in turn, 
Wom+2>0, Wom—2>0. 
Moreover, since the quadratic form in a, f is positive, 
Wom? —W om—2W om+2<0, 
and therefore Wan is either zero for all values of m or always positive. 
Suppose that Wy)>0, then 
Wo Ws Wom F2 
E oma Wis 
Now it follows from § 11°31 that if the system (C) has a solution V,(z) 
when p=p,, then 


me? i 


f PW (e)da=0, 


and conversely. Moreover it was proved in § 11°32 that if this relation holds 
for all integral values of n, the system (C) has a solution v(æ) for all values 
of p, and this solution, by the fundamental existence theorem, is represented 
by the series (D) which then converges for all values of p and for all values 
of æ in (0, 7). Consequently the development 


[-r00(e)da=Wot Wit +p, 


is finite for all values of p, which is impossible in view of the inequalities (E). 
It therefore follows that 


Wo=W2= .. =W an= EOS 
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Consequently 


Yy=0 and x)—0 
identically in (a, b). 9 p(x) 


Now let fæ) be an arbitrary function of the real variable æ. The theory 
of Fourier series suggests that it may be possible to develop f(x) as an infinite 


series of normal functions, thus 
f(@)=cguo(w) +-e,u,(@)+ .. . +e,u,(@)+ ... 


If this development is possible, then on account of the orthogonal properties 
of the functions w,(z), it is easily found that 


n= | * fle)un(t)at, 


so that the coefficients c,, are determined uniquely. 
The two main questions which arise are 
(1°) whether the series 


2 T 

> ulo) f" fltyu, (tat 

r=0 0 
converges uniformly in (0, 7) or not, 


(2°) when the series converges, whether it converges to the value f(x) or 
to some other limit. These questions will be dealt with in the succeeding 
sections. 


11:51. The Convergence of the Development.—In the first place, a very 
special function ¢(z) will be dealt with, which is continuous and has con- 
tinuous first and second derivatives in (0, 7). Consider the series * 


S u,(2) fi # Outta. 
r=1 0 
Now 


i O toa 
fi touna= [a ep Paud 


sa PO Pud y 
o Pr?—q{t) dt? 
plju, (t) d í P(t) H 1 a P(t) 
=| — u,(t) = 3 — — | 4u,(t)= dt, 
peat) t Oar — Jo" dlp? al) 
on integrating by parts ; in view of the boundary conditions this reduces to 
H$(m)u,(7) , hP(O)u,(0) [ d f p(t) ir | . oA P(t) 
ak : ot ARE a A VS) el dt. 
ptg) + p,2—q(0) +L) ath p2—g@)Slo Jo O pa 
Now since ¢(é) is continuous and has continuous first and second derivatives, 
and the same hypothesis has been made with regard to q(t), it is clear that 


dy $(t) dy $(t) 
Dod EN face E EN 

‘ aha) rtd ich 43 

are bounded for sufficiently large values of p, say p>p,, and for all values 
of t in (0, 7). Hence 


where the constants A, are finite for all values of r. The series is therefore 


* Kneser, Math. Ann. 58 (1904), p. 121. 
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absolutely and uniformly convergent in the interval O0<w<m7. The sum of 
the series 


(A) Leuela)|  w(t\p(eae 
r=0 0 
is therefore a continuous function of œ in (0, 7); let it be denoted by (æ). 
Then since term-by-term integration of the series for y(v)u,(v) is justified 
by its uniform convergence, 


f} Wamuglayde=> fi weloun(ayde wept 


=| upod 


on account of the orthogonality of the functions u,(z). Thus it is seen that 


[8@)—-$@)}u,(o)dn= 
for all values of n, and therefore 


(x) =$(2) 
identically in (0,7). The series (A) therefore converges absolutely and uniformly 
in the interval 0 <æ <r, and in that interval its value is f(x). 


11°52. Comparison of the Sturm-Liouville Development with the Fourier 
Cosine Development.—It will now be supposed that f(z) is a continuous 
function of the real variable œ in (0, 7); no further restrictions will be put 
upon it. Let s,(a) be the sum of the first (n -+-1) terms of the Sturm-Liouville 
development, thus 


s4(0)= [JOE uloa ta 
f r=0 


The behaviour of s„(æ) as n tends to infinity will now be investigated.* 
The Fourier cosine development is a particular case of the above; the 
differential system to which the normal set of orthogonal functions 


1\+ Qt 2\t 
(<) > (=) COS @, . . ss (=) COS Næ, ... 
mT 7 mT 


dv 
| Taa +P% =0, 
v'(0)=v'(n)=0. 
It will now be shown that the Sturm-Liouville development of f(æ) 
behaves in all respects exactly like the Fourier cosine development. Let 


corresponds is 


es t M: pm 
öle) = | i o yo ie ræ COS reat, 
then if 
p’ n 1 2 n 
n(2, t) ree u,(a)u,(t) ae + jay POF ræ cos rth, 


it follows that 
$,(2) —o,(@) = | | Pals pleat 


* Haar, Math. Ann. 69 (1910), p. 3839; Mercer, Phil. Trans. R. S. (A) 211 (1910), p. 111. 
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By means of this relation will be proved the remarkable theorem that 
Sn(@) —o,(v)->0 
uniformly as n->%. The proof depends upon two lemmas. 
Lemma I|.—There exists an absolute constant M such that 


| D(a, t) <M 


for all values of n. 
On account of the asymptotic form of w,(a) it is easily seen that 


2 
U,(w)u,(t) — = cos ræ cos rt 


(27 {B(t) cos ræ sin rt+8(x) cos rt sin ra} = n o( 1) r 


= gay le) +000} ED + ee EA of) 
Since the sums of the series 
De sin a ee > sin is —t) 
r=1 r=1 


are bounded, and f(x) is bounded in (0, 7), the lemma follows. 
Lemma II.—If ¢(w) is continuous in (0, m) and has continuous first and 
second derivatives in that interval, then 


| i D(x, t)b(t)dt->0 


uniformly in (0, 7) as n>. 
For if g„(x) and h, (œ) represent the first n+-1 terms of the Sturm-Liouville 
and the cosine developments of ¢(x) respectively, then 


Bal) —hg(@)=[" Pyle, eldi 


But g,(z) and h(x) both approach ¢(x) uniformly, which proves the lemma. 
The main theorem may now be attacked. 
Since f(z) is continuous in (0, 7), a sequence of continuous functions 


(2), $2(2), a },(2), 
having continuous first and second derivatives can be formed which tends to 
f(z) uniformly in (0, 7). These functions may, for example, be polynomials 
of degree equal to the suffix.* Then 


s(a) —a4(a) =| Dale, DAO- | Dale, Dond 
Since ¢,, approaches f uniformly, m may be chosen such that for all values 


of t in (0, 7) 
| ft) —bm(t) |< €/27M, 
where M is the absolute constant of Lemma I. Then m having been so 
chosen, n may by Lemma II. be taken sufficiently large to make the absolute 
value of the second integral less than łe. Consequently 
| s,(@) —o,(x) |< € 

uniformly for sufficiently large values of n. This proves the theorem : 

The Sturm-Liouville development of any continuous function f(x) converges 
or diverges at any point of the interval (0, m) according as the cosine development 
converges or diverges at that point. It converges uniformly in any sub-interval 


* Weierstrass, Math. Werke, 3, p. 1. 
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of (0, m) when and only when the cosine series converges uniformly in that sub- 
interval. 

This result is of far-reaching importance because it implies that the 
enormous volume of work which has been done concerning convergence or 
divergence of the Fourier development of an arbitrary continuous function 
applies with merely verbal changes to any Sturm-Liouville development of 
that function, when the conditions of continuity and differentiability which 
have been imposed upon the coefficients k, g and l are satisfied.* 

But more lies in the theorem than appears on the surface. Thus let 
S',(@) be the arithmetic mean of 


Slt), 8(@), ©. ., 8,(@), 
and let 2,,(7) be the arithmetic mean of 
do(2), o;(2), ares ep o,(@). 


Then from the fact that 
Sp(@) —o,(x)->0 
uniformly as n> , it follows immediately that 
S,,(@)—2,(«)->0 
uniformly. Now the cosine development of a continuous function is always 


uniformly summable by the method of arithmetic means.t Consequently 
the Sturm-Liouville development is summable (C.1). 


* It is also supposed that the constants h and H in the boundary conditions are real 
and finite. 
t Fejér, Math. Ann. 58 (1904), p. 59. 
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CHAPTER XII 
EXISTENCE THEOREMS IN THE COMPLEX DOMAIN 


12-1. General Statement.—The purpose of the present chapter is to extend 
the work of Chapter III. concerning the existence and nature of solutions 
of differential equations with one real independent variable to equations 
with a complex independent variable. In the first place a single equation 
of the first order 


dw 
dz =f(z, w) 
will be considered. 


In order that the equation may have a meaning, z must exist, that is to 


say w is to be an analytic function of z. Let f(z, w) be an analytic function * 
of the two variables zand w. With this assumption, the Method of Successive 
Approximations (§ 8:2) can be applied with merely verbal alterations. The 
main theorem may be stated as follows : + 

The differential equation admits of a unique solution w=w(z), which is 
analytic within the circle | z—z% | =h, and which reduces to wy when z=2p. 

The Cauchy-Lipschitz method can also be extended so as to be applicable 
to the complex domain.{ But perhaps the method most appropriate to the 
complex domain is that known as the Method of Limits,§ to which the 
following section is devoted. 


* By Cauchy’s definition, f(z, w) is an analytic function of z and w in a domain D if 
(i) f(z, w) is a continuous function of z and w in D; and (ii) a ’ 2 both exist at every point 


of D. This definition implies the Riemann conditions that if z=x+iy, w=u--iv, f(z, w) 
=P(a, y, u, 0)+iQ(a, Y, u, v), then P and Q are differentiable, in D, with respect to their 
four real arguments and their first partial differential coefficients are continuous and satisfy 


the equations 
OP OE OR a OR ee ER a@ 
a a, AE, «A > O T A 
(See Picard, Traité d Analyse, 2, Chap. IX.) 


The condition of analyticity when the variables are complex, replaces the condition 
that, when the variables are real, f is continuous and satisfies a Lipschitz condition. The 


fact that, when f(z, w) is analytic, ee is bounded takes the place of the Lipschitz condition 


in the proof of the existence theorems. 

+ The number h is here defined precisely as in § 3-1. Painlevé, Bull. Soc. Math. France. 
27 (1899), p. 152, has shown that, in certain cases, the radius of convergence may exceed h, 

{ Painlevé, C. R. Acad. Sc. Paris, 128 (1899), p. 1505, and Picard, ibid. p. 1363; Ann. 
Ec..Norm. (3), 21 (1904), p. 56, have shown that the method leads to convergent develop- 
ments representing the solution throughout the domain in which it is analytic. 

§ Cauchy, C. R. Acad. Se. Paris, 9-11, 14, 15, 23 (1889-46) passim, Œuvres (1), 4-7, 
10; simplified by Briot and Bouquet, C. R. 36, 39, 40 (1853-55), passim ; J. Ec. Polyt. 
(1) cah. 86 (1856), pp. 85, 181. The method was apparently independently discovered 
by Weierstrass, Math. Werke, 1, pp. 67, 75 (dated 1842); J. für Math. 51 (1856), p. 1, 
[Math. Werke, 1, p. 158]. Weierstrass’ treatment was simplified by Kcenigsberger, 
J. fiir Math. 104 (1889), p. 174; Lehrbuch, p. 25. See also Briot and Bouquet, Théorie 
des Fonctions Elliptiques, p. 325. 
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12:2. The Method of Limits.—In the equation 


a =f(z, w), 


the function f(z, w) is supposed to be analytic in the neighbourhood of 
(%, wo). There is, however, no loss in generality in supposing z and w to be 
written in place of z—2z) and w—wp respectively ; which amounts to assuming 
that z=w)=0. The conditions of the problem may therefore be re-stated 
as follows : 

Let f(z, w) be analytic when z and w remain respectively within circles 
C and I’, of radii a and b, drawn about the origin of the z- and w-planes. 
Further let f(z, w) be continuous on the circumferences C and I’. In these 
conditions | f(z, w) | is bounded within this domain ; let M be its upper bound. 
Thus 

|f|<M when |z|<a, |w|<ob. 


By repeated differentiation in the equation, the successive differential 
coefficients 
dw dw d'w 
dg2 > dz > * © 8 dz’ s 0. # 
are found, thus 
dw of 
d2 02 ' dw dz’ 
de f gaf deo fdo, af dew 
dz3 z2?  ðzðw dz Ow?\ dz ðw dz?’ 


of dw 


and it is to be noted that these expressions are formed by the operations of 
addition and multiplication only. With the relation 


=), =f(0, 0) 


as the starting point, these relations determine in succession the values of the 
coefficients in the Maclaurin series 
dw\ z (fe) 2 d'w g 
TARET Hatt 
It is clear that the series for w, so defined, formally satisfies the differential 
equation ; the essential point is to prove that it converges for sufficiently 


small values of z. 
To this end let the Maclaurin development of f(z, w) in the neighbourhood 


of z=w=0 be 
f(z, w) => Apm, 
where 
COE ME aa! 
AT Tal pad ) 
But * 
avtef| p!g! ° 
O2°0w1\g ~ aPbt M, 
and hence 
M 
| Apa |< aha “ 


* Picard, Traité d’ Analyse, 2 (1st ed.), p. 239; (2nd ed.), p. 259. 
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from which it follows that, if 


F(z, w) = Wj ar Piwa, 


ey ataf | 
a2? Owt/ 4 7 | Paw" |p 


for all positive integral or zero values of p and q. But 


isc en 
C 
and therefore, if 


ra aE R + 


is the solution of 


F(z, w 


W Pe, W) 

which reduces to zero when tne then 
(SC) >t 
dx’ 0 Jý dz 0 
í aw j oP +IF 
for the successive terms ( aa) are formed from the coefficients IPoA ; 
by pren the same law of addition and apie ape as that by which 
+e 

the terms ia e Tr), were derived from the coefficients (Ze aw ox) 


The series for W is therefore a dominant series for the fandtion w, that is 
to say the Maclaurin series for w converges absolutely and uniformly within 
any circle concentric with and interior to the circle of convergence of the 
series for W. But an explicit expression for the radius of convergence of 
the series for W can easily be found, for if the differential equation 


is written in the form 


the variables are separate, and the solution which reduces to zero when z=0 
is readily found to be * 


W=b—ba/ 1142 10 gaht). 


The radius of convergence p is therefore determined by the equation 
P-L Ht tog (a — P)= =0, 


or 
b 
p =a(1 = 2Ma), 


and therefore the series formally obtained converges absolutely and uniformly 
within any circle | z|—p—e, where 0<e«<p, and is in consequence a solution 


* The principal value of the radical is taken, 7.e. that which becomes +1 when z=0. 


www.rcin.org.pl 


284 ORDINARY DIFFERENTIAL EQUATIONS 


of the differential equation.* Since the coefficients in the Maclaurin series 
for w are obtained in a definite manner by operations of addition and 
multiplication, and since the Maclaurin development of an analytic function 
is unique, the equation admits of one and only one solution which satisfies 
the assigned conditions. 


12:21. Extension to Systems of Equations.—The method of limits can be 
extended so as to apply to the system of m equations of the first order, 


dw 


om erat; Wy, Wp, . »» Wy), 
dw 
-ie =f,(z, Wis, Wo, + + +5 Wm)s 
dw 
a a 105, Ma, . . +5 Wa). 


Again, without loss of generality, the initial conditions may be taken to be 
such that w;=w.= ... =w,,=0 as z=0. Let the functions fi, fo, . . «5 fim 
be analytic in the domain | z|<a, | w |<b, | w |<b, . . ., | Wm | <b, and let 
M be the upper bound of the set fı, fo, .. ., fm in this domain. Then 
the dominant functions may be taken as the appropriate solutions of the 
equations 


dW, dW, _ P AE RN M . 
EL: MAR MIC EE NRE re gm 
IEA t (1—4) 
The functions W1, Ws, . . ., W m are all zero, when z=0, and are therefore 


all equal. The set may therefore be replaced by a single dominant function 
W which satisfies the equation 


eS Me 
ie us 
ie ee 


or, taking into account the initial conditions, 
1 
ay (m+1)Ma A B\ tI 
yer er log (1-3)} 
and therefore the radius of convergence is 
NL 
p=a(1 =e (n+ 1)Ma): 


12:22. An Existence Theorem for the Linear Differential Equation of 
Order n.—In view of the very great importance, theoretical and practical, 
of ordinary linear equations, an independent proof of the existence of solutions 
satisfying assigned initial conditions for s=z) will now be given.t The 
analogy with the theory as it is in the case of an equation, or system 


of equations, of the first order will be clear. 
Let 


drw d"— ly dw 
aan TP) ga + ++ + +pn-1(2) = +p, (2)w =0 


* It may be noted that the radius of convergence of the series obtained by the Method 
of Limits is less than that obtained by the Method of Successive Approximations. Note 
also that, within the circle |z| =p, |w|<b; the original hypotheses are therefore not 
violated by the solution. 

t Fuchs, J. für Math. 66, (1866) p. 121; [Math. Werke, 1, p. 159]. 
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be a homogeneous linear differential equation of order n, in which the 


coefficients p(z), . . -, Pa(z) are analytic throughout a domain D in the 
z-plane. In the Taylor series 


(2) = È nokea) 
=D ¢,(z —2o)", 


in which z% and z are in D, let the coefficients w()(z), or the corresponding 


coefficients c,, be so determined that the series formally satisfies the 
differential equation. The n initial values 


w(%),  w"(%o), >- .» wl D(z) 
are to be assigned arbitrarily ; the succeeding values 


w (zo), wemtN(z), . . 
may be determined from the differential equation as it stands and from the 
equations obtained by its successive differentiation with respect to z. Thus 
the constants w)(z)) or c, may be determined uniquely; since they are 
determined from the initial values by processes of addition and multiplication 
only, they remain finite so long as the initial values are themselves finite. 
Let the recurrence-relations which determine w) (zg) be 
r 


w)(29) = È, Arwr- (20) (r>n). 
g=1 
The coefficients p,(z) are bounded throughout the circular domain 
Zo | <a which is supposed to lie entirely within D; let the upper bound 
of (4 Py ag | on the circle J" or |z—z)|=a be M,. Then since 


PAZ)=p, +PA(2—%) +». - +POR—%)! +--+ 
where p,” is the value of k ži tps) when z=2, it follows by the Cauchy 
integral theorem that 
aiid 1f. p(z)dz 
Qari! -(z—z%)r +1 
M, 
<7: 


Hence if P,(z) is defined by the equation 


Pili siaa, 


then A plz) < | Pola) | within the circle I’ and on its circumference. 
Now consider the differential equation 


d"W de | dw 
ee) e Y sh A +Pn-1(2) dg TEW 


let it be satisfied by the Taylor series 
sAN 
i WG (r) Kek r 
W(2) =>, WO) 


=> C,(2—2)", 


which is such that Cy=|c9|, Cy =|¢1|, - . -; Cn-1=|¢n-1|- Let the recurrence 
relation determining W‘")(z)) be 


r 
W(2) = $ BrsW0-)(x). 


s=1 
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Since the coefficients of the expansion of P,(z) are positive real numbers, and 
since B,, is derived from those coefficients and from Co, Cy, . . ., Cr—1 by 
addition and multiplication, B,, is a positive real number, and 
| Ars | <B,» 
whence it follows by induction that 
| w (z0) | <W (2), 


F | c2 —2) | <2, Cr —20. 
The circle of convergence of the dominant series 5 C,(z—%)" may be 
found without difficulty ; in fact it will be shown to be |z—z)|=a. Write 
%—2%y=al, then the differential equation which determines W (z) becomes 


d'W dr—-1ıW dW 
(1—¢) der =My,a tai +... +Mnr-10a"-1 dt +M,a"W ; 


if it is satisfied by the power series dye’ the following recurrence relation 
must hold 


and hence 


n 
(nr)! Yn+r—7(m+7—-1)! Yn+r-1= > (n-+r—s)! Ma°Yn+r-s 
s=1 
But in order that S'y,f” may be formally identical with }C,(z—z), 
y,=a'C, (when r=0, 1, 2, . . ., n—1). It follows by induction that y,>0 
for all r. 


Hence 


r+M,a 
Yn+r = ae Yn+r—-1 +6,47—25 


where 6,1,-2>0. Now M is not restricted except by the condition that 
| 21(z)| <M, on the circle T; let M, be chosen so large that M,a>n, then 
Ynt+r>Yn+r-1 
for all values of r, and consequently 
Yn+r—1>-Yn+r—s» 
when s>2. Now 
Yn+r r+Mya , &(n+r—s)! Ma*yn+r—s 
Se he eee oe a > eee 
Yn+r-1 Fae > ae (n+)! Yn+r—1 


> 


whence 

lim —“*+"- =1. 

r—>o Yn+r-1 

Hence the series 5y, converges when |¢ |<1, and therefore the dominant 

series is convergent when |z—2%)|<a. Consequently the differential equation 
admits of a solution which satisfies the specified initial conditions when 
z=% and which is expressible as a power series which is absolutely and 
uniformly convergent within any circle with z as centre in which the 
coefficients p;(z), . . ., P,(%) are analytic. 


12:3. Analytical Continuation of the Solution; Singular Points—The 


method of limits shows that there exists a solution 
W (z—2) =to + >,4,(2 —20)" 


of the differential equation 
dw 


A f(s, w), 
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which is analytic throughout the domain | z—zg |<p, where 


b 

p =al 1 e BMA). 
Since M is the upper bound of |f(z, w)| in the domain |z—zo| <a, [w —wo| <b, 
it is clear that M in general depends upon the choice of z and wọ. 

Now the solution obtained is the only analytic solution which corre- 
sponds to the initial value-pair (zp, wọ). But there still remains the question 
as to whether or not there may exist non-analytic solutions which satisfy 
the initial conditions. This question has been completely answered in the 
negative ; * for the purposes of the work which follows it will be sufficient 
to show that there can be no solution, satisfying the initial conditions, which 
proceeds as a series of other than positive integral powers of z—z.f In this 
case the conclusion is obvious, for if the series involved negative or fractional 
powers of the variable, then on and after a certain order the differential 
coefficients would become infinite when z=z). But the values of yo” as 
obtained from the differential equation and its successive derivatives are 
necessarily finite, which leads to a contradiction. 

In the statement that only one solution corresponds to the initial value- 
pair (%, Wo), the supposition is implied that these values are actually attained. 
Let it now be supposed merely that w->wọ as z->z along a definite simple 
curve C in the z-plane. Since the path described is a simple curve, given 
€>0, it is possible to find a point z, on the curve such that 


| %1—%0 |<e, 
and it is also supposed that there exists 8>0 such that 
|w—w |< when |2z—2%|<e. 


Let W be the analytic solution, and let W -+W be supposed to be a dis- 
tinct solution satisfying the modified initial conditions. Then 


W->0 as 2 >% along C. 
Now 


=W F(z, W, W), 


where F represents a series which converges when z is a point on C such 
that |z—z9|<a, and when 


|W —w | <b, |W +W —w | <b. 
Assuming that W a 0, 


and if |z—z9|<a, |F| has an upper bound M so that 
|| Fal<M[ , |az| <a, 


where J is the length of the path considered. On the other hand, since 
W—>0 as 2->2%p, the value of 
|| Pa 


may be made indefinitely great by carrying the corresponding integration 


* Briot and Bouquet, J. Éc. Polyt. (1), cah. 36 (1856), p. 183; Picard, Traité d Analyse, 
2, p. 314; (2nd ed.), 2, p. 357; Painlevé, Leçons sur la théorie analytique des équations 
différentielles (Stockholm, 1895), p. 894. 

t Hamburger, J. fiir Math. 112 (1893), p. 211. 
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along C sufficiently close to %. This leads to a contradiction provided 
that l is finite,* and consequently there does not exist a solution of the kind 
postulated, other than the original analytic solution. 

Let zı be a point within the circle |z—z)|=p, then all the coefficients in 
the series 


W 1(2—21) =W (21 —%) +W (z1 —%)(3—21) + . . - +WO(21 —20) i — Hie atte 6 


can be determined, and are finite, and the series W,(z—z,) has a radius of 
convergence at least equal to p—|z,—z%|._ In the sector common to their 
circles of convergence Wy (z—2,) and W(z—z) are formally identical. 
W ,(z—2,) is therefore, at all points at which it is analytic, a solution of the 
differential equation, and is the only solution which reduces to the value 
W(21—%) when z=2;. If f(z, w) is analytic within and continuous on the 
boundary of the domain |z—z,|=a;, |w—w,|=b,, and if M, is the upper 
bound of |f(z, w)| within this domain, the function W4(z— 2,) is analytic 
throughout the domain |z—z,|<p, where 


If py>p—|%1—2%|, the circle of convergence of W (z—z,) will extend 
beyond the circle of convergence of W(z—zg) ; this in general will be the case.+ 
Let z be a point within the circle of convergence of W4(z—z,), though not 
necessarily within the circle of convergence of W (z—zo), then the series 


W a(z —z32)=W 3 (22 —21) +W 1' (z2 —21)(3 —e) + « <- HW (22 —21) ai mi EN 


is formally identical with W4(z—z,) in the region common to ae ahs of 
convergence and therefore satisfies the differential equation. It is therefore 
an analytic continuation of the solution W(z—z). 

The process may be repeated a finite number of times, giving in succession 

the solutions 
W (z —21), W (2—22), R) Wi(e—z), 
which are analytic continuations of the solution W(z—2z»). 

The series-solution W(z—z)) together with all the series obtained by 
analytical continuation defines a function F(z; 2%, Wo) in which the initial 
values 2%, Wo appear as parameters. This function is analytic at all points 
of the domain t D defined by the aggregate of the circles of convergence of 
W, Wi, Wo, .. 

If z=ç¢ is a point such that for the value-pair z= ¢, w=F(¢; %, Wo) the 
function f(z, w) is not analytic, then this point ¢ is not an internal 
point of the domain D. Such points, together with the points for which 
F(C; 2%, Wo) becomes infinite, and possibly the point at infinity are the 


singular points of the differential equation. These singular points will 


now be studied more closely. 


12:4. Initial Values for which f(z, w) is Infinite—It has been seen that if 


f(z, w) is uniform and continuous in the neighbourhood of (2%, wo), then w 


* For discussions of the case when l is infinite (for example, when C is a curve 
encircling z spirally) see Painlevé, Leçons, p. 19 ; Young, Proc. London Math. Soc. (1), 34 
(1902), p. 284. 

+ Picard, Bull. Sc. Math. (2), 12 (1888), p. 148 ; Traité d’ Analyse, 2, p. 311; (2nd ed.), 
2, p. 351. A representation valid throughout the whole of the domain in which an analytic 
solution exists can be obtained by replacing the Taylor series by series of the polynomials 
of Mittag-Leffler, C. R. Acad. Sc. Paris, 128 (1899), p. 1212. 

ł But not (unless the domain is simply connected) necessarily analytic throughout 
the domain D. For instance, the function log z is analytic at every point of the domain 
0<6 <|z| <4, but is not analytic throughout this domain. 
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may be expressed as a convergent power series in (z—z). In other words, 
if (%, Wo) is an ordinary point of the function f(z, w) it is also an ordinary 
point of the solution w=F(z; 2%, wo). On the other hand, there will in 
general be points for which the conditions of uniformity and continuity 
imposed upon f(z, w) are not fulfilled ; in the first place it will be supposed 
that f(z, w) becomes infinite at (zo, wo), but in such manner that the reciprocal 
1/f(z, w) is analytic in the neighbourhood of this value-pair. In this case 


: 9 
Ie, w) =AÁg(2) +A (z)(w —wo) +Aa(z)(w —w)? + ETT 
in which the coefficients Ao(z), 4;(z), Aa(z), . . . are themselves developable 


in series of ascending powers of z—zo, and Ao(z%)=0. 
It will be assumed * that not all of the coefficients A(z) are zero when 
z=% ; for definiteness it will be supposed that 


Ao(%)=Ar(%)= . . - =Az—1(%)=0, Ag(%)=F0. 
The differential equation may now be written in the form 
dz il 
dw f(z, w)’ 


in which z is regarded as the dependent, and w as the independent variable. 


The method of limits may be applied to it; since the successive differential 
coefficients 


dz d2z dtz 
dw’ dw2’`` ” dwt 
dk+1z , i P 
are zero for z=, w=, whereas pes is not zero, the equation admits 


of a unique solution whose development is 
Z—%q = (WwW —wo) + {co +e1(w —wo) +9(w—wWy)?+ . . « }, 
in which cọ0. It follows that w—w ) can be expressed as a series of powers 
1 1 
of the (k+1)ple valued function (z—z)k+1, i.e. w—wpo =P} (3—2)k+1¢, 
where P, denotes a power-series whose leading term is of the first degree 
in the argument. There are therefore k+1 solutions which satisfy the 


initial conditions ; and the point 2 is a branch point around which these 
solutions are permutable. 


In particular, let the differential equation be 
dw g(z, w) 


in which g(z, w) and h(z, w) are polynomials in w whose coefficients are 
analytic functions of z; let the degree of h(z, w) be n. Let z be such that the 
equations g(%, w)=0 and h(z, w)=0 have no common root, then to 2 corre- 
spond n values of wọ such that to each of these initial value-pairs (zp, wo) 
there corresponds a set of solutions having a branch point at z. If the point 
% is supposed to describe a curve in the z-plane, such that for no point 2 
on this curve do the equations g(z, w)=0, h(z, w)=0 have a common root, 
then every point of such a curve is a branch point for one or more sets of 
solutions. The branch points may therefore be regarded as movable 
singularities. On the other hand, any other singularities which may appear, 


* If all these coefficients vanish when z=2p, it is possible to write 
ji 
—— =G(z)g(z, w), 
J w) (z)g(2, w) 
where g(z, w) is analytic near (Z), Wọ), and G(z) is a function of z only which vanishes when 


Z:=Z} The point 2, is then a singular point of the equation. See §§ 12°6, 12°61. 
U 
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and in particular any essential singularities, arise through the coefficients of 
the polynomials g(z, w) and h(z, w) ceasing to be analytic. Since this occurs 
quite independently of w, such singularities are fixed * as to their position 
in the z-plane. 


12°41. Values of z for which the Function F(z; 2, wo) becomes Infinite.— 
Let zı be a value of z for which the solution 
w=F(z; Zo wo) 
becomes infinite ; the mode in which F(z; 2%, wo) becomes infinite will now 
be investigated, certain assumptions being made as to the behaviour of 
f(z, w) when z=2,, w=0. 
Write w=W~1, so that the differential equation appears as 


CRP 31), Nie is 


=ġ(z, W), say. 
In the first place assume ¢(z, W) to be analytic in the neighbourhood of 
2=2,;,W=0. The initial value-pair (zı, 0) thus relates to an ordinary point 
of W, and the corresponding development of W is 
W =(% —z1)*{co +€1(8 —21) +€2(2—21)? + « - « } 
in which k is a positive integer (not zero). Consequently 
w=W-1=(2—21) yo tyi(e—21) +yo(2—21)? + + - « } 
that is to say the solution w=F(z ; 2%, wo) has a pole of order k at z=2, or 
w=P_,(%—2}). 

Now let ġ(z, W) become infinite at (z1, 0), but in such a way that 1/¢(z, W) 
is analytic in the neighbourhood of that value-pair. Then (as in § 12:4) 
there exists a set of solutions which permute among themselves around the 


branch point z=z; thus 
1 


W =(z—21)#+1{ 0 +-0;(2—21) +¢9(2—21)?+ « « - } 
and consequently 


ees 
w=W-1=(2—2,) *+1{y9+-y1(2—21)-+y2(z—21)2 + - - - js 
or 
1 
w =P_,) (z—zı)kFi t, 


and therefore z4 is both an infinity and a branch point for the solution 
w=F(z; %, Wo). The fixed singular points of the two types met with in 
this section are collectively termed regular. 


125. Fixed and Movable Singular Points.—In this section f(z, w) will be 


restricted to be a rational function of w, say 


(z, w) 
f(z, ie o) 
where 
g(z, w) =Po(2) +p1(z)w-+ Migr he +P m(2)o™, 
h(2, w) =qo(2)+41(2)w + . - - +4n(2)w". 


Then any singularities of solutions of the differential equation, which do not 
fall into one or other of the classes discussed in the two preceding sections, 
* What is here said concerning the fixity of essential singularities refers only to an 


equation of the first order ; it is not true in the case of equations of higher order than the 
rst. ‘ 
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can only arise for discrete values of z ; in other words they are independent 
of the initial value of the dependemt variable w. Such singularities may 
arise at the point z=z,, where 

(a) zı is a singular point for any off the coefficients * p and q, 
Pe 
dz 4/(2—2:) 


Solution: w—Ce?¥@-4) 


e.g. 


(b) zı is such that h(z,, w) is identically zero, 
sf ee ted 
dz  (%—2,)?" 

ONE 8 
Solution: w=Ce 4-4. 


e.g. 


The preceding example also illustrates this case. 
(c) 2, is such that the equations 
(21, w)=0, h(z1, w)=0 
are satisfied simultaneously by particular values + of w. 


dw _ w+ sin (%—2,) 


e.g. s PEA 
Here g=h=0 when s=2,, w=0. 
Beit sin (¢—2,) 
Solution : w=(%— 7%) y KaT ——— E dt. 


Now let W=w-! and 
plz, W)=—W2f(z, W-1 


_ Bl By W) 
~ hilg, WY 


this fraction being reduced to its lowest terms in W. Singularities may then 
arise at z=z; in the cases 

(d) zı is such that h(z, w) is identically zero, 

(e) zı is such that the equations 

£i(21, W)=0, (zı, W)=0 
are satisfied simultaneously by particular values of W. 

The point at infinity is also examined for singularity by transforming 
the differential equation by the substitution z={~-! and testing the point 
¢=0 in the light of the above investigation. 

The singular points which then arise are known as the Fived or Intrinsic 
Singular Points of the Differential Equation; they can be determined 
a priori by inspection of the function f(z, w). Let each of those fixed singular 
points which lie in the finite part of the plane be surrounded by a small circle, 
such that no two circles intersect and let each circle be joined to the point 
at infinity by a rectilinear cut, in such a way that no two cuts intersect. 
In this way a simply-connected region R is defined in the z-plane, such 
that at every point of the surface, every solution F(z; %, Wo) is regular. 

Now let zı be an interior point of the region R, and let it be supposed that 


* It is assumed that if any such singular point can be eliminated by multiplying g(z, w) 
and A(z, w) by an appropriate function of z, it has been so removed. 

t The equations cannot be satisfied simultaneously for a continuous sequence of values 
of w without g and h having a common factor in z, such a factor is supposed to have been 
oe The singular values z, are obtained by eliminating w between a, w)=0 and 

2, w)=0. 
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as the variable z tends to the value z4, F(z; 2, wọ) tends to a limiting value, 
finite or infinite ; let 
F(z; Zo wo) ->w as 2->2}. 

The following cases may then arise : 

1°. If f(z, w) is analytic in the neighbourhood of (z1, w1) then F(z; zo, wo) 
is analytic in the neighbourhood of the point z4, which is an ordinary point 
of the equation. 

2°. If w, is infinite, but (z, w) analytic in the neighbourhood of (zı, 0), 
then, as was seen in § 12°41, F(z; 2%, wo) has a pole at the point z,, which is 
a regular singularity of the equation. 

3°. If w, is finite, but f(z1, wı) is infinite, then, since the coefficients p or q 
are analytic in the neighbourhood of 21, h(z;, w1) must be zero. But the 
possibility of g(z,, wı) being also zero cannot arise in the region R. Hence 
1/f(z, w) is analytic in the neighbourhood of (z1, w,), and therefore zı is a 
branch point of F(z; 2%, wọ) and a regular singular point of the equation. 

4°. If, w, is infinite, and ¢(z, w) also infinite in the neighbourhood of 
(zı, 0), 1/4(z, w) is analytic near (zı, 0). ~ Then z; is an infinity and branch 
point of F(z; 2%, wo) and a regular singular point of the equation. 

The only possibility which remains is that as z tends to z1, F(z; 2%, wo) 
may not tend to any definite limit. It will be shown that this is impossible.” 

Let a moving point start from % and describe a simple curve C in the 
region R. Suppose z; to be the first point encountered at which there is 
any doubt as to the existence of a limiting value of F(z; 2%, wo). Then let 
the roots of the equation h(z;, w)=0 be w1, . . ., w,, multiple roots being 
enumerated once only. 

Let ô be an arbitrarily small positive number, and define a region 4 in 
the w-plane as the aggregate of the points which satisfy the inequalities 


|w—w,|<d, . ., |w—w,|<8, | w|>1/8. 
Now suppose that as z approaches z1, F(Z; %, Wo) assumes values corresponding 


to points lying ultimately within 4. Then a positive number e exists such 

that for every point z of C, for which | z—2, |<e, one or other of the inequalities 
|w—w,|<6, ..., |w—w,|<8, |w|>1/8 

is satisfied. But F(z; 2%, wg) varies continuously as z moves on C from 

% to zı and therefore only one of these inequalities can be satisfied. Hence 

-w assumes one or other of the definite values w1, . . ., w,, ©, when z=2}. 

The alternative supposition is that as z approaches zı, the values of 
w=F(z; Z» Wo) ultimately correspond to points lying outside the circles 4. 
Then a number y exists such that when |z—z,|<y, |A(z, w)| has a positive 
lower bound, and therefore | f(z, w)| is bounded. Now let z be a point of C 
such that |2;—2|<}y then whatever number w is associated with 2, the 
series-solution of the differential equation corresponding to the initial values 
2=2, w=w has a radius of convergence not less than some definite number 
u, provided only that w lies outside the circles 4. Choose then a point 2, 
on C whose distance from 2, is less than the smaller of and 48, and let the 
value @, associated with it be ®,=—F(2,; 2%, Wo). Then the circle of conver- 
gence of development of z as a power series in z—2, includes the point 2, 
and therefore the function F(z; 2%, Wo) is analytic at z4. 

Thus in all cases w=F(z; 2%, wọ) tends to a definite limit, finite or infinite 
at every interior point of the region R. A singularity arises at z, only for 
particular values of w, which depend in their turn upon (2, wg). A change 
in (2%, wo) will in general move the singularity from z, to another point of the 
z-plane. Any point of the z-plane may be a singularity of one or more 


* Painlevé, Ann. Fac. Sc. Toulouse (1888), p. 88; Leçons, p. 82; Picard, Traité 
@ Analyse, 2 (2nd ed.), p. 370. 
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solutions of the equation. Take the point z, for instance, and let w, be any 
root of the equation h(z,, w)=0. Then if g(z,, w,)+-0, a singularity arises 
for z=2,, w=w,. Such singularities, which move in the 2-plane as the 
initial values are varied are known as Movable or Parametric Singularities.* 
The theorem proved in the preceding paragraph is equivalent to the state- 
ment that there cannot be, when the equation is of the first order and first 
degree, any movable essential singularities. 


As an example consider the equation 
dw z 
dz tw? 
in which case g(z, w)=—z, h(z, w)=w. The solution which corresponds to the 
initial pair of values (Zo, Wo) is 


22+w2=—2,?+w,? 


w=4/(%o?+Wo?—2?). 
The singularity, in this case a branch point, arises when h(z, w)=w=0. Any 
point z4 can be made a singular point by choosing Z and wo such that 


Zp2=29?2+W?. 


or 


In conclusion it is to be noted that whereas the movable singularities of 
an equation of the first order are regular and not essential singularities, 
this is not generally true of equations of higher order than the first. 


12°51. The Generalised Riccati Equation.—It was seen in the previous 
section that singularities of solutions of the equation 


dw g(z, w) 
dz SEYS mee h(z, w) 
fall into two categories : 

(a) The fixed singular points, which are points in the z-plane whose 
positions are independent of the initial values. 

(b) The movable singular points, which depend upon the initial values, 
and move over the z-plane as the initial conditions are varied. The movable 
singularities may be either poles or branch points. 

The question now arises as to what restrictions must be imposed upon 
f(z, w) if no solutions with movable branch points are to be possible. Let 
% be any point of the z-plane which is not one of the fixed singular points. 
Then it is necessary that there should be no value of w for which the equation 


h(z, w)=0 
is satisfied. But this equation always has roots unless h(z, w) is inde- 


pendent of w. Since z% is any non-singular point of the z-plane it follows 
that h(z, w) is a function of z only. In other words, f(z, w) is a polynomial 


in w, say 
f(z, ©) =po(2)-+pi(2jo+ . . » +pn(2)w”. 
For a similar reason, 


p(z, W)=—W* f(z, W—?) 


= —pol2)W? —pi(z)W —p2(z)—ps(z)W-1— . . . —Pa(2)W- "+? 
must be a polynomial in W, and consequently it is necessary that 
Ps(2)=p4a(2)= . . - =Pn(2)=0 


identically. 


* Hamburger, J. für Math. 83 (1877), p. 185; Fuchs, Sitz. Akad. Wiss. Berlin, 32 
(1884), p. 699 [Math. Werke, 2, p. 355]. 
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The differential equation is therefore necessarily of the form 


d 
Fe Pole) +p:(2)w-+p2(2)w?, 


and the condition that it be of this form is easily seen to be sufficient for the 
non-appearance of movable branch points. The equation thus obtained is 
the generalised Riccati Equation; * when pə(z) is identically zero, it reduces 
to the linear equation. 

The condition that the equation should be completely dissociated from 
movable branch points leads to an important conclusion as to the form of the 
general solution. Let z% and z be two points in the region R (§ 12°5); they can 
be joined by a simple curve which does not pass through any branch point. 
Let wọ be the initial value of the dependent variable chosen to correspond to 
%, and let w be the value at z obtained by analytical continuation through 
the medium of a finite number of circles which in the aggregate completely 
enclose the path zz. Through all the steps of this continuation the solution 
or its reciprocal remains an analytic function of wo, and the final value of 
w is an analytic function of wọ. Whatever value, finite or infinite, wọ may 
have, wis uniquely determined, for the region R is completely free from branch 
points. Hence w, regarded as a function of wọ is one-valued, analytic, and 
devoid of singularities other than poles, and is therefore a rational function 
of wp. 

But the process may be reversed, w being considered as an arbitrary 
initial value and wy the value derived from it by analytical continuation ; 
wo is thus a rational function of w. This rational one-to-one correspondence 
between w and wọ can only be if w is a linear fractional function of wp, i.e. 


_ Am+B 
Fä Cw +D f 
where A, B, C, and D are functions of z. 
It follows from the properties of the anharmonic ratio that if w4, w and 


wz are any three particular solutions of the Riccati equation, then the 
general solution is expressible in the form 


where A is a constant. 


An alternative method of finding the general solution is as follows. The 
equations 


w =pytpw +p’, 
W1 =Po HP 1w +p’, 
Wo’ =Po HPW HPW, 


i i We’ =Po FP 103 +psWs” 
are consistent if 


This condition is equivalent to 


whence the result follows. 


* d'Alembert, Hist. Acad. Berlin, 19 (1763), p. 242; Liouville, J. Éc. Polyt. cah. 22 
(1833), p.1; J. de Math. 6 (1841), p. 1. The particular case to which the name of Riccati 
is more commonly attached has been studied in § 2°15. 
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12°52. Reduction to a Linear Equation of the Second Order.—If p.(z) 


is identically zero, the Riccati equation degenerates into a linear equation of 
the first order. Set this case aside, and write 
ae PAL. SE 
polzu’ 

then the Riccati equation becomes 

u” 1 w’ 2 Po’ uw’ pı w uw’ ‘N 2 

K ER =) rough aa amd ne w 2 Asean ES 

Pot Panu ji, (p2) u si Pe u rd ora) 

and reduces to the homogeneous linear equation of the second order 


d?u > du y 
P2(2) g2 — P2 (2) +Pp1(2)p2(2)) 7; +Po(2)p2*(z)u=0. 
Conversely the equation of the second order 
du du 
da TPO) g TCU =0 


is transformed by the substitution 
w=u' |u 


into the Riccati equation 

dw 

dz 
The theory of the Riccati equation is therefore equivalent to the theory of 
the homogeneous linear equation of the second order. 

The general solution of the linear equation is of the form 
u=Cyuy(2) +Coue(2), 
and therefore the general solution of the Riccati equation is 
ie ag ot Cth A) 
Po(2{Cyuy(2) +Cgtto(2)} 


Example.—Deduce that the movable singularities of the Riccati equation are 
all poles. 


= —Q(z) —P(z)w —w. 


12:6. Initial Values for which f(z, w) is indeterminate.—The equation of 
Briot and Bouquet, * 


ge — deo =ayge-+ dag t? +a 220+ dogto? + aya? 


is characterised by the fact that for the pair of initial values z=w=0 the 
differential coefficient, being of the form 0/0, is indeterminate. The question 
of interest is whether or not there may exist one or more solutions, analytic 
in the neighbourhood of z=0, and reducing to zero when z=0. 

Let the series 


w(%)=cy2+eo2?+ ... +e,2"+ ... 
be supposed formally to satisfy the differential equation, then its successive 
coefficients are determined by the relations 


(1—A)e;=a4po, 
(2 —A)ey =a% +4441 +49 9¢1?, 


(n=A)en =P ity, « > 5 Bond Cy 4's 5 Guia) 


* J. Éc. Polyt. cah. 36 (1856), p. 161. See Picard, Traité d’ Analyse, 3, Chap. II. 
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in which P, is a polynomial in its arguments, whose coefficients are positive 
integers. Thus the successive coefficients ci, Cz, ..., Ca... may be 
calculated, provided that A is not a positive integer. The series w(z) then 
represents a solution of the differential equation if it converges for 
sufficiently small values of |z|. That the series does actually converge may 
be proved by an adaptation of the method of limits, as follows. 

Since n—A is supposed not to be zero, a number B can be found such 
that |n—A|>B for all values of n. Let the series 


aio +42? +a zw +dpgw?+ ... 
converge within the domain |z| =r, |w|=R, and let it be bounded on the 


frontier of the domain ; let M be the upper bound of its modulus on the 
frontier. Then the function 


M 
Bik Wie aai 
CNE) 
=A 103 H422 +4112 W +40 W? + KU ai 


is a dominant function for this series. 
Consider that root of the quadratic equation 


aula) 


BW =G(z, W), 
which is zero when z is zero ; it may be developed as a Maclaurin series 
W =Cz +0222 + Ania ics +C p2” + ee ere 


which has a finite, non-zero radius of convergence. 
The coefficients of this series are successively determined by the relations 


BC, =A 10> 
BC 2 =A 9 +411C1 +402C2, 


BC, =Po rae) Airs Ci» ar dn "See Cial 


where the polynomial P„ is formally the same as that which determines 
(n—A)c,. Consequently, since 


B<|n—A| s A10> |0], TT Aon>|4on|; 
it follows, by induction, that 
Ca leals 
Thus when À is not a positive integer, the equation admits of a solution, 
analytic in the neighbourhood of z=0, which vanishes when z is zero. This 
analytic solution may easily be proved to be unique.* 

In the case when A=1, no analytic solution can exist unless a;)=0. 
When this is the case, c; may be chosen arbitrarily, and the remaining 
coefficients determined. In the same way, if A=n>1, there exists an 
analytic solution if, and only if, there is a certain algebraic relation between 
the coefficients a,,, where r-+-s<n. Thus, when A=2, this relation is 


a2 —A 11449 +-Ag 2049” =0. 
In the case A=n, the coefficient c,, is arbitrary. 


* Briot and Bouquet proved that when the real part of A is negative, there exists none 
but the analytic solution so long as z tends to zero along a path of finite length which 
does not wind an infinite number of times around the origin. On the other hand, when 
the real part of à is positive, the equation admits of an infinite number of non-analytic 
solutions which reduce to zero when z is zero. Representations of these non-analytic 
solutions have been given by Picard, C. R. Acad. Sc. Paris, 87 (1878), pp. 430, 743; Bull. 
Soc. Math. France, 12 (1883), p. 48, and Poincaré, J. Éc. Polyt. cah. 45 (1878), p. 18; 
J. de Math. (3), 7 (1881), p. 375 ; 8 (1882), p. 251; (4), 1 (1885), p. 167. 
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As an example consider the simple case, 
si —Aw=az 
dz = . 
The general solution is 
w= ptt if A+1, 
w=azlogz+Cz if A=1, 
where C is an arbitrary constant. 


12°61. The Generalised Problem of Briot and Bouquet ; the First Reduced 
Type.—The problem of the previous section will now be generalised and 
restated as follows. It is required to investigate the existence of solutions 
of the equations 

dw  g(2, w) 

ta) dz h(z, w)’ 

which vanish when z=0, where * 
g(0, 0) =h(0, 0)=0. 

It is assumed that g(z, w) and h(z, w) may be expanded as convergent ascend- 
ing double series in z and w near the origin, and, also that neither g nor h is 
divisible by any power of z or w. 

In g(z, w) let the term involving w to the lowest power and not multiplied 
by a power of z be that in w”. Then let 


21 be the lowest power of z which multiplies w”~1, 
zra f : h ; : : k s wn—2, 


and zm the lowest power of z which has a constant coefficient. 


Both w” and zm must exist, for g is not divisible by any power of z or w, but 
any of the other terms mentioned may be absent. 

The numbers r1, 72, . . ., %m are positive integers, not zero. If all the 
terms of higher order than those corresponding to these indices are omitted, 
g(z, w) is reduced to a polynomial in z and w. 

Similarly A(z, w) involves terms such as 

wh, grwn I, ghawn, . . ., 2%, 
the first and last of which must exist, together with terms of higher order. 
The problem in hand is that of investigating the possibility of a solution 


which is O(z4) at the origin. The equation (A) itself may be written in the 
form 


dw 
h(z, w)z a =29(z, W). 


Now construct a diagram similar to the classical Newton’s diagram, repre- 
senting any term 2$w” be the point whose Cartesian co-ordinates are (é, n). 
Let the points P; represent the various terms of zg(z, w) and the points Q; 
represent the terms of h(z, ws which, for the purposes of the diagram is 
regarded as equivalent to wh(z, w). + i 

Among these points there is one point Qo(0, n+1) on the y-axis and no 

* Briot and Bouquet, C. R. Acad. Sc. Paris, 39 (1854), p. 368; J. Éc. Polyt. cah. 36 
(1856), p. 183 ; Poincaré, loc. cit. ante ; J. de Math. (4), 2 (1886), p. 151. 

t Note that since w=O(z) it follows that 


z p= =O(z")=O(w). 
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point P on that axis. Also there is one point P,,(7,,-++1, 0), and no point 
Q on the €-axis. Nor are there any points in the segments OQ, and OP m 
The figure below illustrates the case 
dw _ [w®, zw5, z5w', zw, zw?, zw, 2°] 
dz [w*, 2°w 5, zw?, z*w, 25] 
in which the terms of lowest order in w®, w5, . . , w? are given without numerical 
coefficients. 


Construct the polygon QoPm, which is known as the Puiseua diagram.* 
It is the broken line everywhere convex to the origin such that all points 
P; and Q; either lie upon the line or on the side remote from the origin. Since 
the line begins at Q and ends at P,,, there must be at least one side which 
contains a point P and a point Q. Put aside the case where these two points 
coincide, and let these points correspond respectively to terms 

gataryB, gtk+, 
These terms are associated with one another as terms of equal order ; if 
any other points occur on the side of the polygon considered, the correspond- 
ing terms are of the same order, all points not on this sidé relate to terms of 
higher order. Now since 
O(a +48) =O(z28 +b), 
it follows that 
w=0 (z%b) —O(2"/*), 
where h/k is the fraction a/b in its lowest terms. This association of terms 
may therefore be expected to lead to a solution which is O(z) at the origin, 
where 
p=h/k, 

and therefore —p is the slope of the side of the polygon considered. 

To investigate a possible solution, let 


z=t*, w=t'+ higher terms, 


* The application of the Puiseux diagram to the theory of differential equations is 
discussed in detail by Fine, Amer. J. Math. 11 (1889), p. 317. 
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then 
dw h 
3T SO) 
and if 
zg(z, w) =O(t), 
then 
h(z, w) =0(t —*). 
Thus if 


w=tu, 
where u is O(1) at the origin, then 
2g(z, w) =t Up +t4+1U, +higher terms, 
h(z, w) =t -V o+ -4+1 +higher terms, 


where Up, Un . . ., Vo, Vi, . . . are polynomials in u. 
The equation (A) then reduces to 


d 
B) (F +u )Po +7 t+ Ka ee rae: 5 eS 
and if 
U=Uy +O(t), 
where %=£0, the roots of 
F(u) = huV o —k Uo == 
give the initial values ug. 
Equation (B) may be written 
d i 
(VotVit+ .. . bo FEO (kU, —huP t+ . 
To avoid complications, assume in the first place that w—wp is a simple 
root of the equation F(u)=0; then 


F(u)=(u—uo)F" (uo) + . . - 
F'(uo)#0. 
Vo+0 when u =t, 


where 


Assume also that 


and write 
Vo= talu — to) +... (a90). 

Then 

du _(u—uo)F (uo) (kU —huV t+ ... 

dt Se DAE AEO a NN 
or 

du A 

ta =Av-+at-+-higher terms, 


where v =u—wy and A+-0. The equation is now said to be of the First Reduced 
Type, and is of the form studied in the preceding section. Thus, apart from 


the exceptional case where A is a positive integer, the original equation has 
a solution 


w= u+ Ser) 
r=1 
=P,(21/*). 
where P,(z!/) denotes a power-series in 21/* whose leading term is of degree h. 


Suppose now that w=wp is a multiple root of F(u)=0, so that F’(up)=0, 
then if, as before, w= is not a root of Py>=0, 
au (kU, Auk t+... 


dt ~ ag+ay(u—t)+V t+...’ 
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or if v=u — u, 
i =at--terms of the second and higher orders. 


This is merely the particular case of the First Reduced Type where A=0, 
and calls for no special remark. 


12°62. The Second Reduced Type.—Consider now the case in which up 
is a common zero of F(u) and of Vo, so that both 
F’(up)=0 and ag=0. 
If, as before, v-=u—wp, the equation assumes the form 
Ae Sar LE, 
dt av+tptt...’ 
where a, f, a’, 8’ are constants, any or all of which may be zero.* The right- 
hand member has still an indeterminate form at the origin. An examination 
of the polygon corresponding to this case leads to the tentative assumption 
that the first approximation to a solution at the origin is 
a’v+p’t=0. 
Write therefore (assuming that a’=-0) 


v =( a, +o; Jt, 


and the equation becomes 


p% _ a’v,;+ es 
a 
=o Hant aha 


Then if a’ —af’=+-0, the equation is reduced to the new form 


{2 = =dAv,-+at +higher terms. 


If, on the other hand, a’B —af’ =0, the right-hand member is still indeter- 
minate at the origin. The process is then repeated and either leads to an 
equation of the form 

ys 02 

dt 

or to one in which the right-hand member is of the form 0/0 at the origin. 

In the latter case, the reduction is continued. It can be proved that after 

a finite number of reductions, the right-hand member ceases to be indeter- 
minate at the origin, and thus an equation of the form 


= Àv +at +higher terms 


gmt iSo =Av,,-+at+higher terms, 
where m is a positive integer>1 is arrived at. This is the Second Reduced 


Type.t 

The origin is, in general, an essential singular point of the equation of 
the Second Reduced Type, for if A+-0, m>1, the equation cannot be satisfied 
by an ascending series of powers of ¢ in which the leading term is ¢?. If 


* Necessary but not sufficient conditions for the existence of this case are that the 
side of the polygon considered contains (a) at least two points P and two points Q, or 
(b) no points P, or (c) no points Q. 

t Fora study of the behaviour of solutions this equation in the neighbourhood of the 
origin, see Bendixson, Ofv. Vet.-Akad. Stockholm, 55 (1898), pp. 69, 139,171; Horn, J. fir 
Math. 118 (1897), p. 257; 119 (1898), pp. 196, 267; Math. Ann. 51 (1898), pp. 346, 360. 
A further generalisation is due to Perron, Math. Ann. 75 (1914), p. 256. 
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A+0, m=1, the equation can formally be satisfied by a Maclaurin series, 


which, however, diverges for all values of t. 


For instance, the equation 
3? Os Aw —2 
dz 
has the formal solution 
is 0) 
w= (n we 1) t gn 
An i 


n=1 


which obviously converges only if z=0. 


12°68. Special Cases of the Reduced Forms of the Equation.—(i) The 


equation 
dw 
gin+* —— =)w+az 
Q 


But it is also a linear equation and can 


is of the Second Reduced Type. 
therefore be integrated by quadratures. Its solution is 
w=e-Nme] af em z-mdz +C), 
If A=0 the integral is algebraic, but in the general case, A+-0, there is an 
essential singularity at the origin. 
ae =az3 + Bw? (a+0, B+0) 


(ii) 
is a case of the Riccati equation. The polygon corresponding to this equation 


(Fig. 11) has two sides, P1Qọ and QoPo. 


Fie. 11. 


In the side P,Qo, w2 is associated with zw, which suggests a solution 
w=O(z) at the origin. Let 
wW=2U, 
then the equation becomes 
du F 
aa +u =az +ßu?. 
The equation which determines Up is 
(u) = fu? —u=0, 


and has the non-zero root ug=1/£. 
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Then if w=v+1/f, 
dv J 
Ba T +v +802, 
which is that case of the Briot and Bouquet equation where A=1. It has 


no analytic solution unless a=0. To find the nature of the solution, if any, 
near z=0, write the equation in the form 


d/v\. a v\2 

ms +8G) 
which is a Riccati equation in v/z. Now transform it into a linear equation 
of the second order by writing 


v Ww’ 
z pW 
It then assumes the very simple form 
zW” =—afW, 


and this equation has the two distinct solutions 


and 
W =W log z+W,, 
where Wọ is a power series in z. 
Thus W, alone leads to a solution of the Riccati equation, and this 
solution is 
i 1—aPs+ 5 12? — ine 
imag ae 2 DNN > 
ee Ve 
py. me eel. 


which is indeed an analytic solution of the equation but it does not satisfy 
the initial conditions z=w=0. 

Since the side P,Q) has failed to reveal an analytic solution, the side 
QoPo is now tried. It associates zw with z3 and suggests a solution 
w=O(z2) at the origin. Let 

w=27uU, 
then 


z s +2u =a +ßzu?. 


In this case 
F(u)=2u—a 
and therefore uw=}a. Write 
U= 50-0, 
then the equation becomes 


z i +2v =ßz( ła +0)? 


and is a Briot and Bouquet equation of the first type, with A=—2. There 
is here no complication ; there exists an analytic solution 
v=}a?pz+ .. 


and therefore there is one solution of the original equation which is analytic 
in the neighbourhood of the origin, and assumes the value zero there, namely, 


w=2z2(ła +a? pz + .. .). 
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MISCELLANEOUS EXAMPLES. 


1. In the equation 


dw _ P(z, w) 
dz Qlz, w)’ 
let 
P(z, w)=az+bw+ ..., Q(z, w)=a2+fw+ ..., 
and let A=),/A,, where A, and A, are the roots of the equation 
a—A, B =0. 
a , b—À | 


Prove that if neither A nor 1/A is a positive integer, or if à is not a negative real number, 
two particular solutions exist analytic near z=0, w=0 and are of the forms 
U(z, w) =gzthw+ ... =0, V(z, w) = yz+ew+ ... =0, 
where gx—hy=-0, and that the general solution is 
U(z, w)=c[V (z, w)), 
where c is an arbitrary constant. 
[Poincaré.] 
2. When, in the notation of the preceding question, À or 1/À is a positive integer, prove 


that there exists in general one and only one analytic solution such that w=0 when z=0. 
Let this solution be V(z, w), then the general solution is of the form 


S(z, w 
2a =) +h log V (z, w)=const., 


where S(z, w) is analytic in the neighbourhood of z=0, w=0. The number k depends 


upon the earlier coefficients a, b, ..., a, 8, ...in P and Q. Discuss the particular 
case h=U. 


[Poincaré, Bendixson, Horn.] 


3. If A is a negative real number, two particular analytic solutions exist such that 
w=0 when z=0, but the general solution is not of the form specified in Ex. 1. Transform 
the equation into one of a similar type in which a=1, 8=0, a=0, b=A, and writing 


zw—A=p1—, W=zZzeuU, 
prove that the general solution admits of the development 
ptp'A,(u)+p2A,(u)+ ... =const., 


where A,, As, . . . are analytic near u=0, and the series converges when | p |<8, | u|<@, 
where G is arbitrary and ô depends upon G and tends to zero as G tends to infinity. 
[Bendixson.] 
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CHAPTER XIII 


EQUATIONS OF THE FIRST ORDER BUT NOT OF THE FIRST 
DEGREE 


13:1. Specification of the Equations Considered.—In the differential 
equations which are now to be dealt with, the differential coefficient is not 
defined explicitly in terms of z and w, but is related implicitly * to z and w, 


thus 


Of this general class of equations only those equations in which the left-hand 


member is a polynomial in w and = will be considered. Writing 


d 
— tw 
P= fe’ 


it is then possible to express F(z, w, p) in the form 
Ao(2, w)p™ +A,(2, oye 3 rates +Am—1(2 w)p +A a(t, w), 


where the functions A(z, w) are assumed to be polynomials in w, whose 
coefficients are analytic functions of z. It is now further supposed that 
the above expression is irreducible, that is to say not decomposable into 
factors of the same analytical character as itself. 

The main problem is to determine necessary and sufficient conditions 
for the absence of movable branch points,t and thus to obtain generalisations 
of the Riccati equation. 

Let D(z, w) be the p-discriminant of the equation 


F(z, w, p)=0; 


it is a polynomial in w, whose coefficients are analytic functions of z. 

A number of values of z are excluded from the following discussion, 
namely those for which 

(a) D(z, w)=0 independently of w, 

(b) A(z, w)=0 independently of w, 

(c) the coefficients A possess singular points for general values of w, 

(d) the roots of D(z, w)=0, regarded as an equation in w, have singular 
points. 

All these values of z are fixed, and depend only upon the coefficients A. 
They correspond to singular points fixed in the z-plane. Henceforward 
% will be considered as an initial value of z distinct from one of the singular 


* A knowledge of the elementary properties of implicit algebraic functions will be 


assumed. 
+ Fuchs, Sitz. Akad. Wiss. Berlin, 32 (1884), p. 699 [Math. Werke, 2, p. 355]. 


804 
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values enumerated ; let wo be the corresponding initial value of w. Then 
there are four distinct cases to consider, according as 


(i) D(z, Wo )==0, Ao(2, Wp) +0, 
(ii) D(z, wo) 0, Ao(%, wo) =0, 
(iii) D(%, wo)=0, Ao(%o, W)=-0, 
(iv) D(z; wo)=0, Ao(%, wo) =0. 


These four cases will now be considered in detail. 


13:2. Case (i).—When neither D(z, w) nor Ao(z, w) is zero for z=2, W=Wp, 
it follows from the theory of algebraic functions that the equation 


(A) F(z, wW, p) =0 


determines, in the neighbourhood of (z) wo), m distinct finite values of p. 
Let w assume the fixed value wọ, then the equation 


F(z, w, p)=0 
will have p distinct roots which are analytic in the neighbourhood of 2p. 


Let these roots be 
eR 


then in the neighbourhood of (zo, wo) m expressions of the form 
P=H,t+CM (w—w)+C,O(w—w)?+... (i=1,2,.. ., m) 


exist. Since w; and the coefficients C; are analytic in the neighbourhood of 
%, these expressions may be written as 
(B) p=; +Pi(z—z%, w—wo) (i=1, 2,. . ., m), 

where w; is the value of w; when z=2%, and P; denotes a double series which 
converges for sufficiently small values of | z—zọ| and | w—wọ|, and vanishes 
when z=%, W=w. Thus the original equation (A) is replaced by the set 
of m distinct equations (B), each of which is known to possess one and only 
one analytic solution which reduces to wọ when z=zọ. The equation (A) 
has therefore m distinct analytic solutions which satisfy the initial con- 
ditions. Nor has it any other solution. 


13°3. Case (ii).—When Ao(%, wo)=0 but D(z, wo)+-0, the equation (A) 
determines m values of p, one of which becomes infinite at (zo, wo). There 
cannot be two values of p which thus become infinite, for this would neces- 
sitate A 4(%, Wp) =0 and D(z, Wo) =0. So there are m—1 distinct expressions 
for p, analytic in the neighbourhood of (zo, wo), and these lead to a set of m—1 
solutions of the equation which satisfy the initial conditions. 

To investigate that root which becomes infinite at (z, wo), let 


then the equation 
F(z, w, P-1)=0 
has a root 
P=P(z—2%, w—wo) 
vanishing at, and analytic in the neighbourhood of (zp, wo). This equation 
has a solution 


2=29 +P, (w —t0), / 


where r< 2 since á AN as 
-=0, when w=%2. 


dw a yo 
ALTEN 


Yge 
: © ye 
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The solution of (A) corresponding to the value of p which becomes infinite 
for (zo, wo) is therefore 


w — Wo =P,} (2 — no} 


Thus Case (ii) always leads to a solution which has a branch point at 2, 
i.e. a movable branch point. This leads to the first necessary condition for 
the absence of movable branch points, namely : 

The equation Ao(z, w)=0 has no solution w=C{(z) such that D(z, w)+0. 


13:4. Case (iii)—The left-hand member of the algebraic equation 
D(z, w)=0 
is a polynomial in w with coefficients which are analytic in z. Let w=y(z) 
satisfy this algebraic equation, then 7(z) ceases to be analytic only at the 
singular points of D(z, w) and possibly at a limited number of other points. 
Let these points, which are fixed, be excluded in what follows. 
The equation 
F(z, 1, p)=0 
has at least one multiple root in p, say p=w ; let it be of multiplicity A. On 
the other hand, for general values of w, the equation 
F(z, w, p)=0 
has m distinct roots. Let those roots which become equal to one another 
and to w when w= be 
Pr Pa++ Py 
Let z be fixed for the moment and let w describe a small circuit around 
the point ņ corresponding to the value of z chosen. On the completion of 
this circuit, pı returns either to its initial value or to one of the values 
Po +++ Pp, After a(<A) complete circuits have been described, p, returns 
to its initial value. Let the sequence of values assumed by p; during this 
process be 
Pr Po +++ Par Pi; 
this sequence is said to form a cycle of order a. 
Thus p,, regarded as a function of w, has a branch point of order a—1 
at w=7; write 
w—n=W-, 
then pı becomes a uniform function of W. But p;=o when w=, and is 
bounded when w is in the neighbourhood of 7. Therefore p, is developable 
in the Maclaurin series 


® 
=o + 2 CIES, 
r=1 
whose coefficients depend upon z, and which converges when z takes non- 


singular values and W is sufficiently small. Let c, be the first of the coefficients 
which does not vanish identically, then 


k k+1 
Pi=o +e,{w—7(2)}a + er wnh) a +. +s 
and thus w—n(z) satisfies the differential equation 


d{w— d 7 t+ 
o) og G Helwa si—n2)} © + 


13°41. Condition for the Absence of Branch Points in Case (ii).—In the 
particular case a=1, the right-hand member of this equation is analytic 
(except for isolated points) in z and in w—7(z); the equation then has an 
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analytic solution. If, however, a>1, the right-hand member is non-uniform 
and then p is said to have a branched value. Consider first the case in which 


ot 
identically. The isolated values of z for which w and A are equal are 
excluded. Let 
a — Fl = ay-+-03(2— 9) +q(2—20)?-+ . o (a00), 
e, 6, 0 +e, D(z—z) +0, 2(2—%)+ ~ ~ (>k), 
then if, as before, 
w—(z) =W", (a>2) 


aWe— 1 ay +-ay(2 2) +aa(2— o)? sane are 
Her +-6,9(2—z9) +6,(z—29)2-+ . . . JW 
+ fey + 1 ey 4.18 — 2p) ey 413 —ao)?+ ...}WEtI4 .. 


and the right-hand member of this equation is analytic for sufficiently small 
values of z—% and W. Consequently 


dz a 
—* = = pwa-1 thi 
aW a—-1--higher terms, 
and this equation has a unique analytic solution of the form 


Z—% =P, (W). 
On inverting, this becomes 


W =P,) (z zoa}, 


and the original equation has a solution 
} 1ja 
=1(2) +P} (2—20)a} 
1 
=n(2)-+Pa} (2—to)3} 


& 


1 2 
=q(z)+(z —%) Yo ty1(%—%)a+yo(z—zp)a+ ... l, 
Thus there is a parametric branch point whenever the equation 


—% 
ra 


is not satisfied identically. A necessary condition for the absence of para- 
metric branch points is therefore : 


If p= , w2, . . . are multiple roots of F(z, n, p)=0, and correspond to 
branched values of p, then 


d 
2 = oO = W= ý 
identically. 
Consider further the condition that 
PO 


~ 
~ 
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identically. The equation now becomes 
awo- HE {oO Ho D(e—z) Hez) > o o W 


HLer+ 1 +ep4+ yz — 2p) +e, 4 1(z — 2)? +... wet 1+... 
One solution. is obvious, namely W =0 or 
w=n7(z). 
It is the Singular Solution of the equation, which has arisen as a root of the 
p-discriminant. 
There may possibly be other solutions ; this possibility will be considered 
(a) when a—1>h, (b) a—1<k. 
When a—1>kh, let a—1=k-++1; the equation may be divided out by W* 
and becomes 
dw ; 
aW" -Tz =c, +terms in W and (z—2), 
where r>1 and c¢,-=-0 when z is not one of the fixed singular points of 
the equation. Thus 
AA 
dW c0 
an equation having the analytic solution 


z=% +P,+1(W), 


W" -higher terms, 


which in turn leads to 


1 
W =P} (z -atil 
and thus the solution of the original equation is 


w=n(z)+Pa (0—2) 1}, 
and since r>1 this solution always has a movable branch point. 
Alternatively, when a—1<k, let 
k=a+s—1 (s>0). 
After division by W4~-1! the equation becomes 


md =c OW: +higher terms. 


In this case wa is an analytic function of W and 2—2, and therefore there 


is an analytic solution 
W =P, (z—2%). 

If s>0, an obvious solution is W =0, and by the fundamental existence 
theorem it is the only solution reducing to zero when z=z% . Thus the 
singular solution 
: j w=7(2) 
is the only solution when s>0. 

If s=0, there exists the analytic solution 


) 
TE (z —20) +P 2(2 —2o); 


and therefore the solution of the original equation is 


w=n(2)+Pa(z—20) 
which has not a branch point at z=. 
Thus the condition k>a—1 is necessary for the absence of movable branch 
points. 
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13:5. Case (iv).—In this case w=7(z) is a solution common to the two 
equations 
D(z, w)=0, -A(z w)=0, 
and the equation 


F(z, n, p)= 
has a multiple infinite root. Of the roots p1, po, . . ., p, of 
F(z, w, p)=0, 
which become infinite when w=7(z), let p1, po, - - +, Pa form a cycle of order 


a(>1); then p,, for instance, will be expressible in the form 


k 1 2 
pı={w—n(2)} alco +er{w—n(2)}ja +eo{w —n(z)ja + . . -], 
where the coefficients c depend upon z and k is a positive integer which has 
been so chosen that co is not identically zero. As before, it is supposed that 
zo is such that 
co = co(20)F 0. 


{w —n(2)} =W", 
so that the equation becomes 


dw d 
aWe- aes = ee +W-{eo+c,;W +c.W2+ seeks } 


Let 


or 
dz 


=aWkta-1 wee Cote W+... my 
dw qe totes ae 


wae = W+a-1+ higher terms. 


Since k+-a—1>0 this equation has a unique analytic solution 


5 i z —2% =Pr+a( W), 
whence, by inversion, 


W =P; e—a}, 


and therefore 


w=n(2) +P. (2—ao)F+al. 


Since k>0, this solution has a movable branch point, and this is true 
even when a=1, and the expression for p, is one-valued. 

Hence a further necessary condition for the absence of movable branch points 
is that A(z, w) and D(z, w) should have no common factor of the form w—7(z). 

The conditions thus obtained may be summed up as follows: Necessary 
conditions for the non-appearance of movable branch points are : 

(A) The coefficient Ao(z, w) is independent of w and therefore reduces to 
a function of z alone or to a constant (§§ 13:3, 18:5). The equation may then 
be divided throughout by Ay and takes the form 


p” +4 (2, w)pm— 1+ $ s Fim 1 (z, w w)p +P m( (z, w )=0, 
in which the coefficients ~ are SUAD in w, and analytic, except for 
isolated singular points, in z. 

(B) If w=n(z) is a root of D(z, w)=0, and p=a(z) is a multiple root of 
F(z, n, p)=0, such that the corresponding root of F(z, w, p)=0, regarded as a 
function of w—n(z) is branched, then (§ 13°41) 

wia tl, 


dz 
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(C) If the order of any ii is a, so that the equation is effectively of the form 


$ {0 —n(2)} =cx{to—n(2)}o 
then (§ 13°41) k>a—1. 


13:6. The Dependent Variable initially Infinite ——To consider the possi- 
bility of the dependent variable becoming infinite at a branch point, let it 
be assumed that 

WO AS z>% 
Make the substitution 


w=—W-1, 
so that 
W->0 as 2>%, 
and write 
ee ARAR 2 
a WL 


then the moe becomes 
—Pi(2, W-2)W2Pm— tt... +(—1)"bn(2, W-1)W 2" =0. 


In ee that the coefficient of each power of P may be rational in W, the 
coefficient of P” being unity, it is necessary (and sufficient) that ¥4(z, w), 
polz, W),. . -, Bm(2, w) should be of degrees 2, 4,.. ., 2m at most in w. 
When m= 1, and this condition is satisfied, the equation simply reduces to 
the Riccati equation. 

Thus eR (A) of the previous section must be supplemented by 


(A’) &%,(z, w) is at most of degree 2r in w. 


Now let D’(z, W) be the P-discriminant of the transformed equation. If 
the discriminant D(z, w) of the original equation has a factor w—y(z), then 
D'(z, W) will have a corresponding factor W —1/n(z), and therefore, if con- 
ditions (B) and (C) are satisfied for the original equation, they are satisfied for 
the transformed equation. But, in addition to such factors, the discriminant 
D'(z, W) may also contain W as a factor. More exactly, when condition 
(A’) is satisfied, D(z, w) is at most of degree 2m(m—1) in w, but may be of a 
lower degree, say 2m(m—1)—s. D'(z, W) will then contain the factor W°. 

This last case has to be considered apart, and gives rise to special con- 
ditions for the absence of movable branch points.* If P, as deduced from 
the transformed equation and regarded as a function of W, has a branch 
point corresponding to W=0, then (condition B) P=0 when W=0._ It 
follows that W must be a factor of the term W2"u,,(z, W-1). But since W 
is also a factor of the discriminant, it must also be a factor of the preceding 
coefficient W2"- 2x, 1(z, W-1). 

It then follows, as in § 13°41, that the equation, when solved for P, gives 


k 
P=c,W+ +higher terms, 


* The necessity for the special treatment of this case was first pointed out by Hill and 
Berry, Proc. London Math. Soc. (2), 9 (1910), p. 231. These writers give the equation 


[ee] <tr, 


where m and r are positive integers prime to one another and r<m as an instance of the 
necessity of special conditions. The equation satisfies conditions (A), (A’), (B), (C), but, 
as the solution 

—m/|r 


w=fie)+}* e—a} 


shows, it has a movable branch point, for which w is infinite. 
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c, being a constant, not zero. In order that this expression for P may 
give rise to a solution which has not a movable branch point it is necessary 
that 

k>a—1. 

The two new conditions which have been obtained may be formulated 
as follows : 

(B’) If the equation is transformed by the substitution w=W-1, and W is a 
factor of the discriminant of the transformed equation, then if P is a many- 
valued function of W, W must be a factor of the last two coefficients in the trans- 
formed equation. 

(C’) If the order of a branch is a so that the equation is effectively of the form 

dw k 
a = OW a, 
then k>a—1. 

The conditions (A), (B), (C) and the supplementary conditions (A’), (B’), 
(C’) are necessary, and are clearly also sufficient for the non-appearance of 
movable branch points. 

By adopting a line of argument not essentially different from that applied 
in § 12°5 to the case of the equation of the first degree, it is not difficult to 
prove that solutions of the equation 


pm +y(z, w)p™— I. . . +b m—1(% &)p+$m(2, w)=0 
have no movable essential singularities.* This is true whether the equation 
has movable branch points or not. 


13:7. Equations into which z does not enter explicitly—Consider the 

case in which the equation is of the form + 

PATANTA T DE G oe: 1(@)p +A ,(w) =0, 
in which the coefficients A are polynomials in w with constant coefficients 
and the polynomial 4, is of degree not exceeding 27. Further, let the 
equation be such that its solutions have no movable branch points. 

Now, except possibly for the point at infinity, the equation admits of no 
fixed singular points, for such singular points are singularities of the co- 
efficients A, and these coefficients are independent of z. 

Let w=¢(z) be any solution of the equation, then since the equation is 
unaltered by writing z+c for z, where ¢ is an arbitrary constant, 

w=d(z-+c) 
isa solution. Since it contains an arbitrary constant it is the general solution. 

Since, therefore, all solutions of the equation are free from branch points 
and essential singularities in the finite part of the z-plane, such solutions 
partake of the nature of rational functions. Consequently any solution, 
continued analytically from a point zy along any closed simple curve in the 
z-plane, returns to its initial value at 2, and therefore the point at infinity 
cannot be a branch point. It may, however, be an essential singular point. 


In the case of the Riccati equation, when z does not appear explicitly, the 
equation may be integrated by elementary methods. Let the equation be 
= =A +a,w+a,w*, 
where dy, 41, @, are constants ; the variables may be separated, thus 
dw 
ca ae 


* Painlevé, Lecons, p. 5 
+ Briot and Bouquet, J. "te. Polyt. (1) cah. 36 (1856), p. 199. 
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Let p, and p, be the zeros of a,w?+a,w-+-a), then if p.=-p,, 
dw 


ras ca i 
aa (w —P;)(w — P2) 
whence 
po a = Cen(P1— Pa), 
; OPs 
or if pp=P1 i 
EART C—a,z ‘ 


C being an arbitrary constant in each case. 


18°8. Binomial Equations of Degree m.—Consider now the class of 
equations included in the type * 


(A) p +A (z, w) =0, 
which is assumed to be irreducible. It is to be supposed that the conditions 
for the absence of movable branch points are all fulfilled. In particular, 
A(z, w) must be a polynomial of degree 2m at most ; suppose for the moment 
that its degree is less than 2m, and that it is not exactly divisible by w. 
Write w=W-1, then the equation becomes 

awn" 
(T) (124, W-1)=0; 

but here the term W2"4(z, W-—1) is of degree 2m in W. On the other hand, 
if A(z, w) is of lower degree than 2m in w and contains the factor w, let a be 
such that w—a is nota factor. Then, by writing w—a—W-~—! and proceeding 
as before, an equation is obtained which does contain W2™, There is thus 
no loss of generality in supposing that A(z, w) is exactly of degree 2m in w. 

Since (A) has equal roots if, and only if, A(z, w)=0, the p-discriminant 
is effectively A(z, w). Let w—n(z) be a factor of A(z, w), then p =0 is a root of 


p” +A(z, 7) =0. 


First let the corresponding root of (A) be branched when w=7(z). Then by 
condition B (§ 18:5), which here reduces to , 


dy _ 
= 
(z) is a mere constant. 
Secondly, suppose that the corresponding root of A(z, w) is not branched. 
Then A(z, w) contains either {w—n(z)}2” or {w—n(z)}” as a factor. 
If {w—7(z)}*” is a factor, the equation becomes 
p” +K(2){w—n(2)}2" =0 
and is reducible, contrary to supposition. If {w—n(z)}” is a factor and the 
remaining factor can be written as k(z){w—7,(z)}”, the equation is again 
reducible. Hence if {w—n(z)}” is a factor, any other factor w—7n,(z) can 
only occur to a degree less than m, from which it follows that the value of p 
corresponding to w—7,(z) is branched and therefore ;(2) is a mere constant. 
Consider first of all the case in which A(z, w) does not contain a factor 
{w—n(z)}". The equation may then be written in the form 


pP” +K(2)1T(w —a,;) =0, 
where a; is a constant, and 


> py =2m, 


* Briot and Bouquet, Fonctions Elliptiques, p. 388 ; for the simpler type p™=f(w), see 
Briot and Bouguet, C. R. Acad. Sc. Paris, 40 (1855), p. 342. 
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and p may be developed in a series in which the leading term is 
c(z)(w —a,)MI™. 


Let p;/m be reduced to its lowest terms and written k;/a;, then, by condition 
C (§ 13-5), 


kj>a;—1 
or 
ĉi 1 
ki > i-— > $ 
‘ ay ay 
since a;>2. Hence 
pi> ym. 


Thus the problem of finding all possible types of binomial equations of 
the form 
p” +K(2)F(w)=0 


is that of finding sets of rational numbers = such that 


My yho 
m m 
But since 
ERRE BTU TER 
m a, a; 
any fraction E which is less than unity is of the form pe where a>2. 


There are six cases to consider, in which the equation is of a degree higher 
than the first, and irreducible. 

Type I.—There is one factor whose exponent pı exceeds m. Let the 
remaining exponents (none of which can exceed m) be 


1 1 Ath 
m(1—_), mi), WORS m(1—_), 
then m( 1— SPE T +m(1—})<m, 
ay a, 
whence 
l 1 1 
fi ee re ORA afer 
Q1 ag a, 
<hr, 
since a1, Qo, > -> ., a, are integers greater than unity. Hence r=1, and thus 


the only possibility is that of two factors whose exponents are m-+-1 and 
m—1 respectively. The equation then is 


I. p™ +K(2)(w —a,)"*1(w —az)”-1=0, 
where m is any positive integer. 
Type iI.—Let u; =m, then if the remaining exponents are as before, 


/ i/ 1 
ml 1—=)+ ny +m 1—_)=™. 
whence 
1 1 1 
R NT A erty) ee 
ai Q2 a, 
<tr. 


Here arise two possibilities r=1 and r=2. If r=1 the equation reduces to 
one of the first degree, viz. 


p-++K (2)(w —a;)(w—az)=9. 
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But if r—2, 
«ASS a n 
1=— F he 
ay Oe 
whence a;=a,=2. The exponents are therefore m, 4m, 4m, and the equation 
is reducible unless m=2. Thus the only irreducible equation of this type is 
H. | p? +K (z)(w —a;)?(w —az)(w —az)=0. 
Types I11.-VI.—All the exponents are now less than m. The only sets 


— 1 A 
of numbers of the form uh whose sum is 2 are: 


Se ae, ee % § 4% md i » $ > 


These give rise respectively to the four types of equation : 


II. p? +K(2)(w —a)(w —az)(w —az)(w —a4)=0, 
IV. p? +K (z)(w —a;)?(w —a2)? (w —az)? =0, 

V. Ppt+K(z)(w —a;)3(w —ag)3(w —az)? =0, 
VI. p® +K (z)(w —ay)°(w —ag)4*(w —ag)? =0, 


where, in all cases, a1, dg, dg, a4 are distinct constants. 
Now return to the case in which the factor {w—n(z)}” occurs. The 


equation can be written 
pm +K (2){(w—n(2)"L1 (w —a;)" =0, 
and as before the condition 
py > ym 
must hold. But since, in this case, <m, X p;=m, the only possibility 
is that of two exponents p; and peg such that 
H1=p2 =m. 
But the equation is now reducible unless m=2. The only possible equation 
of this type is therefore 
p? +K(2){w—7(2)}?(w —az)(w —ag) =0, 
where dg--a3. This is a generalisation of Type II., to which it degenerates 
when 7(z) becomes a constant a, distinct from a, and az. 
These six types (including under Type II. its generalised form) exhaust 
all those cases in which the binomial equation 
p"+A(z, w)=0, 
where m>1 and A(z, w) is exactly of degree 2m in w, have solutions free from 


movable branch points. 

Corresponding to each of the six main types of equation are equations 
in which w occurs to a lower degree than 2m. Such equations are obtained 
by the substitution W =(w—a;) 1, where w—a; occurs as a factor in A(z, w). 
It may be verified that the following list of equations so derived is exhaustive. 
The type given is the main type from which the new equations are derived. 


Type I. p” +K (z)(w—a)™-1=0, 
ph" +K(z)(w—ayn+1—=0, 
Type II. p2-+K (z)(w—a,)2(w—az)=0, 
p? +K (z)(w —a,)(w —ag)=0. 
Type III. p?+K(z)(w—a,)(w —adg)(w —ag) =0. 
Type IV. p> +K (z)(w —a,)?(w —ag)? =0. 
Type V. p*-+K(z)(w —a,)3(w —as)3=0, 
p*-+-K (z)(w —ay)3(w —ag)?=0. 
Type VI. p> +K(z)(w —a;)>(w —az)t=0, 
p? +K (z)(w —a1)5(w —ag)? =0, 
p° +K (z)(w —a,)4(w —az)3 =0 
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18°81. Integration of the six Types of Binomial Equations..-The equation 
of Type I. may be written in the form 


p” ={A(2)}"(w —a,)™+ (w —az)”- 1. 


Let 
ma 
W—As 
then the equation is transformed into 
dt (ay —A2) 
g= Al), 


and therefore its general integral is 
1 p 
Ber. paet 
(5-2) =C iA! Alade. 
Consider now the most general equation of Type II., which may be 


written as 
pP? ={A(2)}*{w —y(2)} (w —a1)(w —a2). 
Let 
{£2 Tie writ N 
w — dg 


then the equation becomes 


== +4A(z)[ 1 —n(2)—{a2 —n(2)}t?], 


which is a case of the Riccati equation. 
In the case where 7(z) is a mere constant, say 7, let 


a,—y = az —N Sa 
the equation is then reduced to 


di 
qa E2AR)O1 bot?) 
and, so far as t is concerned, its integration involves only elementary quadra- 
tures. 
The integration of the four remaining types involves the introduction of 
elliptic functions. In these types there is no loss of generality in replacing 
K(z) by —1, for since each equation is of the form 


dw \™ $ 
(T) =Le w—a), 
the substitution 
(dz')” = —K (2)(dz)” 
leaves terms in w unchanged.. Nor is there any loss in considering, not the 


main equation of any type, but any equivalent equation. 
Thus the equation 
dwy? 
(T) =(w—a)(w—a)(w—as) 


can be taken to illustrate Type III. 
Type IV. may be represented by 


da 3 
T) =(w —a))?(w —a2)?. 
Let 
(o—aw-a)=, Ze, 
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then, by differentiation, 


dt 
Oa =(2w —a,—ag)t? 


ana PETT 


Type V. may be represented by 
dw \4 
gz) (ay) —a;)?. 


Let w=t? +a, then this equation reduces to 


dt 
de Vit +a; —a2)}. 
Type VI. may be represented by 
dw 6 
T) ~(o—ay)4(e0 a9). 
Let w=t3 +a, then this equation reduces to 
dt 
Te =v (+a, —ag). 
Thus in every case the equation is reducible to one of the form 
dt 
+ Fa V P3(t) 


where P3(¢) represents a cubic function of t. This differential equation is 
integrable only by means of elliptic functions.* 


or 


By a linear transformation, this equation may be brought into the form 
dt 
dz =y {At —g t —g5}, 
whence t= (z-++a, £», £), where a is an arbitrary constant. 


* Whittaker and Watson, Modern Analysis, § 20-22. 
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NON-LINEAR EQUATIONS OF HIGHER ORDER 


14-1. Statement of the Problem.—The study of the uniform functions 
defined by differential equations of the first order, certain aspects of which 
were treated in the preceding two chapters, may be regarded as fairly com- 
plete, and does not present any very serious analytical difficulties. The 
comparative simplicity of this investigation is accounted for, at least in the 
case of equations which involve p and w rationally, by the absence of movable 
essential singularities. In the case of equations of the second and higher 
orders, even of a very simple form, movable essential singularities may arise, 
and add greatly to the difficulty of the problem. 


To take a simple case, the equation 


dw (=) 2w—1 
dz} *w?+1 
has the general solution 
w=tan{log (Az—B)}, 
where A and B are arbitrary constants. 
As z tends to B/A, either in an arbitrary manner, or along any special path, w 
tends to no limit, finite or infinite. In fact an infinite number of distinct branches 
of the function spring from the point B/A, which is both a branch point and an 


essential singularity. As this point depends upon the constants of integration, 
it is a movable singular point. 


The problem thus arises of determining whether or not equations of the 

form 
d?w 

(A) Ta =F (% w, p) 
exist, where F is rational in p, algebraic in w, and analytic in z, which have 
all their critical points (that is their branch points and essential singularities) 
fixed.* 

An obvious extension is to the more general equation of the second 
order 


dw 
F(z, w, p, q)=0 (q= to NY 
but this generalisation is not at present of any great interest. 


* Picard, C. R. Acad. Sc. Paris, 104 (1887), p. 41; 110 (1890), p. 877; J. de Math. 
(4), 5 (1889), p. 263; Acta Math. 17 (1893), p. 297; Painlevé, C. R. 116 (1893), pp. 88, 
178, 862, 566; 117 (1893), pp. 211, 611, 686; 126 (1898), pp. 1185, 1329, 1697; 127 
(1898), pp. 541, 945; 129 (1899), pp. 750,949; 133 (1901), p.910; Bull. Soc. Math. France 
28 (1900), p. 201; Acta Math. 25 (1902), p. 1; Gambier, C. R, 142 (1906), pp. 266, 1403, 
1497 ; 143 (1906), p. 741 ; 144 (1907), pp. 827, 962 ; Acta Math. 33 (1910), p. 1. 
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14-11, The General Solution as a Function of the Constants of Integration. 
—In the case of equations of the second order, it is important to dis- 
tinguish between the various modes in which the constants of integration 
may enter into the solution. The fundamental existence theorems show 
that when the critical points are fixed, and z is a non-critical point, the 
solution is completely and uniquely specified by the knowledge of the values 
Wp and wp’ which the dependent variable w and its first derivative w’ assume 
at the point 2%. The solution may thus be regarded as a function of wọ 
and wp’ whose coefficients are functions of z—zp. 

Three cases may arise, as follows : 

(i) The solution may be an algebraic, or in particular a rational, function 
of w and w or of an equivalent pair of constants of integration ; thus, for 
instance, the equation 

w” +3ww’ +w3 =¢q(z) 

has the general solution w=w'/u, where u is a general solution of the linear 
equation of the third order 

w” =9(2)uU. 
Since u is of the form 

Uu=A 1%1 +AU + Agus, 

where ui, Us, Ug form a fundamental system for the linear equation, and 
A, Ag, Ag are arbitrary constants, the general solution of the equation in 
w is 
ai ur +Buz’ +Cus' 

Uy +Buz+Cus ’ 
and is a rational function of the two constants of integration, B and C. 

(ii) The general solution is not an algebraic function of two constants of 
integration, but nevertheless the equation admits of a first integral which 
involves a constant of integration algebraically. In this case the general 
solution is said to be a semi-transcendental function of the constants of 
integration. Thus the first integral of 

w” +2ww' =q(2) 


w +w? = fq(z)dz +4, 

and depends linearly upon the constant 4. The general solution is therefore 
a semi-transcendental function of A and the second constant of integration. 

(iii) Neither (i) nor (ii) is true. The general solution is in this case said 
to be an essentially-transcendental function of the two constants of integration. 

Only those equations which come into the last category can be regarded 
as sources of new transcendental functions, that is to say of functions distinct 
from the transcendental functions defined by equations of the first order with 
algebraic coefficients. 


14:12. Outline of the Method of Procedure.—The equation (A) may be 
replaced by the system - 
w 


da 


is 


d 
E =F(z, wW, p); 


or, more generally, by a system of the form 
dw 


a oH (zs, wW, u), 
dz 

(B) : 
Kk wW, UW) 
dz > > ad 
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It is convenient to suppose, for the moment, that H and K are functions 
of a parameter a, which are analytic in a throughout a domain D of which 
a=0 is an interior point. The following lemma will be found to be of import- 
ance in all that follows. If the general solution of the differential system is 
uniform in z for all values of a in D except (possibly) a=0, then it will be uniform 
also for a=0. 

For let w(z, a), u(z, a) be that pair of solutions of the system which 
corresponds to the initial conditions 


Z=%, W=Wo, U=Up. 
Let C be a closed contour in the z-plane, beginning and ending at zp, on which 
Wo(z) and up(z) are analytic, where 
Wo(z)=w(z, 0), Up(z)=u(z, 0). 

Then if the functions w(z, a) and u(z, a) are developed as series of ascending 
powers of the parameter a, thus 

w(%, a) =wo(2)+aw(z)+a?wa(z)+ . . ., 

U(%, &)=Up(z) +au;(z)+a2w(z)+ .. ., 


these series will converge for values of z on C and for sufficiently small values 
of |a|. Let w,(z) increase by k, as z describes the circuit C, then 


@ 
= k,a” =0 
v=0 
for 0<|a|<ap, and consequently 
k= 
for all v. It follows that wo(z), wı(2), . . .„ and in a similar manner w(2), 


u;(z),. . . are uniform.* 

The method to be adopted breaks up into two distinct stages. First 
of all a set of necessary conditions for the absence of movable critical points 
is obtained. Then a comprehensive set of equations which satisfy these 
necessary conditions is derived, and it is shown, by direct integration or 
otherwise, that the general solutions of these equations are free from movable 
critical points, thus proving the sufficiency of the conditions. In order to 
obtain the set of necessary conditions, a parameter a is introduced into the 
system (B) in such a way that the new system has the same fixed critical 
points as (B) and, in addition, is integrable when a=0. The functions 
Wo(2), W3(2),- >- Uo(2), Uy(z),. . . are determined by quadratures; the 
conditions that their critical points are all fixed are necessary conditions for 


the absence of movable critical points in the given system. 
Let 


U=8(2o; wo) 
be a pole of one or both of the functions H(z, wo, u), K(%, Wo, u). There 
is no loss in generality in supposing g(z, w) to be identically zero, since 


u—g(z, w) could be replaced by a new variable U. This being the case, the 
system (B) may be written as 
wee =H (2, w)-+uH,(z,w)+..., 


dz 


du M 
ie =K (2, w) +uK (z, w)+ » . 


where one at least of the numbers{m, n is greater than zero. 


* It would be sufficient to know that w(z, a), u(z, a) are uniform in z for an infinite 
sequence a,, a,,... of yalues of a, having a=0 as a limit point. 
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First suppose that m<n-+-1, where n is greater than zero, and introduce 
the parameter a by writing 
S=%yta"t1Z, w=wota"-"+1W, uw=aU, 
then the system becomes 
pnd =H (2%, Wo) +O(a) 
dZ olo Wo , 
dU 


Un IZ =Ko(2%, wo) +0(a). 


Except possibly when a=0, this new system has fixed critical points when 
those of (B) are fixed. When a=0, it becomes 
dw dU 
U" “7 =H (2%; wo), Ua =Ko(2; wo), 
and this system has a solution of the form 


1 
U={(n-+1)KoZ-+A}" 
where 4 is an arbitrary constant. The solution i ag the system when a=0 
has therefore a movable branch point, and in consequence of the lemma 
cannot have fixed critical points when a+-0. The system (B) therefore has 
solutions which have movable critical points when m<n-+1. 
Suppose, on the other hand, that m>n-+1. It is sufficient to suppose 
that m=n-+1, allowing at the same time the hypothesis that Ko(z, w) and 
possibly others of the functions K(z, w) may be identically zero. Write 


Z =20 +a”Z, U =U, 
then the system becomes 
dw 
U™ -zz =Ho(% w)+0(a), 
dU 
a pe : 
U dZ Ko(%o, w) +0(a) ’ 
if 
Ho(%, w)=7(w), Ko(%, w)=K(w), 
the system reduces, when a=0, to 


dw 
i. aa at 
ce i = =K(w). 


This new system may be integrated by quadratures; in order that the 
original system may have no movable critical points, it is necessary that the 
branch points of the solutions of this reduced system should be fixed. 

This condition, when applied to all the poles of H(z, w, u) and K(z, w, u) 
of the form u=g(z, w) or w=A(z), and to the values w= and w=, gives 
a set of conditions which are necessary for the non-appearance of movable 
branch points in the general solution. The same process must also be 
applied to any values w=g(z), w=h(z) which render H or K indeterminate, 
as well as to the singular points of H and K, should any occur. 


14:2. Application of the Method.—Consider the equation 


d2w 
(C) dz2 =R(z, wW, p), 
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where R is a rational function of w and p, with coefficients analytic in z. It is 
to be supposed that R is irreducible and therefore expressible in the form 


oF ee, ae) 
Ne > P= CA 
where P and Q are polynomials in p with no common factor. 
The equation is equivalent to the system 
dw 
| dz P 
je = R(z,; w, p). 


In this case m is zero; if R were to have a pole p=g(z, w), the condition 
m>n+1 could not be satisfied. Hence if no movable critical point is to 
appear, R can have no such pole, and must be a polynomial in p ; let it be of 


degree q. 
But (C) is also equivalent to the system 
dw 1 
as u’ 


U- = —wuIR(2, w, u~ 1)=R(z, w) +uR(z, w)+... 


In this case m=1, n=q—2, and thus the inequality m>n-+1 leads to the 
condition that g is at most 2. Consequently, if the general solution of (C) 
has no movable critical points, it is necessary that it should be of the form 


(D) TR =L(z, w)p?-+M(2, wp +N(@, w), 


in which L, M and N are rational fenna of w, with coefficients analytic 
in 2. 
Now let 
2=%+aZ, w=aW, 
then (D) is equivalent to a system which reduces, when a=0, to 
aw _1 
dZ w 
du 
dZ ii —L(%, W), 


and this system is equivalent, in turn, to the equation 


d2W dw ey 


dZ? 


It is thus necessary, in the first jeni to determine explicitly those equa- 
tions of the form 


L(%, W). 


(E) TO = p(w) 


whose solutions have only fixed branch points. 
14-21. The First Necessary Condition for the Absence of Movable Critical 
Points.— The first step is to show that the function l(w) has only simple poles ; 


let w=w; be a pole of order r. Since this pole may be made to coincide with 
y 
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the origin by a translation, which does not alter the form of the equation, w; 
may be taken to be zero. The equation is then equivalent to the system 


[ae = Pek Olu), 


where k is a constant. Write 
w=—aW, p=a'P, 
then the system becomes 


dw 

eT cia ee | 
T a’—1pP 
aP. kP 


T z+C A 
W=Wo- i Wo” log (E5) +0(a"), 
Wo 
i g klz +C) + O(a), 
where 
ae Wor 
A ae 


and r>1. Thus when 7>1 the critical points are certainly not fixed. 
When r=1, the system becomes 


dw 
Fam 
dP kP2 


when a=0, this system has the solution 


1 

W =(4z+B)!-* when k=+1, 
or W exeatts when k=1, 
and this solution has a movable branch point except when 


k=1+* or k=1, 


where n is an integer, positive or negative. 
Now the equation 
dw 
qz Pw) 
may be integrated once ; the first integral is 
p =Celw)dw, 
At any pole, w=w), l(w) is to have a principal part of the form 
l 
i E ad 
T na, 
w — Ww 
1 
and therefore contributes a factor (w—w,)'*n, to the expression e/Kwdw, - Let 
v be the least common denominator of the exponents of all such factors, then if 


(F) p”=ġ(w), 
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¢(w) will be a function having no singularities other than poles in the finite 
part of the plane. The transformation w=W -1 shows that it has, at most, 
a pole at infinity and is therefore a rational function. Thus the problem 
is made to depend upon the question of determining those equations of type 
(F) whose solutions are free from movable branch points ; this question was 
disposed of in § 18:8. Now (F), on differentiation, becomes identified with 


(E) if ; 


and thus the knowledge of the types of equation (F) which have no movable 
branch points leads to the conclusion that l(w) must be either identically 
zero, or of one of the following types : 


m+1 m—1 


Type E v =M, Uw) = FTV EASE T awa) (m>1), 


, VE s=, (m= tti 44 


The constants a1, dg, ag, dg may have any values, any one of which may be 
infinite, and are not necessarily all unequal. Type II. is omitted, as for the 
present purpose it may be regarded as a degenerate case of Type III. 

The manner in which (w) arose from L(z, w) leads to the conclusion that 
a necessary condition that solutions of the equation 

2 

may be free from movable critical points is that L (z, w) should be identically 
zero or else belong to one or other of the five main types enumerated above, where 
lı, Ag, Ag, A, are now to be regarded as functions of z. 


14:22. The Second Necessary Condition for the Absence of Movable Critical 
Points.—The next step taken is to show that the poles of M(z, w) and 
N(z, w), regarded as functions of w, are simple, and are included among 
the poles of L(z, w). Let w=h(z) be a pole of order j of M(z, w) and a pole 
of order k of N(z, w). Since the substitution W =w —h(z), while not essentially 
altering the form of the equation, changes the pole in question into W =0, 
it may be assumed that A(z) is identically zero. The equation may then be 
written in the expanded form 

d?w 


oa =} (11) tow} +2 (ate) +0(00)} + 5 Ne +0(00)}, 


where, if w=0 is a pole of L(z, w), n is a positive or negative integer distinct 
from 0 or 1; if w=0 is not a pole of L(z, w), then n=1. 
Make the following transformation : 


w=aW, z=2%+0/Z, if k<2j-1, 
or w=aW, z=%+ał*+DZ, if k>2j—1, 
and write P= a » Mo=M(%), No=N(2o)- 
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Then 


W _ P? A 4 Me P } j 
dz Al 5) +T + O(a), if k<a—l, 
dW Pp? i 
ar = Win tja + O(a), if k>2j—1, 
dW P? 


MP N 

oa = wil 1-2 )+"2 pr tet Ola), if k=2j—1. 

The third of these equations Sikes cs contains the other two when 
a==0, on the supposition that Mo or re may be zero. Now the equation 


aw Pp MoP No 

dZ2 — W 1—2 + -T wi + pus 1? 
in which, when My=0, 2j—1 is to be cee as a symbol standing for the 
positive integer k, and therefore 2j is an integer not less than 2, may be 


replaced by the system 


aW wW 
du 
s Ery om" 1 4 Mou-+Nou®) 
dZ i 
n ai 


, : ; r : ee | 
Now assume, in the first place, that j>1, then since n is an integer, Fp 


Moreover, Mo and No are not both zero, from which it follows that the equation 
peal i 
Nou? +Mou +3 aa ==0 


has at least one non-zero root, say U=U,, a constant. Then w=vw, is a par- 
ticular solution of the first equation of the above system. But the second 
equation of the system, which becomes 


dZ 
awl, 
has then (since j>1) a solution with a movable branch point, and conse- 
quently the general solution is not free from movable branch points. Thus 
the possibility j>1, and similarly the possibility k>1, must be ruled out. 
Thus if M(z, w) and N(z, w) have poles w=h(z), these poles are simple. 

Now ei j=k=n=1, that is to say, suppose that W=0 is a simple 
pole of M(z, w), or of N(z, w), or of both, but not a pole of L(z, w). Then the 
reduced equation is 


dW _MoP+No 


da2 W 
and is equivalent to the system 

dW 1 

JZ Tu’ 

du _ _uMo+Nou) 

dZ W j 
This system in turn becomes, on replacing u by au, Z by aZ, 

aW i 

dZ u’ 

du au(Mo +aNou) | 

aain a 
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when solved for W and wu in series of ascending powers of a, with coefficients 
which are functions of Z, it has the solution 


fe am. 7? +0(a), 


Z— 7e) 


u=u—aMou? log ees +0(a2), if My+0, 


a, *)+0(a), if M,=0. 


or U=Up 


Here the solution has a movable a point, so that the only possibility 
which remains is that expressed by 


gel, jeRel, 


that is to say w=h(z) can only be a pole of M(z, w) or of N(z, w) if it is 
also a pole of L(z, w). Thus the poles of M(z, w) and N(z, w) are simple, 
and are included among the poles of L(z, w). 
Now, on referring back to the Types I.—VI., it will be seen that L(z, w) can 
be written in the form aie, w) 
D(z, w) 
in w, and A(z, w) is at least one degree lower than D. M and N can therefore 
be expressed in the forms 


_ BZ, w) __ (2, w) 
SE RS 5° PE) MM Md ah EY 

where p and vare polynomials in w whose maximum degree is to be determined. 
Let D(z, w) be of degree ô in w. 

In equation (D) write w=W~—1, then that equation becomes 

aw aW 

qr ={2W —L(z, W-1)}W- ew <4 +M(z, W- —W2N(z, W-2). 

If the numbers a which occur in the expressions for L(z, w) in Types I.—VI. 
are all finite, then {2W —L(z, W —1)}W -2 will be finite (or zero) at W =0. Con- 
sequently W =0 cannot be a pole of M(z, W~1) or of W2N (z, W~1), from which 
it follows that the degree of u(z, w) in wis at most ô, and that of v(z, w) at most 
6+2. If, on the other hand, L(z, w) is either identically zero or of a degenerate 
type, in which one of the numbers a, dg, íg, a4 has been made infinite, 
then W =0 is a simple pole of {2W —L(z, W —-1)}W —2, and therefore may be a 
simple pole of M(z, W-1) and of W2N(z, W-1). In this case p(z, w) and 
v(z, w) are of degrees not exceeding 6+-1 and 6+-3 respectively. 

Thus, in general terms, the second necessary condition for the absence of 
movable critical points is that if D(z, w) is the least common denominator of the 
partial fractions in L(z, w) and is of degree 5 in w, then M(z, w) and N(z, w) 
are respectively expressible in the forms 


u(z, w)  v(z, w) 
D(z, w) D(z, wy 


where u and v are polynomials in w of degrees not exceeding -+1 and +38. 


, where D(z, w) is at most of the fourth degree 


14:3. Reduction to Standard Form.—It has been seen that if the solutions 
of an equation of the second order have no movable critical points, the 
equation is necessarily of the form 


aa Uin, w)( wY Mig, wi. 2 4N(e, w), 


where L(z, w) is either identically zero, or of one of the five main types 


(D) 
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enumerated in § 14°21. To simplify the form of L(z, w) make one or other 
of the following transformations : 


(i) If L(2, w) has only one pole, w=a;, write W=- L i 
ka i 
(ii) If L(z, w) has two poles, way, as, write W=— 2, 
Se. 


(iii) If L(z, w) has three poles, w=a;, do, a3, or four poles, w=dy, Ag, Ag, l4, 
write * 
__ a—ag W—Ag 
~~ @g—Ag E 
The equation is then transformed into one g , type 


dW (ee 
sa = Ale, WY ay +-Bls, w) d W LOTA, 
in which 4(z, W) has one of the e CE eight distinct forms : 
A SUT. 
1, 0; ll. Ww? 
iji ms (m an integer greater than unity) 
-o ger g y)» 
SAN: | 1 5 1 1 
Ns Gant Prd aw tW’ 
ONAL 1 Te 1 
Ya iw twos v1. swt Wl)’ 
a Eo 1 1 
T pta " Pt 


Of these forms iii. arises from Type I.; ii., iv. and viii. from Type III. ; 
v. from Type IV. ; vi. from Type V. ; and vii. from Type VI. 
In viii. 
SEIE At a i 
~ Ag—Ag lı —ü4 
This quantity may be a constant, or it may depend upon z. In the latter 
case it is taken as a new independent variable Z. 


14°31. Case i.—In Case i. L(z, w) is identically zero; the second set of 
necessary conditions (§ 14°22) shows that the equation is of the form 


(O) FR -¢A(e)0-+B(e)}  +.C(e)12 +-D(e)02 + E(e)0+F(2). 


But nothing has been found which would immediately settle the question 
as to whether solutions of this equation are, or are not, free from movable 
critical points. In fact, the conditions which have been found are necessary, 
but by no means sufficient. The investigation has thus to be continued to a 
further stage, though without any essential alteration in the method. 


Let w=, z=% +aZ, 
then the equation becomes 
dW aw , 


* In the case of Type V. it{is more convenient to write 
wa 2%. wa 
a,—a, W—d, 
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and, when a=0, this equation is equivalent to the system 


aw _ Ww? 
Ea 
| du 


gz 72 —Gu—cou?)W, 


where d)=A(%), co=C(%). When co=0, the reduced equation 


dW _ „aW 
| azz ~ Wa 
has the first integral 
dw 
AZ 20W? +, 


where y is the constant of integration ; its general solution is uniform. Let 
co+0, then if W is replaced by W{—c(z)}—4, e(z) is replaced by —1; it may 
therefore be supposed, with no loss of generality, that c=—1. The system 
may now be written 


= =(u—h)(u—k)W, 


where 
h+k=a, hk=2. 
Write 
u=h-+av, 
then if h=k the system becomes 
aw _ we 
dZ h+av 
do 
= S=ay2 
IZ av2W, 
and this system has the solution 
h 
W=— Se +0(a), 


0=Cg —acs"h log (Z —C}) +0(a), 
where c4 and cg are constants of integration. But this solution has a movable 
critical point ; the supposition h=k must be rejected. 
On the other hand, if h+:k, the system becomes 
aw W? 
| dZ h+av 


p =(h—k-+av)oW, 


and now the solution is 
h 


Fs, HOC) 
v=¢(Z—c,)?-" +0(a). 
The movable singular point Z=c, will be a branch point unless 2—h? is an 


integer n, positive or negative (but not zero since h2=2 implies the rejected 
possibility h=k). Thus 


ae 


h2=2—n, 
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and similarly 
k2=2—n', 
and therefore 
(2—n)(2—n’) =h2k? 
=4, 
The only three distinct possibilities are 
i. 2—n=1, 2—n'=4, 
ii. 2—n=—1, 2—n’=—4, 
iii. 2—n=—2, 2—n’=—2, 
and these correspond respectively to 
i. h=+1, k= +2, Ay = +3, 
li. h= +1, k=F 21, dg =F 1, 
iii. k= +i4/2, k=Firv/2, ay=0; 
in each case either all the upper signs, or all the lower signs are to be taken. 

The case a= +3 is deducible from the case dg = —3 by reversing the sign 
of w, and is therefore not distinct from the latter case ; in ii. the transforma- 
tion w= -+7w, results in changing C(z) from —1 to +1 and in changing a 
into —1. Now since % is arbitrary, any relation such as 

% =A(%)= —8 
holds for all values of zo, and thus A(z) is constant. 

When A=0, C0, if W is replaced by W+/(2/C), C is replaced by 2; if 
A=+0, C=0, and W is replaced by —2W/A, A is replaced by —2. 

To sum up, if in Case i. the general solution of the equation is free from 
movable critical points, it is necessary that the equation should be 
reducible, by a substitution of the form 

w=X(z)W, 

to an equation in which A(z) and C(z) have the pairs of constant values given 
in the table : 

(a) A= C—O, (b) A=—2, C=0. 

(c) A=—3, C=—1. (dq) A=—1, C=1. 

(e) 20, C=2; 

The more general transformation 
w=A2)W+p(2), Z=4(2) 

does not alter the main features of equation (G), which becomes 


2 , n 2W3 
W _ aW Ci EA CXW 


ET E i ge 
ý W2 A BA > A IF. 
HAN ABCD HAE H HAR +8C ut + 2De+E—" fan 


5 , tr 1 
+{4 pp’ + By’ +Cp3+Dy2+Ep+F—p hee 


where dashes denote differentiation with respect to z. Particular forms of 
this transformation will be of use in the sections which follow. 


14:311. Sub-case i(a)—When A—C=0, let A, u and v be chosen to satisfy the 
relations 
2X ¢. 


‘=B, DA=64"%, 
À Hy $ À 
2D =) -2A E 
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When D is identically zero, the equation is linear ; this simple case will be put aside 
and D supposed not to be identically zero. Then A, ¢ and p are determined by 
quadratures, and the transformation 
w=Xz)W+ p(x), Z=¢(2) 

brings the equation into the form 

aw 

—_- =G Vy *-1-/S(2), 

az +S(z) 
where S(z) is expressible in terms of B, D, E and F. 

To determine whether the solutions of this equation are free from movable 
critical points or not, let 
W=a-—2V, Z=a-+au, 
where a is an arbitrary constant. Then 
— =6V 2? +atS(a) +a5uS"(a) +4a°u2S"(a) +0(a?). 

This equation in V has a solution which may be developed in ascending powers of 
a, thus 


V =v +a +a5v, +a%v,+ . 
where 


u” =60?, 
al 
v” —1200,= = sa) (r=0, 1, 2, 8). 


When r>4 the recurrence equation is more complicated ; fortunately it will be 
sufficient to proceed only as far as r=2. 
The first integral of 


vo” =6v? 
is 
v’*=403 —h, 
where h is the constant of integration. The general solution is therefore 
v= (u—k, 0, h), 
where k is the second constant of integration. 
Now consider the homogeneous equation 


v” —12'P (u—k, 0, h)v,=0 
v,=C,{ulP’+2P J+ F 


where C, and C, are constants of integration. The non-homogeneous equation 


its general solution is 


v,” —12P (u—k, 0, hv, = E Sa) (r=0, 1, 2, 3) 


can now be integrated by the method of Variation of Parameters ; its general 
solution is 


0, =U (uu E +2 }+U uF, 


where 
Uy (u)= 2S) wruh), 
U.(u uy SAO {ue (uh) +20 (uk) 
Now 
P(u— Sinden cre =a Te k)*}, 
(u—k)= cmap +- —k), 
uÇ ‘(u—k)+2'F (u— hh ie Fi + Ou k), 
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and therefore, on integrating to obtain U, and U,, a term in log (u—k) will appear 
whenr=2. It follows that if the solution is to be free from movable critical points, 
S”(a)=0. 
But a is arbitrary, and therefore 
S"(Z)=0, 
from which it follows that S(Z) is of the linear form pZ +q. 
Thus if solutions of the equation of sub-case (a) are free from movable critical 
points, the equation is reducible to the form 
d*w 
dz? =6w?+pz +4. 
By trivial changes in the variables, this equation may be brought into one or other 
of the three standard forms 


(i) os =6w* (when p=q=0), 

rae | 

(i) © = ow" +4 (when p=0, q#0), 
(iii) pe =6w?+z (when p0). 


Of these forms, the first two may be integrated by elliptic functions, giving 
respectively the uniform solutions 


w= "(z—k, 0,h), w=(z—k, 1, h), 


where h and k are arbitrary constants. The solutions are thus semi-transcendental 
functions of the constants of integration ; they have no movable critical points, 
but do have movable poles. The third equation is not integrable in terms of 
elementary functions, algebraic or transcendental ; * its general solution is in fact 
an essentially transcendental function of two constants. It is therefore to be 
regarded as defining a new type of transcendent, which is, in fact, free from movable 
critical points. The study of this equation will be taken up, in greater detail, in 
§ 14°41. 


14:312. Sub-case i(b).— When A= —2 and C=0, let A=1, p=2 and 
2p =2Du +E. 
The equation then takes the form 
aw dw dw y 
ZN oe niai Z)W?--S(Z). 
apr =~ 2W G+ PZ) + QZ) W? + S(Z) 
Let 
W =a-w, VAEA +az, P(%p) E a Q(%) =Qo: 
then the equation becomes 


—— = —2w— +a) Py +Q*{ +-O(a*), 


and in this form may be satisfied by 


W=W,) Haw Fa Ww, + e », 
where 
Wy’ = —2WW 


w” = — (ww +w w)+Pw +w, 


From these relations it follows that 
MRA e 22 = } Ni 1 
o @2lz—a) iy 


* That is, the exponential, circular and elliptic functions. In future the term classical 
transcendents will be used to signify the class of elementary transcendents and trans- 
eendents defined by linear differential equations. 
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where a and c are arbitrary constants, and 


w, =e 2) Mode + $ { f (Pwi +Qwo?)dz}e?f wel? dz, 
But 
Pwi +Qow? = Poe? +( Qo —Po)w?, 
and since w? possesses a double pole, the twofold integration which the expression 
for w, involves will lead to a logarithmic term, depending upon a unless P(z,) =Q(%) 


for all values of z, that is P(z) and Q(z) must be identically equal. 
The equation is thus reduced to 


dw dw (dw 
—— = —2w— +P(z)} — 2 5(2). 
a we TPE t { +92) 
It is now integrable, its first integral is 
dw ot 
aoe 
where 
du 


pe = P(z)u+S(z). 


This first integral is of the Riccati type, the singular points of the function u are 
fixed, and therefore the general solution has fixed critical points. 
An equivalent form of the equation is 
aw dw dw 
—~ = —2W _ — +g ; 
Ti dw TO g TON. 


for this equation has also the first integral 


eS +w?=u, 


where 
w=W—tq, u=}q?—i¢q’. 


The general solution is a semi-transcendental function of the constants of 
integration. 


14:313. Sub-case i(¢)—When A=—8, C= —1, the typical equation whose 
general solution has only fixed critical points is 


aw dw dw 
EEE 5 od Sa 1 = i 
dZ? an +42} a0" l. 
The general solution is 
Was ee 
u dZ 


where u (Z) is the general solution of the linear equation of the third order 
=T VAT $ 
it is therefore a rational function of the constants of integration., 


14:314. Sub-case i(d).—When 4 = —1, C=1, let 
A=1, ¢=2, 


3p +D = —3u +3B =3P(2), 
then the equation takes the form 


dW _ waWw ‘ dw h sale, 
Wa th +P(Z)}3 ath lR 4S(Z). 
Solutions free from movable critical points arise in five distinct instances, as follows : 
T R(z)=P'(2)—2P %2), S(z)=0. 
The equation may be written 
d*w dw s dw 1 
tee St P = S P’(z)—2P? ; 
Tr =~ HoP +? + (P(e) —2Pa)}w 
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its solution is arrived at by the following steps, let 


w’ 
u =P(2), 


Vaw 
w=v’/v, 


where dashes denote differentiation with respect to z. By writing 
w=$(2)W, Z=¢(2), 


then 


where 
$” =P(2)¢, 
the equation is brought into the standard form 
ee iW E 
mo gT" 
/ ur 72 
i P= £9), noO GE) ge), s(2)=0. 


2q(z)  q°(2) 
The equation may be written 


TOE 4 LNG T E” 


dz? 2q(2) 2q(z) q°(2) 
its solution is PEE ae as follows, let 
u’ 1 
/ (4u® —12u-+ K) = aV3 / {q(2)} (K an arbitrary constant), 
then \ 
u’ 
wz 
u—l 
If 
| w=¢(z)W, Z=¢(2); 
where 


$'°(2) = y's4(2), 
the equation is brought into the standard form 


GW dw Bell 
— = WZ +W3%—12W. 


dz? 
3 P(z)= e +4), R(z)=P’(2)—2P4z)—124%z), S(2)= —249°(2). 
The equation my be written 
d*w q (2) dw 2 
a wg tet) ae Sao +w ? 


T'e) _ g 1202) an, er a ' 
+ a iii a a fe MaN; 
to integrate it, let 
u=eJ Piz, o= ji’ V= (v+EK, 0, 1), 


where K is an arbitrary constant, then 
_ 0°4/(4V3—1) +2 


uv(v2V —1) 


By the substitution 
w =¢$'(2)W, Z= (2), 


36” =P(2)¢, 


the equation is brought into the standard form 


2 
OW py +W%—12'P(Z, 0, 1)W+12 (Z, 0, 1). 


where 


dZ? dZ 
o 2q(2) 242 12 
a Bee o, say— 2%, 
FT ae aa” Oa 


www.rcin.org.pl 


NON-LINEAR EQUATIONS OF HIGHER ORDER 333 


where 
q(z) =423 — ez—*, 


and either s=0 and x =1 or else e=1 and x is arbitrary. The equation 


dw dw aag dw ; ? 242 12 

z = —w— Hw — 38 - +w? > — —_w+ —- 

dz? dz q'(z)}l dz a(z) a(z) 
is integrated as follows, let 

w 1 ) 
v/ {4u? —eu+K} = PY aza Saigon’ (K arbitrary), 
then HEE u’ sc 
u—z 


By means of the transformation 
W =wv/ {423 —ez—a}, Z= F(Z, e, a) 
the equation is brought into the standard form 


aw dw j 
“da? rt oe +W°—12Ẹ (Z, E€, a)W +12 (Z, E; a). 
5° P(z)=0, R(z)=—124(2), S(z)=124'(2), 
where q(z) is the new transcendental function which satisfies the differential equation 


q’ =6q?+2. 
The solution of the equation 


dw _—,, dw N $ 
e i ay +w? —129(z)w + 129q’(z) 
is 
w= *(2)—7 (3) 
u(z) —4(2) 
where u(z) is any solution of 
uw” =6u?+2z 


distinct from q(z). 
Thus every equation which comes under sub-class i(d) and has its general solution 
free from movable critical points is reducible to the standard form 
d? W dw 3 , 
azr =W ag +W°—I2AZW +12'(2), 
where either 
(a) q is zero, 
or (8) q is a constant, not zero, 
or (y and 6) q(z) satisfies the equation 


g” =6q° +7 (ņ=0 or 1), 
or (£) q(z) satisfies the equation 
q” =6q? +2. 


In (a)—(6) the solution is a semi-transcendental, and in (s) an essentially 
transcendental function of the constants of integration. 


14'315. Sub-case i(e). 


In this case A =0, C=2 ; suppose, in the first place, that 
B is also zero, and let 


A=1, 24=—D, 
then the equation becomes 
aw 5 
m Sag 2W°-+R(z)W +8S(2). 
If R(z) and S(z) are constants, say 8 and y, the equation is at once integrable in 
terms of elliptic functions. If R(z) is not a constant, then for the absence of movable 
critical points it is necessary that 


R(z)=z+B8, S(2)=y, 
where f and y are again constants. The transformation 


Z=z+B 
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then brings the equation into the standard form 
aw 
dZ? 
This equation is not integrable in terms of the elementary transcendental functions : 
its general solution, nevertheless, can be shown to be free from movable critical 


= 2W34ZW+y. 


points. 
If B is not zero, then the only toa. case is found to be 
d*w 
- aa —84(2) = © + 2w* —{q'(2) -+2q%(2) jo. 


The transformation 
W=welt@, Z=fe-Siddz 
reduces the equation to the standard form 
aw 
—— =2W*. 
dZ? 


14:316. Canonical Equations of Type I.—To sum up, the following set of ten 
equations may be regarded as canonical equations of the type characterised by 


L(z, w) = 0. 
2 d 
I SE e i l td =O". HI ld =6W?+4. IV. wat =6W?+Z. 


eee, ' dz? "dZ? dZ? 
W dw 
V. az =—2W -7 +2) ta (ZW. 
aw yd p i 
ee Snes 3 Tay 2 
VI. he —8W a5 W*+-4(Z) +W 
aw aw aw 
. TE S 3 . SS = 3 I . = 3 . 
VII aa 2W°. VIII aa =2W3+8W +y. X ot 2W324+ZW+y 
2 
il no we +W —12q(Z)W +12q'(Z). 


In V. and VI. q(Z) is arbitrary, in X. q(Z) is as defined in § 14'814. 


14:32. Case iii—The equation is, in the present case, necessarily of the 
form 

te 1a) LS sea Bio) + SOM 

dz w iz) TAG FEN tA Sade 


+ D(2)w? --E(z)w? +-F'(z)w + G(z) + — 


H ae 


Let 
w=a-1W, .2=%+aZ, A(%)=—a, D(%)=dp, 


then the equation becomes 


d2W dw Få 
oo = pl ag) taw E + dW +00), 
and this is equivalent, when a=0, to the system 
aw _W? 
aes 


|E = a -autau 


When dọ=0, the solutions of this system are uniform; if dọ+0, it may be 
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proved, as in § 14°31 that the only possibility is a)=0. It follows that either 
A(z) or D(z) is identically zero. Similarly it may be proved, by writing 

leh J 
aW’ 
and proceeding as before, that either C(z) or H(z) is identically zero. 


2 =R20 +aZ 


14-321. Canonical Equations of Type I.—1°. When A4=C=0 there are three 
canonical equations. 


dW 1(dW? 


sii: dZ? W\dzZ/~ 

dW 1/dwy? ô 
ZII. WER we w2 Mee aay 
Bl dZ? ~ W a Ra Os TUR 
First integral : 

dw 


2 
— ) =qW*4 W%—2yW —6+KW?, 
7 i) aW4-+28 ýy te 
where K is an arbitrary constant. The integration may be completed by the use 
of elliptic functions. 
GW (dW \* Vodw, 1 ô 
A os | — | n Faw. ws —, 
me ams Wha) a ag a TA 
or, if Z=, 
GW .\ 1d s3 ô 
In. pth bit Ares. 2(aWw2 ra ws 2) 
XIII ee Wh ae) THAW Ate a +5 
This equation is not integrable in terms of the classical transcendents. 


2°. When A=0, C0, there is one canonical equation. 


oy isan? en 
` ns ae Oe eE Z)W+— į 72r" 
XIV a Wha +a \W+ w §td(Z4)W*—r(Z). 
The first integral is of the Riccati type : 
dw 
a 2 W— 


where K is an arbitrary constant. 


3°. Where A=0, C#0 there are two canonical equations. 


aw Tar \? TE av d \r'(Z) 
s -n | Say ree ee moan ©! aaa Z)W2— gans paaa 
ii dz? W 4 tw ag tM Vela 
The first integral is 
dw r(Z) a 
H +HZ) wait =2W%{1(Z)W +fr(Z)dZ +K}, 
where K is an arbitrary constant. 
OW. ALG. Vo OF 


The first integral is 
dw 
ae 92) = WLW -AZK 


The case A+0, C=0 is deducible from the preceding by writing 1/W for W 
The general solution of each canonical equation is a semi-transcendentel function 
of the constants of integration, with the exception of equations XIII. and XIII 
which are irreducible. $ i 


CIN 
A 


n aty i 

h ate’ sayi 
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14°33. Case iii The equation is of the form 
dw  m—1/dw\ dw 
ne =) (OY | Maho + Ble) + SO 


g2 mw \dz w 


+ D(z)w +-E(z)w? + F(2)w +G(z) + ae 


Let 
w=a-1W, z=z%x+aZ, A(%)=adp, D(%)=d, 
then the equation becomes 
dW m—i1 ul 
dZ? mW 


The treatment of § 14°31 may be applied here, but an alternative procedure 
is as follows. Let 


oy +aw Z W d, W3+0(a). 


aW y 
-Kraki 
then, when a=0, the equation reduces to 
w2 m+1 m 


ork y 
2 PME iat | 
a +agu +do ia +agu +do 


But if the critical points are to be fixed, the right-hand member of this 
equation must, when decomposed into partial fractions, be of one or other 
of the eight forms enumerated in § 14:3, W being, of course, replaced by u. 
This leads to several distinct possibilities, namely, 


(a) if m is unrestricted, then either 
(i) both A(z) and D(z) are identically zero, or 
(i) D(z)=— kimt (z), 
(b) when m=2, either 
(i) A(z)=0, identically, D(z)=-0, or 
(ii) D(z)=34?(2), 
(c) when m=8, D(z)=3A(z), 
(d) when m=5, D(z)=5A2(z). 
By writing w=1/v, the original equation is transformed into 


Fe = MH mV S (a0 4 Ble) + AO 
D(z) 


— H(2)v8 —G(2)v2 —F(z)v —E(2) — v2 


It follows that 
(a) if m is unrestricted, then either 
(i) both C(z) and H(z) are identically zero, or 


(b) when m=2, either 
(i) both C(z) and H(z) are identically zero, or 
(ii) C(z)=0, identically, H(z)=-0. 
Consider, in particular, the case in which A(z) and D(z) are both identically 
zero, then if the equation is first transformed by writing 


w=a-2W, 2z=%+aZ, -o =E(2%) 
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and a is then made zero, the equation becomes 


dW m—1/(dWw 
az = aw az) tawe. 


An evident possibility is that E(z) is also identically zero. When E(z)+0 
it may be proved, as in §14°22, that the only possibilities are m=2, m=4, and 
m=—4. In the same way, if C(z) and H(z) are both identically zero, then 
either G(z) is identically zero or m=4. 

This discussion limits the number of cases to be considered.* By con- 
tinuing the investigation it is found that the equations whose solutions are 
free from movable critical points are of the canonical forms enumerated in 
the following sub-section. 


14:331. Canonical Equations of Type III.— 


1°. When A, C, D and H are identically zero, there are seven canonical equations. 


; aw m—1;dW\?2 
XVII. = WwW az) 
The general solution W =(K Z +K,)™” is rational in the constants of integration 

K, and K,. 


aw i 

XVIII. om =a Zz) +402, 

First integral : 
dw 2 _ i 
Z) =4W(K+W?). 
dW 1 (dWs2 

E gg | oY a ee 
igs dZ? sae) ATT ies 


First integral : 
dWw»2 
— ) =4W(K+W+W?). 
(Z (K+W+W?) 


d'W 1 (dW? 
. —— = | —_ 4W?+2ZW. 
ue: dZ* aw az + P 
Equivalent to 
du 
IZ =2u? +Zu (u2=W), 
a particular case of equation IX. 
W _ i 
XXI. iF Zz) +3W 
Equivalent to 
d'u 1/du\? , 8u? ay 
(XXIX.) mo aA we +5 (u2=W). 
fw 8 (dW\* 
c= ao | (ge! aT ES 
esas dZ? mE 


Equivalent to 


du 1/du\? 1 a 
(XXXII) ae a (u2=W). 
2 
XXII. = waz mz) t3W+oW +B. 


* There are fourteen cases to be discussed of which nine are essentially distinct. The 
discussion is, in its complete form, due to Gambier, C. R. Acad. Sc. Paris, 142 (1906), 
pp. 1403, 1497 ; the previous discussion by Painlevé was not exhaustive. 

Z 
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Equivalent to 
+ 
a a (ae) $s (u®=W), 


a particular case of equation sale 
2°. When C and H are identically zero, and (m+2)2D+mA?=0, there are two 
canonical equations. 


aw m-t1 i 
comer: a Z) TAr p eee Wht A 
Solution : 
wa — (m™+2\(B1Z+K,) 
mf(K,Z+K,)q(Z)dZ 
dW 38 (dW\? 3Wdw we dw 
ON. Be are) a ee te ae te 
Solution : 
W= 1 + +] 


u’ ut —o u—T 


where u=t'/t, t being the general solution of the linear equation 
m BY yn ( | A hy ) , 
regres gee E E Mie r+(r+- Eyi 
2q O, he 
3°. When A and D are identically zero, and (m—2)?H +mC?=0, there is one 
canonical yor 


4 A „aW s er » _ 369’? 
XXVI. a = =7(Z) + ag t8 HUW —129"— =F, 
where 
q’ =6q*, or g’=6q?+3, or q’=6q?+Z. 
Solution : 
3W=2V’+V2—129, 
where 
vee 
Q—q 
and 


Q’ =6Q", or Q’=6Q?+4, or Q’=6Q?+Z, 
as the case may be, but Q 
Other equations in which A and D are identically zero are particular cases of 
the following : 
4°. When m is unrestricted, and (m —2)2H +-mC?2 —(Q there is one equation.* 
Its general form is 


aw _ m—1 dw m—2\dw mf? r 
MRA E a Zz) +(1W anne mW 4 oe m42 
m(f’ = $) W*+uW—d— w 
where f, ¢ and y are definite rational functions of two aera analytic plan 


q(Z) and 1(Z) and of their derivatives. In the particular case m=2, ‘the canonical 
equation is 


@w 1 /(dW\? . aw we 1 
dae aw\ az) 2 Gg a TPM ap 
and its solution is 
W=uw'Ju, 


where 
Qu thts gp =u"? + QFu’2 = 42, 


* This difficult case was studied in special detail and solved by Gambier, Acta Math. 
33 (1910), p. 51. 
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On differentiation, this last equation becomes linear, and of the fourth order 
uY —2F yu” +-F’u’—u. 


Thus, when m=2, the general solution is a rational function of the constants of 
integration. 
5°. When m=2, D=4A and C identically zero, there is one equation.* 


aw oi/dqWy . aww... 
XXVIII. E az (W—) +5 aW 
72r? 
, 2 ued 
+a Hw- E, 


in which q and r are determined as follows. Let V, and V, be any two solutions 
of either 
v” =6v?, or v’=6v?+4, or v” =6v? +Z, 
then 
V,—V,’ 
q= ==— =, r=h(V.—V)). 
Ker. 4( 2 1) 
Solution : 
a VV Vy) MEENE 
V’—3(V'+V2)—KV —4V 1 +V5)} 
where V satisfies the same equation as V, and Vz. When V, and V, are made 
equal, t 


Ww 


6°. When m=2, A and C identically zero, D not identically zero, there are three 
canonical equations. 


3 
aaa dW i (a See 
dZ? 2W\dZ 2 
First integral : 
aqw\? 
<a) =W'+EW 
aw 1 aey 3W3 aye y? 
KEX. ATE an aa aA a A aa 
dZ? vZ ie Pe a A 
First integral : l 
dW? 
(S =W 44a W? +4BW?+4KW +y?. 
2 
XXXI. PE a s 


aw? CERS B 
ra ERa tae —_ +4ZW? +2(Z2—a)W— — 
dZ? E iihi aana 
Not integrable in terms of classical transcendents. 
7°. When m=2, A, C and D identically zero, H not identically zero, there are 
three canonical equations. 


@w 1,;dW? 1 
XXXII. os ua ait Bayt. TNE 
dZ? awl dZ ow 


First integral : 


2W 


du\* _ 1 Wes 
(B) K+ as KRE 
dW 1 (dW? 1 
XXXIII. dW _ 1 (aW seer LA, 
dZ? ER EARTEN Ta 


* This case also was given special notice by Gambier, ibid. p. 49. 
+ V depends in general upon two parameters, say a and f, and may be written V(Z, a, 8). 
V is obtained by giving a and £ the special values a, and f, and 


._ E [/, OV av ðv əv 
lim —?——_4 =] ( A——_ re JO + | > 
V.—V; ( aaz | A “da” ap ay, By 


where A and p are constants whose ratio is arbitrary. 
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First integral : 
dW? ; 
(a =4W8 +2a W2 44KW +1. 


dW _ 1 (dW? plea į 
XXXIV. i aw zz) +4aW?—ZW— -iy (a+0) 
Solution : 
2aW=V'+V?+4}Z, 
where 
(IX.) V"=2V21ZV —2a—}. 


8°. When n=8, D=3A?, H= —8C®? there is one canonical equation.* 


dW 2 /dw r \dW 
eee S er fae ag 7 W3—10qW? 
dZ? sw az) (3 8— We) ag t8W°—4 


2 
+(49' +r +84?) W + 2gr —3r’ — sien 


where, if 2u?+Su-+T7' represents either 2u? or 2u*+au-+f or 2u°+Zu-+a, 
q =2q°+Su+T, r=—}S—H(q' +9"). 


—g Snaha AH 
Kg 


Solution : 
W= 


where V is any solution of 
V” =2V34SV+T. 


9°. When n=5, D= ei H = —3C%, there is one canonical equation. 


t Jal «Silat a A T I. 
a sa ae (2W+t¢— lag HWW 
$ id 
+(r—84' + 94°) W — Har +51) —§ ip? 
where 
was Kika =72 2ey,— o( Vs" =F; 
ue errr rt rr 
V, and V, being solutions of 
V’=6V-+S (S=0, 4 or Z). 
Solution : 
Vv’ =A 
wp ec ee Z), 
vo 3(q+Z) 


V being the general solution of V” =6 ib 


14:34. Canonical Equations of Type IV.—In Case iv. there are four 
canonical equations.+ 


d2w =|; 1 1 AEEY. 
XXXVII. eS ( i 
First integral : 

dw 2 

(S =4K ,2W(W —1)?. 


Solution : | 
W =tanh?2 (K,Z+ Ko). 

dW =$ 1 p 1 (a 

dZ 22W ' W—-15S\dZ 


+w —1)\a\W —1)-+8 y 


‘ ô 
ae ony wait 


* For details of this case, see Gambier, ibid. p. 32. 
+ Gambier, C. R. Acad. Sc. Paris, 148 (1906), p. 741. 


XXXVIII. 
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First integral : 
dW \2 28 2y t. 
SN Te catia re 

( JZ ) ( 1)2) 2a W W- e aye +K 


oe | 1 1 yl 1 dw  (W—1)2 B 
FART dm aW TW ze) Faget PR (aw +6) 


8W(W +1) 
Wa 


W 
+B + 
Not integrable in terms of the classical transcendents. 


2 fip gh Ky r E orfe- 


pri a (q'+7')}W, 


XL. 


where 
$'=29s, t = B. 
Method of integration : let 


W ne US al 
then w is given by the Riccati equation 
w +u2+2ru—}? =u + su, 
where 
v =2(q—r)v. 


It may be noted that if s and ¢ are not both zero, 
Y’ ¥ 


s 
v s t 


2 


and therefore v=Kst. 


14:35. Canonical Equations of Type V.—In Case v. there are two 
canonical equations. * 


d2W x 1 1 dW \2 
+r dzz  3Wt Wi 
First integral : 

dW 3 
(sy) =27K,3>W2(W —1)?. 


Solution : 
2W=1+'?'(KiZ+Ko, 0, —1). 


deW Wi 1 dW 2 dw 
xin. = sw + woalaz) i w i —Ha+r+s)\o7 
+W- aW ie gy r + 8d Hue +a) 
Br’ —ar(r-+s—q) , 3s'—zslq +r +s) 
E T ic Ics 
where ik 
8q = 7, Kite C 


—- N E 3 
A p 1 ~T V ‘ +2C 
me = 2V 
* Gambier, C. R. 144 (1907), p. 827. 
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and V; is any solution of the equation 
E? 
2y? 
in which C, D, and E are all zero (Equation XXIX.), or are all constants 
(Equation XXX.) or C=Z, D=Z2—a, E=f (Equation XXXI.). If V is 
the general solution of this equation, then * 
NE RSET NEN A amai V AEOS 
AA O E E a T) 


14:36. Canonical Equations of Type VI.—In Case vi. there are five 
canonical equations. t 


XLIII. 


"9 
y'= ák 42V344C0V2-42DV — 


2 2 
A air traa): 
First integral : 
dW Yf =256K ,4W3(W —1). 
Solution : 


a LPAR Z +K 4, 0). 
dW HL ak 
+y 


- he \ 
XLIV. g =al + Wasa) THO! Diy + pat Ww 
Solution : 
(ve MN 2 
eg 
where 
eu Beil A 
u 2) au— i; AE +K lu(1 —u?). 
daw Ha 1 ‘dW \2 C Bl 
XLV. imt aa) Hte weil 
C2 K 
ii WW —1) 4DW —1) + mrpr witRoe 
where 
ea Hoe Y RIE o ien eh Fo Fi uty aa 
rey, V,—V;: d B-C= —(Vi+V 2), B+C= ih ES i 2 D=}(V2 V1), 


H=2B'+AB, K=2C'+4AC, 
in which V} and V, are any two solutions of the equation 
V"=2V3+SV4T 
(Equation VII., VIII., or IX.). If V is the general solution of this equation, 
2V' —V,'—V.' —A(2V —V,—V 2) 


aitai PPV V) 
dW 8 1 dw AH’ 8 dw 
XLVI. 472 =2f 5 agi ga Y T) -5i awna 
FE an aie 3 (2W—1)— (ey aap tw He -mwa 
where 


H =2(V;'+V?)+<, 


* For the complete discussion of this case see Gambier, Acta Math. 33 (1910), p. 38. 
+ Gambier, C. R. 144 (1907), p. 962. 
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in which V, is any solution of 


(VIII.) V"=2V8+aV +£. 
If V is the general solution of this equation, and 
rs o EUA Al wales 
then 
W— 3T? 
QT’ 42T?2—(4C0+4D+4384)T +H 
dea i 1 dW ey 3 al 
KLUM, aaa ae ag) 1+ ow =H! dZ 
Geet ph 1 Ge ae }, 
+m a (2W —1)— zT wtw ra pa A stv 


where 
H=2(V1'+V?)+2Z, 
in which Pı is any solution of 
(IX.) V* =2V2-+-ZV +a. 
The integration proceeds on the lines indicated under XLVI. 


14:37. Canonical Equations of Type VII.—In Case vii. the equation is: * 


= 2 1 ged 2 f M A 
XLVI. 72 “iaw tag —ayshaz) tA" +8 + waz 
842W H K H ? 
d ii ++p + (w—iptwtaw—iys? 
bib 
=—l2(t+u), B=(2t+5u), C=—#(u—2t), F=3(a’ —ab)—ja?, 
H=—%v?, K=8(c' —be)—jc?, 
in which 
S A oa d lal fa ae as Bi ae Midis, A 
=1} Va—V:ı V3—V à ot r Vi MeFi Paitin ai 
and V1, V2, V3 are any three particular PTEN of 
V" =6V2+8S (S =0, 4, or Z). 
Solution : 
(Y —t)2—v?2 
a | bea antes aa ODA SOA 
| W=l+ 3 yy Y u AY — 82 0’ 
where 
(X.) y’=—YY’+Y3—12V,Y +127’. 


14:38. Canonical Equations of Type VIII.-There are two typical equa- 
tions in Case viii., in the first of which 7 is a constant, say a, and in the 
second of which 7 =Z.+ 


dW 1S 1 yar 
KLLK: g ww pF pe Zz) 


Ò € 
F WW —1)(W —a) B F ipe twie Si wash 
* Gambier, C. R. 144 (1907), p. 962; Acta Math. 38 (1910), p. 45. 
+ Ibid. 143 (1906), p. 741. 
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First integral : 


dW \2 28 2e r} 
wi —W(W—1)(W —a) Nw- -— yi re tE, 
The general solution is expressible in terms of elliptic functions. 
d2? W A 1 1 1 i) Lia 1 sd 


L. z alw twat wzi atZ 1? W_ZaZ 


{ ee sg Ue WEI). (6—1)2 aaa 
ae Ae E (W—1)2 (W-Z $ 
This equation is not, in general, a in terms of the classical tran- 
scendents. When a=B=y=6=0 it may be integrated as follows. Let 
A(u, Z) be the elliptic function defined by 

ui i dw | 

o V {t0(w —1)(w—Z)}’ 

and let 2w, and 2w be its periods, which are functions of Z. Then the i 
general solution of the equation is , 


W=A(K 10, +K ows, Z), 
where K, and Kg are arbitrary constants.* 


14°39. General Conclusion.—The repeated application of the conditions 
necessary for the absence of movable critical points has thus led, by a 
process of exhaustion, to fifty types of the equation 

aw dW 
dZ2 ~~ \dZ’ 
in which F is rational in W and in W’, and analytic in Z. Of these 
fifty types all but six are integrable in terms of known functions and the 
general solution is found in each of these cases to be free from movable 
critical points. This latter fact is true in the remaining six cases; the 
lines upon which the demonstration proceeds will be indicated in later 
sections (§§ 14°41 et seq.) Thus when the restrictions stated are imposed 
upon F, the aggregate of conditions is sufficient as well as necessary. The 
fifty canonical types which have been enumerated may be generalised by 
the transformation 
__Uz)w+m(z) Padi 
= pewtge) 77O 
where l, m, p, q and ¢ are analytic functions of z, and the new types obtained 
contain all the equations of the second order, rational in w and w’, whose 
general solutions have fixed critical points. 

But when the equation is algebraic in w, and is not reducible to an 
equivalent equation in which w appears rationally, the state of affairs is 
altogether different. This is clearly shown by the following example : + 

dw tee (1+k?)] J i) 

dz ( (l1—w?)(1— k2w2)  A(1— w?)#(1—k2w2)t \\ dz 
It is not difficult to prove that the general solution of this equation has 
no algebraic singularities other than poles; with rather greater difficulty 
it can be proved that any solution, which tends to a determinate value 
when z tends to zg along any path, is analytic or has a pole at z. But it 


* In its general form Equation L. was first discovered by R. Fuchs, C. R. Acad. Sc. 
Paris, 141 (1905), p.555. The integration, when a, 8, y and 6 are zero, is due to Painlevé. 
+ Painlevé, Bull. Soc. Math. France, 28 (1900), p. 230. 
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does not follow that the solution is meromorphic throughout the z-plane. 
In fact the general solution is 

w=sn{A log (A4z—B)} (mod k), 
where A and B are arbitrary constants. The point z=B/A is an essential 
singularity of the solution: as z tends to B/A along any definite path, 
w tends to no limit whatsoever. 

This example shows clearly why it is that the necessary conditions may 
not be sufficient, and consequently why each of the fifty canonical types 
obtained in the foregoing sections has to be examined separately in order 
that the absence of movable critical points may be confirmed. 


14:4. The Painlevé Transcendents——The most interesting of the fifty 
types enumerated are those which are irreducible * and serve to define new 
transcendents. These irreducible equations are those numbered IV., IX., 
XIII., XXXI., XXXIX. and L., six types in all. Itis convenient to tabulate 
and renumber them, thus : 


. dw ... dW 
(i) gz WP +8: (ii) AE 
(iii) dw bee: ETa 1 dw 
dz? w\ dz z` dz 
. . dw dw 
(iv) Ga = sal de 


+ (aro +B)-+y08 + È 


No 4-422 +2(22—a)w -+ s 


d2 1 dw 2 d pia 8 oi aly 
(v) Ta =a ile) ete ja wo+Phy vey at 
. d2 ry 1 d 1 1 1 id 
hh Senate tact teva tat atom 
— — —1) , &&(z—1 
eee 2 Ha he Pe ec) + cae l, 


The new transcendental functions defined by these equations are known as 
the Painlevé Transcendents.t The solutions of (i), (ii), and (iii) have no branch 
points, and are therefore uniform functions of z. If, in (iv) and (v), the inde- 
pendent variable is changed by the transformation z=e’, the solutions are 
uniform functions of z. But in equation (vi) the points z=0, z=1 and z=% are 
critical points. 

Equation (vi) contains, in reality, the first five equations, which may be 
derived from it by a process of coalescence.{ As it can be proved that the 
solutions of (i) are indeed new transcendents, it follows that the solutions of 
the remaining five equations cannot (except possibly for-special values of 

a, B, y and 8) be expressible in terms of the classical transcendental functions 
phat 

This process of step-by-step degeneration may be carried out as follows : 


ô EE 
In (vi) replace z by 1+ez, 6 by 2, y by A T and let s—>0. The limiting 


9? 


form of the equation is (v). 


* By irreducible is meant not replaceable by a simpler equation or combination of 
simpler equations. 

+ Only the first three types were discovered by Painlevé, the last three were subse- 
quently added by Gambier. 

t Painlevé, C. R. Acad. Sc. Paris, 143 (1906), p. 1111. The solutions of (vi.) in the 
neighbourhood of a singular point were studied by Garnier, C. R. 162 (1916), p. 989; 163 
(1916), pp. 8, 118. 
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f B 


In (v) replace w by 1+ ew, 8 by — ~» a by i art g: y by ye and ô by de. Inthe 
é 


limit, when «-> 0, the equation ai (iii). 


1 1 
Similarly in (v) replace w by ew4/2, 2 by 1 +ez4y/2, aby; ne? by —— and 6 


1 ô 
by A — + S), In the limit equation (iv) arises. 
Zest et 


EON ray 
y hes? TTE — 2e6' 


i 
In ie replace z by 1+67z, w by 1+2ew, y by ae? 
€E 


Dny ag . In the limit the equation becomes (ii). 


= 
1 1 
Similarly (ii) may be obtained from (iv) by replacing z by 3 tana w by 25 ew aur 
E€ 


1 1 
a by — — —a, f by — pit and taking the limit. 
6 4 
Finally, in (ii) replace z by ¢°2— z0? w by Pe Rod me a by 3 RTE and in the limit 


the equation degenerates into (i). 


14:41. The First Painlevé Transcendent : Freedom from Movable Branch 
Points. i 
d2w 


(i) oa 6w?2 -+-z, 


satisfied by the first Painlevé transcendent, will now be studied in greater 
detail. It will first of all be proved that its general solution is free from 
movable critical points.* The principle of the method is applicable to the 
five equations which define the remaining transcendents. 

The first step is to show that the equation admits of solutions possessing 
movable poles, but not movable branch points. In the neighbourhood of 
any arbitrary point zp, the equation is satisfied by the series 


1 
PN, UGE Ai HOC A i A E e 


where h is the second arbitrary parameter ; ; this series may also be written 
in the form 


i -= 
(2 —2) 
On eliminating z—z) between the latter series, and that for w’, namely, 


w= 


w= a ele —2)® (3—0) +h(z —2)* Fa 1a - - 


r 


nen —52( — 20) —f5(% —2)? +4h(z —%)3 +55% (3—20) + «+ » 


2 
co, 
and writing w=v~2, it is found that 

| w = —2ev— 3 —hezv—4v2+7ehvi+ .. ., 
where e= +1. Transform equation (i) by writing + 
w=v-2, w’=—2v-3— 420 — hv? + uv, 
* Painlevé, Bull. Soc. Math. France, 28 (1900), p. 227; C. R. Acad. Sc. Paris, 185 


(1902), pp. 411, 641, 757, 1020. 
{+ Alternatively, the transformation 


w=v0-%, w'=2v—3+}zo — v? — uv? 
may be made 
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the equation then becomes the system 


| S =1 +4204 + 4v5 —4uv6, 

(ia) es 

dz 

This system has a unique solution which is analytic in the neighbourhood 

of z% and satisfies the initial conditions ww, v=0 when z=% The corre- 
sponding solution w(z) has a pole at zọ and the constant h is equal to up. 

Thus the general solution has a movable pole at any arbitrary point 2. 

No solution can have an algebraic branch point at any point z4, for if 4(z—2,)’ 

is the dominant term of a solution having an algebraic singularity at 2, r is 

necessarily —2, and then the solution is analytic in the neighbourhood of z4. 


= {atv} dav? ($ —auo8 — fuot + Sutos, 


14:42. Freedom from Movable Essential Singularities—It has now to be 
shown that no solution of equation (i) can have a movable essential singularity 
in the finite part of the plane.* With this end in view, a number of pre- 
liminary theorems, relating to special solutions of (i) will first be proved. 
Let w(z) be the particular solution which assumes the finite value wọ, while 
w'(z) assumes the finite value wo’, when z=z). This solution is analytic in 
the neighbourhood of zo; let J” be the greatest circle whose centre is at 2, 
within which w(z) has no singularities other than poles. If the radius of I” 
is infinite, the solution has no essential singularity except possibly at infinity, 
so that the theorem is proved. If the radius of J" were finite, then on the 
circumference of J" there would be an essential singularity of w(z). It will 
be shown that this hypothesis is untenable. 

Let the supposed essential singularity occur at z=a, and let M be the 
upper bound of | w(z)| and | w’(z) | as z tends to a along the radius 2a. 
Assume first of all that the solution w(z) is such that M is finite. Then if z, 
is a point on the radius, and w(2z,)=w , w’(z,) wy’, and e is arbitrary, 


|w—w,|<A, |w’—w,'| <A, when |z—2,| <e, |z1—a| <e, 


where A is finite. Now (i) can be written as the system 


mo 
| me 
| dw’ d 
EA =6w? +2, 


and the right-hand member of each equation of this system is finite for all 
finite values of z, w and w’. By the fundamental existence theorem (§ 12°2), 
there will exist a solution w(z), satisfying the assigned initial conditions with 
respect to z4, which will be analytic throughout the circle |z—z,|=e. The 
solution will thus be analytic at a, contrary to hypothesis. It must, there- 
fore, be supposed that if ais an essential singularity, | w(z) | is not bounded 
ON Za. 

- It will now be shown that, if w(z) is any particular solution of (i) such that 
| w(z) | is not bounded on 2a, the point a isa pole of w(z) provided that there 
exists a set of points zı on the radius, having a as their limit-point, such that 
| w(z) | is unbounded, but, for, a particular sign of --w, | u(z1)| <C, where C 
is a fixed number. 

Returning to the transformation 


dw 1 


u(z) = +!) £ pag +2w3 +4zw, 


* The necessity for this discussion is illustrated by the examples in §§ 14-1, 14°39. 
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which is equivalent either to 
i u=v-3(w’ +2073 +4zv +402) 
or to 
u= —v (w —2v73—$zv +402), 
where w=v~2, it is seen that, if w is a solution having a pole at the point a, 
then, in the neighbourhood of a, one determination of u is such that 
u(z)=7h+0{(z—a)?}. 

Now, from the assumption that, for one of the determinations of u, 
| u(z1) |<C, it follows that one or other of the expressions 

v—3(w’ +20-8-+420-+4v2), v—3(w’ —20—3 —}zv +402) 
will, when z=2;, be of modulus less than C. Suppose, for definiteness, that 
the first of these expressions satisfies this condition. As before, let (i) be 
transformed by the substitution 

w=v-2, w =—2v—3—420 —402+-wWv3 ; 
the resulting system (ia) will have a solution w(z), v(z) such that u, v assume 
assigned initial values uw), vı when z=2,;. Then, if e is arbitrary, 
|w—u,|<K, |v—v,| <K, when |z—2,|<e, |2,—a| <e, 

where K is finite, from which it follows, by the fundamental existence theorem 
that u(z) and v(z) are analytic throughout the circle |z—a|=e«. Conse- 
quently w(z) has a pole at a. 

It is possible to find any number of functions U(z) having the same pro- 
perty as u(z), namely that if, for points z; on %4, having a as their limit- 
point, | U(z;) | is bounded whenever | w(z;)| is unbounded, then w(z) has a 
pole at a. One such function may be constructed as follows, and has the 
advantage of being a rational expression in 2, w, w’. 

The two-valued function 

u=w2(w' +4w-1)+2w3 +hew 
is such that if w has a pole at 2, one of the two determinations of u assumes 
the arbitrary value 7h when z=2). Whichever determination is the correct 
one, u satisfies the equation 
{w +4w-1—wi(2 + dew-2 —uw-3)}{w' +1w-1+wi(2 + d2w- 2 —uw-8)} =0. 
The left-hand member of this equation, when expanded, is free from 
fractional powers of w and may be written 


w'2 +) — 403 220 +4u-+ .. ., 
where the omitted terms involve w~1, w—2 and w~3 but not w’. Let 
U=w’2 + = —4w3 —2zw, 


then on substituting for w the series 
1 


W =(%—%)~ ? —75%o(% —20)? —3(%—2%)8 +h(z—z)t+ «ss 
it is found that 
U(z) = —28h +-Of{(2—2z9)?}. 
The fact that U’(z)=0 would introduce apparent complications into the 
later work. To avoid this difficulty, let 


V(z)=U(z)+2, 
then in the neighbourhood of 2 , 
V (z) = —28h +2+O{(z—2)?} 
= —4u(z)-+2-+0(w-1), 
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where u(z) is that determination of u which is finite at z. Since w’(z)=0, 
V'(z) =1+0(z—2z9). 


Let zı be any value of z for which | w | is unbounded, but | V | bounded, 
the corresponding value of w’ is either root of the equation 


w’2+w'w-1—4w3 —22w+2=V. 
But since the corresponding value of u is determined by 
w’2 +-w'w-1—4w3 —22w +O(w-1)= —4u, 
u=}(2z—V)+O0(w-—1), 
and therefore | u(z;)| is bounded. 


It follows that if there exists a set of points zı on the radius za, having 
a as their limit-point, and such that |zw(z,)| is unbounded, but |V(z,)| is 
bounded, then, for one determination of u(z), |u(zı)| will be bounded, and 
consequently w(z) will have a pole at a. 


14:421. The Main Proof in the Case when |w| has a positive Lower Bound.— 
An important restriction will now be imposed, and removed at a later stage, namely 
that if w(z) is a solution having an essential singularity at a, then for all points on 
the radius 2 a, |w(z)|>p, a positive number. Then there must be a set of points 
2, on the radius, such that | V(z,)| is unbounded. Forif| w(z,) |and|V(z,)| were both 
bounded, then, by the definition of V, |w’(z,)| would be bounded and w(z) would 
be analytic at a. If, on the other hand, |V(z,)| were bounded, but |w(z,)| un- 
bounded, then, by the concluding theorem of the preceding section, w(z) would 
have a pole at a. Thus if a is an essential singular point, a set of points z, for 
which |V (z1) | is unbounded, certainly exists. 

It will now be proved that, as a consequence of this result, another set of points 
Zə having a as a limit-point, exists such that |V(z,)| is arbitrarily small. For con- 
sider the expression 


V’ — 2w’w” +w- tw” —w- 2w’? —12w*w’ —2zw’ —2w-+1 
w= = 
yV w? +w- tw’ —4w —2zw +z 
ul 4w? —w’? +-20 Hw? 
www w —40” —22w? +22)" 

If |W | were bounded on the radius za, |V | would be bounded, even for the 
set of points z,, which is not true. Thus a set of points z, arbitrarily close to a, 
must exist such that | W(z,)| is unbounded. Moreover |w(z,)| is also unbounded. 
For if |w(z,) | and |w’(z,)| are bounded then | V(z,)| is arbitrarily small and w(z) is 
analytic at a; if | w(z,)| is bounded, and | w’(z,)| unbounded, then |W(z,)| would be 
bounded, contrary to hypothesis. 

Now if w’ is eliminated between the expressions for V and W, it is found that 

W=V-1+0(w-4), 
and since, for the set of points z, having the limit-point a, | w(z,)| and |W(z,)| are 
unbounded, |V(z,)| is arbitrarily small. It follows from the conclusion of the 
preceding section that w(z) has a pole for z=a. 

The case in which w(z) tends to a unique limit g as z approaches a along the 
radius can be dismissed at once, for the preceding investigation is not altered except 
in the non-essential point that in the expression for V, the term w’/w is replaced by 
w’/(w—g). In particular, the proof holds good if | w(z) |, instead of having a positive 
lower bound, had the limit zero when z=a. 

The choice of the radius za as the line of approach to a is not an essential part 
of the proof; any curve of finite length, ending at a, no point of which, with the 
assumed exception of a, is an essential singularity of w(z), would serve equally well. 


14:422. Discussion of the Case in which the Lower Bound of | w(z)| is 
zero.—All possible hypotheses have now been disposed of except one, namely that 
there exists, on the radius z,a, a set of points z, having the limit-point a, such 
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that |w(z,)|<p, and another set of points Z, also having the limit-point a, such 
that |w(z,)|>p. It will be shown that, even in this case, a is a pole of w/z). 

Let À; A», - - - be a sequence of non-overlapping segments of the radius 2,a, 
at the end points of which | w(z) |=p, and within which | w(z)|<p ; let 1,,1,,.. . be 
the lengths of these segments. The existence of the set of points z, implies that the 
number of intervals À is infinite. It will be shown that every segment i, can be 
replaced by a curved segment A,, of length L,, where 1<L,/l,<37 along which 
|w(z)|=p and such that, in the region between A, and A), w(z2) is analytic. 

When z is regarded as dependent, and w as independent, variable, equation (i) 


becomes lise 
(ib) == 4 (6w? +2). 
Let Z, be an end-point of A, and let W, be the corresponding value of w(z), so that 
|W,|=p. Let z(w) be the solution of (ib) such that 
2( W,) = eas 2( W,) a ‘ 
If Z,’=0 this solution is merely z=Z,; it does not involve w and therefore corre- 


sponds to no solution w(z) of (i). It may therefore be supposed that 2’(W,)=0. 
But if e is a positive number less than 4, a number 7 can be found such that, when 


\w\<p, |Z |<; 
'=Z; (1 +ô), 
where 6 is analytic in w and Z,’ and 


then 


[ô |<e. 

As z describes the segment àp, w will describe a curve C, in the w-plane ; this 
curve C, will lie within a certain circle J’, described about the point w =0 with radius 
p; the initial and final values of w will correspond to points on the circumference 
of Ty. Let S, denote the length of C,. On the radius za, let 


z=a-+ reia, 
where a is constant. Then 
Sp| dw Sv| dr 
ae tw) E ds = ~ 
i | g3 (o) as | J o |ds 
where the path of integration is the curve Cp. Since 


d / g I | | Wr; 
| |x |= 12,111 +81>41%'i, 
| 


ds, 


it follows that 
lLy>4|Z,’ | Sp. 
Now let w describe the smaller arc of I’, between the end points of C,, let o, be 
the length of this arc and k, the length of its chord. Then 


Oy [Krky <8). 

But 4 
y= |” F\do< |Zy!|[|1+8 |do <3) Za’ | Ow 
Jo |do J0 

that is 

Ly<?r | Zy | Sy, 
and consequently 

<< 8m 


Vv 

Since 2’(w) is analytic and not zero within the circle J’, and on its circumference, 
w(z) will be free from poles in the region between the curve A, and the segment 
à» But w(z) can have no singularities but poles in this region, and therefore A, 
can be deformed into A, without meeting any singular point of w(z). Thus, if 
each segment A, is replaced by the corresponding are A,, there is formed a path 
A, leading from z, to a, composed of an infinite number of arcs, whose total length 
does not exceed 37R, where R is the length of the radius za. For all points of the 
path A, 

|w(z) | > p, 
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and at its end-point a w(z) is supposed to have an essential singularity. But the 
discussion of the previous section shows that this is impossible, and therefore, 
finally, w(z) has no essential singularity at any finite point of the z-plane. 


14-48. Representation of the Transcendent as the Quotient of two Integral 
Functions.—Let w(z) be the first Painlevé transcendent, then since 


d?w 
Ce tent 
Iz? 6w2 +2, 


if 
dw 2 
nla) =4{ Go) — 2008 20, 
it follows that 


and 7(z) satisfies the equation 
Piel MY ies 
Since the only singular points of w(z) are poles at which the development 


takes the form 
w=(%—%o)~? +Of{(% —20)?}; 
the only singularities of 7(z) are simple poles. Let 
giz) =e n@az, 


then ¢(z) is uniform, for although fydz is infinitely many-valued, its values 
differ by additive multiples of 271. But {(z) has no poles, it is therefore an 
integral function of z. 
Thus w(z) can be expressed in the form 

Pi 

EE. n 
and both numerator and denominator of this expression are integral functions 
of z. 


14:44. The Arbitrary Constants which enter into the Transcendent.—It 
will be shown that the transcendent is an essentially transcendental function 
of the two constants of integration. In the first place, it cannot be a rational 
function of two parameters, for, if it were, the solution of the equation 

w 

dz? 
obtained from (i) by replacing z by az and w by a~2w, would also be rational 
in the constants of integration. But, when a=0, the solution 


w=P(2+8, 9, y) 
is not rational in 8 and y; it is therefore not rational in its parameters when 
a0. 
Suppose then that w(z) were a semi-transcendental function of the con- 
stants of integration. Then (i) would admit of a first integral, polynomial | 
in w and w’, say 


P(z, w, w) = w'™ +Q,(z, w)w'™—-14+ © © © +Qm—1(2, @)w’ +Qn(2, w,) =0. 
Since the solution of this first integral, that is the transcendent itself, is 


free from movable branch-points, Q; is a polynomial in w of degree not exceed- 
ing 2i. Replace z by 2-+-az, w by a~2w and w’ by a~3w’, then 


P(z, w, w’)=a-*Po(w, w’)+O(a—*+1) (k>3m), 


= 6w? +a5z, 
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where Po(w, w’) is a homogeneous polynomial in 4/w’, yyw. But Pọ=0 
is a first integral of the equation 

w” =6w?2, 
and therefore Po is of the form 

Po =K(w'? —4w3)), 

where K and j are constants. It is easily verified that 

k=3m=6) 


and that, in consequence, Q,,,(z, w) is of degree 3m in w. 
Now w(z) admits of movable poles, and in the neighbourhood of such a 
pole there is a relation of the form (§ 14°41) 


w+ + . oe =+(2w!+h42w-t—Thw-i+ .. .) 


(where h is a constant), in which the integral and fractional powers of w have 
been disposed on opposite sides of the equation. For large values of w, 
every root w’ of the equation 


P(z, w, w')=0 


must be expressible in this form, and therefore 


j 
P(z, w, w’)= IT {(w’+4w-1+ . . .)2?—w3(2+-42w-2—7h, w- 384+ . . .)3} 
i=l 
.w’2j-1 


=w + j oe Mets Ay) tes 


which is impossible, since the right-hand member is not a polynomial in w. 
Consequently the first Painlevé transcendent is an essentially-transcendental 
function of two parameters. 

Yet it might be supposed that equation (i) could possess particular solu- 
tions which are either algebraic or expressible in terms of the classical trans- 
cendents. If the solution w(z) were algebraic, it would be developable, for 
large values of | z | as a series 


0 =0,2" Hay 12" 1+, 922+ 2... 


If v were negative or zero, w and w’ would be finite for z=, and therefore the 
equation would not be satisfied. If v>0, v must be an integer on account 
of the term z in the equation, but when v is a positive integer, the term 22” 
introduced by the term w? in the equation, is uncompensated, and the equation 
cannot be satisfied. Consequently w(z) is transcendental. 

Suppose that w(z) is a classical transcendent, then it must satisfy an 
algebraic differential equation distinct from (i). By eliminating the higher 
differential coefficients between (i) and equations derived from it, on the one 
hand, and the new equation, on the other, an equation of the form 


P(z, ww, w')=0 


is arrived at, in which P is a polynomial in w and w’. But it has just been 
shown that this is impossible, and therefore no particular solution ewists 
which reduces to a known function. 


14:45. The Asymptotic Relationship between the First Painlevé Trans- 


cendent and the Weierstrassian Elliptic Function.—-Although the first Painlevé 
transcendent is an essentially new function, yet it is, in a certain sense, 
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asymptotic to the elliptic Ẹ -function.* This property is somewhat analogous 
to the property of the Bessel function J,,(z) that, when | z | is large, 


254 
J, (z) ~ <) cos (z—}łnr —}r). 
The equation 

d?w 

— = 6w? —6z¥ 

dz 6w? —6z 
is not essentially different, when =l, from the equation satisfied by the 
transcendent. Make the transformation 

4 
w=3FW; Z= 
u+4 


then the equation becomes 


2 pa 
d sA CEEA 5u dW | 4p(2—p) 


gte+1, 


W. 


dz (HAE! dZ (wpa PLP 
This last equation may be compared with 
dy 
pot Ty poe 
aga = 8V?—6, 


an equation whose general solution is 


V=(Z—RB, 12, y), 
where f and y are constants of integration. This comparison suggests that, 


for large values of | Z |, 
W ~ (Z—B, 12, y). 


and that, if w(z) is the Painlevé transcendent, 
w(z) ~ P(52z!—B, 12, y). 

This question was thoroughly investigated by Boutroux, who determined 
the region wherein the asymptotic relation, for determinate values of 8 and 
y, was valid. 

[For details of the proof, the reader is referred to the papers quoted. | 

In conclusion, a theorem due to Painlevé may be stated: the equation 

w(z) =A 
has an infinite number of roots for any value of the constant A. 


14°5.—Equations of the Second Order, algebraic in w.—The general 
problem of finding necessary and sufficient conditions that the general 
solution of 

d2w _ dw 

Tz =F w, p) (r=) 
should be free from movable critical points, when F is rational in p, algebraic 
in w, and analytic in z, demands a knowledge of the theory of algebraic 
functions. 

* Boutroux, Ann. Éc. Norm. (3), 30 (1913), p. 255; 81 (1914), p. 99. The second 
Painlevé transcendent (Equation ii, § 14°4) is asymptotically related to the Jacobian 
elliptic function sn(z). 

+ Whittaker and Watson, Modern Analysis, § 17:5; Watson, Bessel Functions, § 7:1. 


t The essential point is that when the equation is expressed, as is always possible, 
in the form 
d*w 


‘dz? =O(z, w, w, P), 


where @ is rational in w, u and p, and w and u are connected by the relation 

H(z, w, u)=0, 
in which H is a polynomial in w and u whose coefficients are analytic functions of z, the 
genus of the relation H=0 is 0 or 1. When the genus is 0, the equation is reducible to 
one or other of the fifty types already enumerated ; when the genus is 1, the equation 
belongs to one of the three new classes. 


2A 
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Apart from the types already enumerated, there are three, and only 
three types of equation whose critical aye are fixed. They are as follows : 


dw  6w2—tgo 
(i) dz? 4w3 —gow —g5 & Ai +q(2)4 as E prha) v {4008 —20 —g3}. 
This equation is equivalent to the system 
dw 


W uy {iugo g), 


Oe = a(ajutr(e) 


its solution is therefore a semi-transcendental function of the constants of 
integration. By a change of variables the system may be reduced to 


dw 
WZ =UV{4W3—g.W —g3}, 
dU 
— =<=(), 
dZ 


and is therefore equivalent to 
PW _ __6W8—}g0 fd 
dZ? =4W%—goW —g,\dZ 
(§ 14°38, equation XLIX.). 


e a Ope) a trai tae 


a a Sea le) {ww —1)(w—z)}. 


The general solution is an essentially-transcendental function of two con- 
stants ; it may be arrived at as follows: Let u;(z) be any solution of 
4 S u a ; 
2(2—1) “ K 4z(z—1) S 
let A(u, z) be defined by the inversion of 


y dw ng BoA 
o V{w(w—1)(w—z)} ° 


and let 2w,, 2w be its periods. Then the general solution of the equation 
considered is 
u=A(u,+K4o)+K we, 2), 


where K, and K, are the constants of integration. Thus the equation does 
not lead to any new type of transcendental function. 


+. dw ( 6w2—4tg, tar dw 
a dz? aie —820 —83 toyu’ — Ew =) dz +42) a 
+1(z)+/ (4w3 —gow —gs), 


in which 2w is any period of (wu, go, 83). The equation is equivalent to the 
system 


d 
T z TUV (4w? —gzw —8s), 


i =F u2 4qlaju+ rle); 
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its solution is thus a semi-transcendental function of the constants of 
integration. The system may be transformed into 


aW 
az TUVW —g2W —gs), 
dU ir 
os ase e 
dZ w ov, 
and therefore the original equation is equivalent to 
d2W =} 6W?—tg0 te in (Ss 2 
dZ?  (4W3—goW —gs ° wr/(4W3—g.W —gs))\ dZ 


which is the simplest equation of this particular type. 

Another question now arises, but cannot be dealt with in full here, namely 
whether or not it is possible, when the general solution of an equation is free 
from movable critical points, to have a singular solution whose critical points 
are not fixed.* 


The following example shows that this may actually happen : 
The general solution of the equation 
w” = —wiw’ +ww’ qy (4w +w4) 
is 
w=A tan (A*z+B), 


e= a/f) 


where A, B and C are arbitrary constants. 


a singular solution is 


14:6. Equations of the Third and Higher Orders.—The principle of 
Painlevé’s a-method, which enabled a complete discussion of equations of 
the second order to be carried out, may be applied to the discussion of 
equations of the third and higher orders.+ 

As before the method naturally divides itself into two stages, the deter- 
mination of conditions which are necessary for the absence of movable 
critical points, and the subsequent proof of the sufficiency of these conditions. 
There is no difficulty whatever in extending the method for the determination 
of the necessary conditions, but the difficulty of proving that these conditions 
are sufficient increases with the order of the equations discussed. 


* Chazy, C. R. Acad. Sc. Paris, 148 (1909), p. 157. 

+ Painlevé, Bull. Soc. Math. France, 28 (1900), p. 252; Chazy, C. R. Acad. Sc. Paris, 145 
(1907), p. 805, 1263; 149 (1909), p. 563; 150 (1910), p. 456; 151 (1910), p. 203; 155 
(1912), p. 182; Acta Math. 34 (1911), p. 317. Garnier, C. R. 145 (1907), p. 808; 147 
(1908), p. 915 ; Ann. Ec. Norm. (3), 29 (1912), p. 1. 
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CHAPTER XV 
LINEAR EQUATIONS IN THE COMPLEX DOMAIN 


15°1. The a priori Knowledge of the Singular Points.—It will be con- 
venient to begin this present chapter by recalling a number of established 
theorems relating to the homogeneous linear equation of order n 
drw d”— iw dw 

(A) an + pil®) Gari © ale +Pn-1(8) z + p,(2)w=0. 
Let 2 be any point in the neighbourhood of which the n coefficients are 
analytic. Then, by the existence theorem of § 12°22, there exists a unique 
solution, such that this solution and its first n—1 derivatives assume any 
arbitrarily-assigned values when z=z%. This solution is expressible as a 
power series in z—z9, which converges at least within the circle whose centre 
is % and whose circumference passes through that singular point of the 
coefficients which lies nearest to zg. In other words, the singularities of the 
solutions can be none other than the singularities of the equation, and 
therefore movable singularities, even movable poles, cannot arise when the 
equation is linear. 

Again, the general theory of the linear equation with real coefficients, as 
expounded in Chapter V., may be transferred to the complex domain when 


obvious verbal changes in the investigation have been made. In particular, 
if 


Wy, Wg, - + + Wn 
are n distinct solutions, forming a fundamental set, the Wronskian 
IDs, (Wg, + +5 Wy) 


cannot vanish when z=2 9. Since 
z 
A=Ap exp {=| pilad}, 
Zo 


where Jp is the value of 4 when z=29, and the path of integration is restricted 
to lie within the region containing zọ within which p(z) is analytic, it is 
clear that 4 cannot vanish at any point except possibly a singular point 
of p(z). 

The point at infinity is or is not a singular point, according as the 

coefficients of the equation obtained by the substitution 

gpl 
followed by a reduction to the form (A) have or have not singularities at the 
origin. 

Thus the singular points can immediately be found by mere inspection of 
the equation. For any non-singular point a fundamental set of n distinct 
solutions can be found; the question now at issue is to determine whether 
there also exists a fundamental set of solutions relative to any given singular 
point, and having demonstrated the existence of these solutions, to investi- 

356 
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gate their behaviour in the neighbourhood of the singular point. This 
investigation leads to what is known as the Fuchsian Theory of linear 
differential equations.* 


15:2. Closed Circuits enclosing Singular Points.—Let the coefficients of 
the equation (A) be one-valued and have only isolated singular points. Let 
Wy, Wo, - + +» Wy 
be a fundamental set of solutions and let z% be any ordinary (i.e. non-singular) 
point of the equation. A simple closed circuit y is drawn, beginning and 
ending at 29, not passing through any singular point, but possibly enclosing 
one or more singular points in its interior. Let Wi, Wo, .. W,, be what 
Wis We, . > .» Wp respectively become after the variable z has described the 
circuit y in the positive direction. The determination of Wi, Wo, ..., Wy 
may be carried out by the process of analytical continuation in a finite 

number of steps.f 
Since the coefficients p,(z), po(z), ..., pn(z) are unaltered by the 
description of this circuit, the equation as a whole is unchanged, that is to 
say, the functions 
CE PEO aT ie 
are solutions of (A); they may therefore be expressed linearly in terms of 
the fundamental system w1, Wo, . . ., Wp, thus 


W 1 =0111+Qj9Wo+ . . - +Q1nWy, 
(B) W2=As1W1+AggW2+ - . . +AanWn, 
W ,=An1W1 +y2W2+ aola FannWn 


where the coefficients a are numerical constants. 
At any point z on the contour, 


Alai We, . ea W EA exp {—[ p1(z)dz}, 


the integral being described from z to z along that branch of the contour 

which has the interior of the contour on its left-hand side. Let 4, be the 

value of the Wronskian after a complete description of the circuit y, then 
4,=Ap exp ay pı(2)dz} 


where R denotes the sum of the residues of p(z) at the poles which lie within 
the contour. Thus 


GAMES, Wa e E) 
is not zero at z=2%, and since, at any ordinary point z, 
Z 
AWi, Wa.. n» W,)=4: exp {=f pale)de}+0, 
0 
W,, Wo, ..., W,, form a fundamental set of solutions. 


It may be remarked in passing that 
oe Mes, Say, Pan 
os Alms, Wey + + +s We) 
= 4/40. 
* Riemann (Posthumous Fragment dated 1857), Ges. Werke (2nd ed.), p. 379 ; Fuchs, 
J. für Math. 66 (1866), p. 121; 68 (1868), p. 854 [Ges. Werke, 1, pp. 159, 205]. 
+ If the length of the circuit is l, and the distance of any singular point from any point 


of the circuit is greater than d, the number of steps required will not be greater than N 
where N is the integer next above l/2d. 
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Now that these preliminary results are established, it is possible to 
determine constants A,, Ào, . . ., A, such that the particular solution 
U=)1W,+Agwe+ ... +A,H, 
becomes su after the circuit has been completely described once, where s is a 
numerical constant. For let u become U after description of the circuit, 
then 


U=A,W,+AW.+ EiS +A,W,, 
so that, if U=su, 
8(A,w, +HÀzw + 8 es +AyWn) = DA (anw tarw + EATA Farna): 
This relation is to hold identically, and therefore 
(C) 8A, =AjQ1,+Agder+ . - - 4-ApOppt . ss tAntay 
ML Bains on 


When the undetermined constants À, are eliminated from this set of simul- 
taneous equations, the equation to be satisfied by s is found, namely, 


Q44—S§, Mais + + + +5 Gn = 0. 
A12, dog— S, - ++ Ang 
Ains Daa + ++ + May E 


This determinantal equation is known as the characteristic equation of the 
system chosen. It cannot have a zero root as otherwise |a,,| would be 
zero, contrary to the hypothesis that the system chosen is fundamental. 
To any value of s which satisfies the characteristic equation corresponds a 
set of constants A,, Ag, ..., A, whose ratios may be evaluated from 
equations (C). These lead to a solution u determinate apart from a constant 
factor, which becomes su after the point z has completely described the 
circuit y. i 

The characteristic equation is invariant, that is to say, it is independent 
of the initial choice of a fundamental system. For let 


U4, Ug, - + + Un 


be a fundamental system distinct from that originally chosen; it must be 
linearly related to the former one, thus 


01 =C11Wy FCW -e e Ci nWn: 
Ug=Cg1W1+CogWo+ .. - +ConWn, 
Un =Cn1 W1 +CpoWe+ sieg PCa pW n 


where the coefficients c, are constants such that | c,,|=-0. Suppose that, 
after the circuit has been described, the solutions vi, vy, . . ., Up, become 
respectively Vi, Vo, . . ., Fa then 
Vi =A 101 H4120 + e e +AynVns 
Vg=Ao 101 +Agede+ . ~~ +AanDn; 


V n=Agy1 +Angve+ ehe +AnaPns 
where | 4,,|=-0. Hence . 


n 
V= > Anlat ewt ~~ +CenWn)- 


s=1 
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But also 
V = cna Wi +0,2Wo + aie Fern E y 


n 
= J CnulaWw Hawt - . - +AenWn)- 
s=1 
Thus, by comparison of the coefficient of w 


n 


5 PED i *) 
Anea > Crea t{=1 2 NS D i 


s=1 s=1 


Now, by virtue of these relations, the product * 


Cits Cig, = « « Gih 444—8, 421; ee ep Any 
Cols Coo, + + + Con | a12, Aog —S, - + + Ang 
Cni» Cn2s D T Cnn | Ains Ans «on ag Ony Ti 
and the product 
| Ciis Cis -= + a.. GAT | | AÁii—s, Ajo; Hara Ain 
C12» C22» + + + Cne Ag), Aga—8, . . +» Aan 
Cins Cons + + +> Cnn Ant Anos aoe Ann—s 


are exactly equal. It follows that 


441—S, 1; . 0 o Any | = | Ayi—S8, Ag; ©) tag Ani 
| | Ajo; Ag2—S, Ree) Cay Ang 
W 


a12, loz —S, + + + Ang 
Qin zas R Ban 8 tx eae. ais S 


identically with respect to s. 


15:21. Non-Repeated Roots of the Characteristic Equation.—In the first 
place, let the characteristic equation have n unequal roots S1, S% . © «5 Sm 
Then there exist n solutions Uz, Us, . . ., Un Which, after the circuit has 
been once described, become U,, Us, . . ., U, respectively, where 

Usen Ussa «6 4) Ug eey; 
The solutions u1, Ug, . . ., Up are fully equivalent to the original set, and 
form a fundamental system. 

Consider in particular the case where the contour encloses one singular 
point only,t say z={, and consider the multiform function (z—{)?. After 
one complete circuit has been described, this function becomes e27tp(z—f)?. 
Let p, be chosen so that 

$,=e27'P,, 


p(z —C) =(2—C) ~ Pare 
will return to its initial value after the description of a complete circuit about 
č; in other words ¢(z—{) is a uniform function of z in the domain of the 
point ¢. 
Moreover pis undetermined, in the sense that it may be replaced by 
p,m where m is any positive integer. If p, can be so determined that 


then the function 


* For the rule for multiplying together two determinants of the same order, see Scott 
and Mathews, Theory of Determinants, Chap. V. 

+ The contour might now conveniently be taken to be the circle |z—{|=R where, 
if z, is the nearest singular point to , R is any number less than |z; —¢ |. 
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$,(0) is finite, but not zero, the solution is said to be regular. A regular 
solution is therefore one which is expressible in the form 


Uy,=(s—C)P*b,(z—Z), 


$(2—f)=O(1) as 2-6. 
The index p, is known as the k exponent relative to the regular singular 
point z=C. 
If p, cannot be determined in this way, ¢;,(z—{) (and therefore u;) has 
an essential singularity * at z={; the solution is then said to be irregular. 
This occurs, for instance, when 


$(2—L)=ellle-0. 


where 


15:22. The Case of Repeated Roots.—Suppose now that the characteristic 
equation has repeated roots, for instance let the root sı be repeated m times, 
S2 repeated mz, times and so on until the enumeration of the roots is com- 
plete. Then 

Mı +My, + e.. =N. 
It will now be proved + that, corresponding to any root s of multiplicity m, 
there exists a sub-set of u( <m) linearly distinct solutions 


Uls Ug, « + +» Ups 
which become respectively, after the circuit has been described, 
Svi S(V2+0,), « -  S(Op+Op-1)- 
The remaining solutions 0p 43, Up+2s - . -Um give rise to other sub-sets with 


the same multiplier s. In other words, what has to be proved is that the 
set of n linear transformations (§ 15°2, B) may be replaced by the aggregate 
of a number of sub-sets of which 


V4=80j, V =s(v2 +01), E 8 8 V p=S(0p +0p~1) 

is typical, vj, vo, . . ., Up being linear combinations of wi, wg, . . ., Wp. 
This will be proved by induction, the first step being to assume it true with 
regard to an (n—1)-fold system, and to deduce from this assumption its 
truth in the case of an n-fold system. 

Let o be any root of the characteristic equation; then there exists a 
solution v such that 

V=ov. 

Of the solutions w1, wg, . . ., w,, at least n—1 are linearly independent of 
v; let them be we, ..., w,. After the circuit has been described they 


become Wo, . . ., W,, respectively, where 
í W =b +b22Ww2 + Sh 6 +bon®n, 
(C) š ‘ Á y : è 
W a=b brow + . . . +bnnWn. 
But OD x a> O Æ0, 
bo, boo, Ren Rag bon 
bn bno Oy 


from which it follows that 


) a a | 
| bg; ¢ Ji: Seca Y 
| big |=-0 eM Bg ait! i a 


* ¢ is also said to be a point of indetermination. 


+ Fuchs, J. fiir Math. 66 (1866), p. 136 [Ges. Werke, 1, p. 174]; Hamburger, J. fiir 
Math. 76 (1873), p. 121. 
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Write . ; 
W.—bov=W,', ..., W,—b,v=W,,, 
then 
Wo! =byot2+ wh mh +DonWn 
(C’) . . . . . . 
W p =bygWot . . -» HOnnWn 
is a set of linear transformations on n—1 symbols, with non-zero determinant: 
It follows from the assumption made, that wo, . . ., W, may be replaced by 
linear combinations of these symbols, say 
Uy, Ug, ++ + Un—p 
which become Uj’, Uz’, . . ., U,'_ 1 after description of the circuit. 
Then the system (C’) is transformed into 
Uy’ =s, Uz =s(ug+u), . . -, Up'=s(up+up-), 
together with other similar sub-sets giving in all n—1 equations. But if the 
transformation which changes wo, . . . Ww, into uz, .. ., U,— 1 is applied 


to the system (C) instead of to the system (C’), the former system will 
become 


U, =S +k, Us =s(us +u) +k, P RT Up=S(Up+Up—1) +kyr, 
where ky, ko, . . ., ku are definite constants depending upon certain of the 
coefficients b,. Now write 

U,=01 +À, Uo =V +Ag?d, PE og Uu =Vp Ayr, 

where Aj, Ag, . . -, Ay are arbitrary constants. Let the quantities v1, vo, . . ., Up 
thus defined become Vy, Vy, ..., Vu, when wu, Ug, ..., Up become 
U,, Ug, . . ., Uy, so that 

U,=V1+A,02, U,=V2+Ag,02, BGR Fate Un=VutarAzor. 
Then 

(ca Vy =S0, +{k;—(o—s)A,}o, 
V ,=s(v,+0,—1) +{k, —(o—s)A, +5A,— 1}0 et Pip: ate 7) 


In the first place, let os, then Aj, Ag, . . ., Aw may be chosen so that 
the coefficient of v is zero in each case. Then the set of substitutions 
assumes the canonical form 


Vi=80;, V2=8(02+01), -. + Vy=s(0pt0p—1). 
In the second place, let o=s, then if ky=0, Ay, Ao, > . . Au, may be chosen 
to make the coefficient of v disappear, and the set of substitutions again 
assumes the canonical form as above. On the other hand, if kı+0, v may 
be replaced by sv/k, throughout and Aj, Ag, . . ., Au—1 chosen so as to make 


the coefficients of v, in all equations but the first, vanish. The canonical set 
of substitutions then becomes 


V=sv, Vy=s(0,+v), Ve=s(vo+01), -o Vu=s(vp+op-3). 
There may also arise two or more sets of substitutions (C’’) with the 


same factor* s=o. They may be reduced, by proper choice of the 
constant, A, to 


V1 =s0, +k, Faamalo FO .- > Vp =S(0p+0p-), 
Viu+1=S0p4it+hy'0, Vure=s(Qu+et+dp+i1), -o Vy=s(v,+v,-1); 
etc., and it is assumed that k,=+0, k;'+0, . . .. As before, by replacing v 


* No special treatment is required when there are several sets of substitutions with 
a factor sø, as the reduction of each set to canonical form is immediate. The only 
case which calls for special mention is the one treated, where s=o, k,=0, k,’=+=0, ete. 
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by sv/k,, kı is replaced by s, and the first set, taken together with the sub- 
stitution V =sv becomes canonical. In the second set, write 

Vut =O pte thy'd,/ky, 

V ute =V" p+r tkr V lk, 
then 

V' 41 =S0' n+ 1> V' +2 =8(0'p+e Ho'p) Aes V'y=8(0'y+0'»y—-1)> 

which is of canonical form. The remaining sub-sets, if there are any, are 
dealt with in the same way. Thus the first part of the theorem is proved, 
namely that if a set of n—1 substitutions can be reduced to canonical form, 


a set of n substitutions can similarly be reduced. But when n=1 the theorem 
is obviously true, in fact trivial; it is therefore true generally. 


15:23. Solutions of a Canonical Sub-Set.—It has thus been proved that 
corresponding to an m-ple root s of the characteristic equation there exists a 
set of m solutions, 

Wis Uo © «05 Die 
which may be arranged in sub-sets so that, if the solutions become 
Vi; Vo, * 6 4 Kua 
when the circuit has been described, 
V =s0), V2=8(02+03),.-., V ,=8(0y +0, —1) 
V 441=S80y4 Vpt =s Vuy) - e +» Vy=s(v,+0,-1); 
Consider the first sub-set, supposing as before that the contour encloses 


only one singular point z=. The nature of the p solutions which compose 
this sub-set will now be examined. 


As before 
01=(2—€)?di(z—C), 
where 
s=e?nip 
and ¢;(z—¢) is uniform in the domain of the point ¢. 
Now 
AS 
Vi oF Vy Ply 


that is to say, v/v; is a quasi-periodic function of z—f. But the function 


Pa log (s—) has the same quasi-periodicity, for after a circuit described in 


the positive sense around the point ¢, Poe log (z —C) becomes a log (z—¢)+1. 


Consequently the difference 


“es ami 108 (2—8) 
returns to its initial value after the circuit has been described, and therefore 
U9 1 a wll 
4 ari og (2 —$) =p —8), 


where (z —ģ) is uniform in the domain of č. Hence 


v= 0f Lgi- log (2—L) +20), 
where 


fo(z—f) = (2 —F)ys1(z —C). 
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Now make the substitution 


1 
t= zri log (2—8) 
and let 
v, =(2—t)Pu,. 
Then as the variable z describes a simple circuit, in the positive direction 
around the point ¢, ¢ increases to t+1, and thus the functions u,, regarded as 
functions of t, satisfy the quasi-periodic relations 
u,(t+-1)=u,(t) +Uu,—1(t) (r>2). 
These relations can be satisfied by taking u4(t)—=1, u(t) =t, and in general by 
taking u,(t) to be the polynomial 
Cd WA e2). 
The constant C, has to satisfy the relation 
(r—1)C,=C,-, (C\=1), 
and thus 
C,=1/(r—1)! (r>2). 
Thus a particular solution of the functional equation satisfied by w,(t) has 
been found. Denote this solution by 0,(t), so that 
_ut—1)... (f—r42) 
6,(t)= (r—1) ! TARE) 
and consider the function 
0,(t) =6,(t)x1(t) +6,—1(t)X2(t) + Sas +61(t) x(t), 
where each function y(t) is such that 


Xs(t-+-1) =xz(t). 
Then 


@,(t+1)—9,(t)= > xXr—0+.1(t){9,(t+1) —8,(t)} 


s=1 


=ÈXr-s+ 1(t)O5— (t) 
=@,_ 1(2), 


and therefore, 
u,(t) =@,(t) (72, 8, .. », f) 
is a general solution of the system of relations 
u,(t-+1)=u,(t) +t, (t). 
Now referring back to the variable z, it will be seen that the functions 
Vy, U2, . » . Up are of the following forms : 


vı =(z—£)?h3(z—6), 
V2=(z—C)P{Boh3(z —%) +h0(z —£)}, 


Op=(s—C)P{Ouh1(2—f) +Ou—i1h9(z—L)+ . . . +hp(z—F)}, 
in which 0, is written in short for 
0,) st log e0}, 


where the same determination of the logarithm is taken throughout, and 
the functions ¢,(z—¢) are uniform in the neighbourhood of the point ¢. 

The remaining sub-sets having the same multiplier s may be treated in 
precisely the same way. Thus in general, when s is a repeated root of the 
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characteristic equation, terms having logarithmic factors enter into the 
general solution. This case is frequently spoken of as the logarithmic case 
(see § 6°3). 


Example.—The equation 


z+) o5 z% +4(8z+1)w=0 


has the two linearly-independent solutions 

W,=2zt, w,=2t log z+2!. 
If z describes a circuit in the positive direction around the origin, these solutions 
become respectively, 

W,=—2t=—w,, W= —zi(log 2+27i) —2! = —w, —27iw. 

The characteristic equation is therefore 

aoc bras 0 bee 

—2mri, —l—s | 
or 

(s+1)2=0. 
Any solution of the form 
- w=(2—L)P{ty(s—C) He prnl EH -o o Herle 

is said to be regular,* when the point ¢ is an ordinary point or pole of the 
functions ¢. If all the n solutions relative to the point ¢ are regular, ¢ is said 
to be a regular singular point of the equation. If any one of the functions ¢ 
has an essential singularity at ¢, the point ¢ is said to be an irregular singular 
point of the equation. 


15:24. Alternative Method of Obtaining the Solutions of a Canonical Set.— 
Starting from the solution 

K 01 =(z—£)?o1(z—$), 
write 
i w =v; fvizdz 
then vj, satisfies a homogeneous linear equation of order n—1, which has at 
least one uniform solution; let this uniform solution be vio. The corre- 
sponding characteristic equation is of degree n—1, for one root s has dropped 
out and the canonical sub-set 


Vy=80,, Vo=s(02+0), . - -n Vu=s(0p+vp—1) 
is now replaced by 
Vi2=8012, Vig=s(013 +012) - - » Vip =8(Vyp +01, p—1): 


Now write 

w =v; fvr fves(dz)? 
and repeat the process. In this way there arises a set of u solutions corre- 
sponding to the canonical sub-set, namely (ef. § 5°21), 


01 =(2—f)d1(z—8), 


Vam vf Vi2dz, 


Ur =01 fvi fvz Ter Jor-1, r(dz)"— 1 (r=2, ied ves u) 
in which v9, Usg, . -> -» Vr—1,r are all one-valued in the domain of ¢. Since 
these functions are one-valued, v, must necessarily be of the form 


0, =(z—%) {thol —E) +H- thnlt) -o o Horla), 
where tł" =log (z—f) and ġģ,o is a constant multiple of ¢). a 
* Thomé, J. für Math. 75 (1873), p. 266. 
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15:3. A Necessary Condition for a Regular Singularity—The preceding 
theory is of great theoretical importance in that it reveals the character of the 
general solution of an equation relative to any of its singular points, but it 
contributes little towards the more difficult problem of determining the 
explicit form of the general solution. In fact a point has now been reached 
where it is practically impossible to proceed further without imposing some 
convenient restrictions upon the equation or upon its solutions. The path 
to take is pointed out very clearly by the following theorem.* 

A necessary and sufficient condition that the point z=~¢ should be a regular 
singular point of the equation 


drw d"™— lw dw 

gan + Pi) pani t + + + tPn-1(2) gg TPnlz}w=0 
is that 

Pr(2)=(2—6)-*P(z) (r=1, 2, . . . n), 
where P(z) is analytic in the neighbourhood of ¢. 
There is no loss in generality in supposing the point ¢ to be the origin. 

The necessity of the condition relative to z=0 will first be proved. It has 
been seen that there always exists a solution 


Wy =2(2), 
where ¢(z) is uniform in the domain of the origin, and assuming this solution 
to be regular, 6(0)--0. Now let 

w=w, fodz 
pi a solution of the equation, then v will satisfy a differential equation of the 
orm 

n— n— 
Sane + ER + + s Faan, 


and if w is to be a regular solution, v must be regular. But the coefficients q 
are expressible in terms of w, and the coefficients p, thus 


Ww 


n= 
1 d'w d'— 1w dw 
d= at nly ae + n=l,- P aa aa AE +Hna—r+H)p, -r +p,0,}. 
Take first of all the simple case n=1; the equation 
dw 
dz + pyw=0 


has the solution 

w=Ce-S: Dp, dz, 
and if this solution is to be regular it will be necessary for pı to have the form 
z—1f,(z), where f;(z) is analytic near the origin. Next proceed to the case 
n=2. The equation in v will be of the first order and consequently near the 


origin, 
qi(z) =O(2-?). 
Also ae) 
1 dw, i. ti 
ra i = O(2-1). 


Hence, as before, p(z) is of the form 
pr(2) =2~ "fil2), 


* Fuchs, J. fiir Math. 66 (1866), p. 143 ; 68 (1868), p. 358 ; Tannery, Ann. Éc. Norm. 
(2), 4 (1875), p. 135. 
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where f;(z) is analytic in the neighbourhood of the origin. But 


ug dw, pine 
P2= = > 
and since, near the origin, 
1 $ dw, bi 2 
ae E A 
1 dw 
La NE ay pee 
w dz Ole"), 
pı = 0(27!), 


Pz is of the form z—2fa(z), where fə(z) is analytic in the neighbourhood of z=0. 
The proof is now completed by induction. The theorem is supposed true 
for an equation of order n—1, thus in the equation for v, it is assumed that 


9-(2) =2—"g,(2) (r=1, 2,.. sx) WMD, 
where g,(z) is analytic at the origin. Then it follows immediately from the 
expressions for the coefficients p that 


p,(2)=2-*f,(2) rl, 25 oe 5 
f(z) being analytic at the origin. It therefore remains only to prove that 
p,(2) is of this form when r=n. But this follows at once from the equation 
ae d”™—1w, dw, 


Prlz) =— — +71 = ia +Pa-t i 


The condition stated is therefore necessary. 

A proof of the sufficiency of this condition could be supplied by proving 
that when the condition is satisfied, convergent expressions for the n solutions 
of the equation can be obtained explicitly. This proof will be given at the 
beginning of the next chapter; in the meanwhile an independent and some- 
what more general proof of sufficiency will be outlined. 


15°31. Sufficiency of the Condition for a Regular Singular Point.—It has 
now to be proved that if, in the equation 
n—1 
T Hamp la) ane + i HHP, ala) + 2-*P, (a0 =0, 


all ia functions P(z) are analytic in the N of the origin, the 
equation possesses a fundamental set of n solutions regular at the origin. 
Now the equation may be replaced by the — 


oT ae pay gre a oe 
dw, 
z-z = A1l2)@1 + Ao(2)w2 + ... +A,(2)w,, 
where A,(z), . . ., 4,() are linear combinations of P;(z), . . ., P,,(z) with 


constant coefficients, and are therefore analytic near z=0. 
It is convenient to consider, in place of the above system, the more 
general system 


| dw 

2s = Anw +Ajqbe+ ... +Aintn, 
dw 

Bo = Apis + Asst + se e PAs 
gn Anw HAnwnt .. + +Ann®n, 
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wherein all the coefficients A are analytic in the neighbourhood of the origin. 
It will first of all be proved that, when a certain restriction (to be removed 
later) is imposed, there exists a set of solutions of this system, regular at the 
origin and also free from logarithmic terms, namely, 


W4y=2U, Wa =U . . n W= Un 


where r is a certain constant, and u4, wg, . . ., Un are all analytic at the origin. 
The constant r may be so chosen that if c1, C2, . . ., C, are the values of 
Ui, Ug, > > » U, When z=0, at least one of the numbers c is not zero. Let 
a,, be the value of A,, when z=0, then by substituting wi, wo, . . ., w, in the 
system and equating to zero the coefficient of 2” in each equation, the following 
set of relations is found : 


(a11 —r)ci + aito + . ~~. Fainn eA), 
A21Cy+(dgg—T)Cot+ . ~~ Hanen =0, 
An1Cy +Anols +... +lann— r)en =0. 


By eliminating the unknown coefficients c, from this system the indicial 
equation or equation to determine r is found, namely, 


441—7T, Aig o a ty Big S0 ; 
a21, Qgg—T, .. + Gan 
anis An2» os a eT 


let its roots, which may not all be distinct, be denoted by 


Tis To, + « «9 Tye 
f ; dw, dw dw 
Now if W,, Wz, . . ., W,, are written for a ws A Te re- 
spectively, the system under consideration is 
W 1 =1101+yoW2+ . . . +41nW,+O(2, w), 
Wo=4o1W1+Ag9W2+ . . . +onW,+O(2, w), 
W 7, =Gn1W1 +AngWo+ eas +Ann®n +O(2, w), 
where O(z, w) is written in brief for linear expressions in w1, Wo, . . Wp, Whose 


coefficients are analytic functions of z which vanish at the origin. Apart 
from the terms O(z, w), this set of linear substitutions is quite analogous to 
that which arose in § 15-2 although its source is completely different. Let 
the terms O(z, w) be ignored for the moment, then w1, Wo, . . ., Wp may be 
replaced by linear combinations of these quantities, namely vj, vg, . . ., Un; 
such that the system becomes, when the roots of the indicial equation are all 
unequal, 
Vi =fť10]; Va =T309, e o o Fa =P nV n- 


By performing exactly the same reduction on the system when the terms 
O(z, w) are present, the system considered may be replaced by 


Vi =1}01 +0(z, v), 
Va =r202 +0(z, v), 


F n=1nVntO(z, 0). 


If, on the other hand, the roots of the indicial equation are not all distinct, 
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om tea may be replaced by the aggregate of a number of sub-systems 
such as 

Vy=1r 0, +0(2, v), Vn 4110p 4+1+O(2, v), 

Ve Fala ta) + Ol, © v), Vu+a=Ta(Vu+2 +p TO v), 


Pilo +0(, p), E SOPAT Dole a 
and so forth. As the latter case includes the former, only the latter will be 
considered. Transform the system by writing 


01=2714;(2), Vg=2"1b0(2), . . . U_=2"1¢,(2), 
then since V;,V2, . . ..V, are the same linear combinations of W1, Wo, .. Wn 
AS Uj, Vo,- « +, Up are Of Wy, Wo, . . ., Wy, it follows that 
dv dv 
ei tot Se == g—", 
1 dz » Vn dz 


~" =r Pu—1 t+ Opl2, $), 


i = (r2—Tr1)Pu+1 +0u+1(2; $), 


Since the terms O(z,¢) can be found explicitly, and are linear in 
$1, $z - - +5, with coefficients analytic in z and vanishing at the origin, the 
functions ry can be determined from the equations, as power series in z, by a 
method of successive approximation. It can be seen almost immediately 
that ¢;(z), . . ., Pu—z(z) must be zero when z=0, whereas ¢,(0) may have any 
arbitrary value a. Thus, for instance, if d.— (0) were not zero, du(z) would 
involve a logarithmic term, contrary to hypothesis. If r,—r, is a positive 
integer, say m, then in general the process of determining successive coefficients 
in the expansion of ġu+1(2) breaks down at the term in 2”, for then there is 
nothing to balance the term in 2” proceeding from the term O(z, 4). Thus, 
for the development of all the functions ¢ as power series in z to be possible, 
it is necessary to restrict 7,—r, to be not a positive integer (though it may be 
zero) for any value of k. This is the restriction mentioned earlier in this 
section. When this restrictive condition is satisfied, it is possible to deter- 
mine all the coefficients in the series developments of the functions ¢. It 
only remains to prove that these developments converge for sufficiently 
small values of |z|. An outline of one possible method of proving this con- 
vergence is as follows. 

Let e be the numerical difference between ra —r; and the nearest positive 
integer, and consider the system of ordinary linear equations. 


$1 =Qi(z, Y), 
pe TORI telz, p). 


pu— | a | A) a, W), 
ety + 1=Qu+1(2, p), 
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in which Q;, Q2 . . ., Q, are linear expressions in #1, po, . . ., Yn Whose 
coefficients, vanishing at the origin, are dominant functions for the corres- 
ponding coefficients in the terms O(z, $) of the system in $4, 2, - - «5 Pn. 
But this present system may be solved for the functions W in series of ascending 
powers of z with positive coefficients, and these series converge for sufficiently 
small values of |z|. If the coefficient of the leading term in the series for 
each of the functions ¢% is the modulus of the leading term in the series for the 
corresponding function ¢, the moduli of the remaining coefficients in the 
series for the functions ¢ will be at most equal to the corresponding coefficients 
in the series for the functions ~. The series for the functions ¢ therefore 
converge absolutely and uniformly within a definite circle whose centre is at 
the origin. 

It follows that the system of n linear differential equations of the first order 
possesses the set of regular solutions 


Wy =8 U] Wy =Z Us . - 5 Wa =Z Un 
where Uj, Ug, . . . Up ‘are analytic in the neighbourhood of z=0, and r, is a root 
of the indicial equation such that the difference 
Ti — Tis 


where r, is any other root of the indicial equation, is not a positive integer. 
When no two of the roots of the indicial equations differ by an integer, 
the system possesses n distinct sets of solutions of the above type. 
In the case of the single equation of order n, to which the system is equiva- 
lent, the indicial equation is 


irl tPF aeia +Pn—1(0)r+P,(0) =0, 
where [r],=7(r—1) . . . (r—n+1). If the roots of this equation are 
Pigs ie swt aaah aes 
the differential equation will possess a solution 
w =2"*u,(2) 
corresponding to each root r}, where u,(z) is analytic near z=0 and u,(0)+0, 
provided that none of the differences 
na eared TAR A hat ROC STORY IP res JB 
li positive integers, though one or more of these differences may possibly 
e zero. 


15°311. The Logarithmic Case.—To complete the proof of the sufficiency of 
Fuchs’ conditions, it is now necessary to admit the possibility of the roots of the 
indicial equation differing by an integer. Let the roots 
Fig! Hig. 3 8 og te 
differ from one another by integers, and from all other roots by numbers other than 
integers. Let 
a E e aY 
The solution 
Wy =271U 1(2) 
corresponding to 7, exists in consequence of the work of the previous section. Let 
w=w, S vdz 
be a solution, then (§ 15:8) v satisfies an equation of order n—1 satisfying Fuchs’ 
conditions with respect to z=0. But since 


a5.) 


the roots of the characteristic equation relative to the equation in v are 
To—71—1, Tfa—fı—l, . =- Tp—T,—l, 
and of these the first y —1 are negative integers. 
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Since T, >r;, there will be a solution 
v=272—1—1,4(2), 

where 4(z) is analytic near the origin and 4(0)=-0. Consequently there exists the 
solution 

Wy =W; fz "2—"1~1yY(z)dz 
which, multiplied if necessary by a constant factor, reduces in general * to 

W =Z {U (2) log z-+-Uy2(z)}. 
The process may be repeated, giving in general 

Wy =21{U (2) Hup (2) -1+ . . . +%,fz)} 
(v=2, 3, . . -p pt), 

where the functions u(z) are all analytic in the neighbourhood of z=0. The 


remaining groups of indices are treated in the same way and the proof of the 
sufficiency of the condition is complete. 


15:4. Equations of Fuchsian Type.—-An equation of Fuchsian type is one 
in which every singular point, including the point at infinity, is a regular 
singularity. Let there be v regular singular points 

Wis Ag, + = = Ay 


in the finite part of the plane. It is an immediate consequence of the theorem 

of Fuchs that the coefficient p,,(z) will be of the form 
Pm(2)=(2—Gq)~™(Z—ag)—™ . . . (2G) "P (2), 

where, since there are no other singular points in the finite part of the z-plane, 

P,,,(2) is an integral function of z. 

Now consider the behaviour of these coefficients at infinity ; if the equation 
is to have a regular singularity at infinity, the point at infinity must be at 
most a pole of the function p,,(z). Consequently, P,,,(z) is a polynomial in 
z, and p,,(z) is expressible in the form 


SEER he Qm(2) 
y(2)= 2 (2—a,)™ + (2—a,)™—"(z—a_)™-1 . . . (2—a,)™-1 , 


s=1 
where Pms is a constant f and Q,, is a polynomial whose maximum degree is 
to be determined. On the other hand p,,(z) admits of the development 
Pml?) T ino +b m12” 1 +b not 2 +.. as 
convergent for sufficiently large values of |z|; let 
w=z (co tez t tHe? o A 
be assumed to be a solution of the equation, regular at infinity. The exponent 
r is determined by the indicial equation relative to the point at infinity ; if 
there are to be n distinct regular solutions this indicial equation must not 
degenerate to an order lower than n. Since, therefore, the indicial equation 
arises by equating to zero the terms of highest order in z, it must involve the 
term of highest order in w™ which is O(2’~"), and no other term can be of an 
order greater than this. But the dominant term arising out of p,,(z)w™ is 
O(z°m+r-n+m) and therefore 
Om S- M. 


Qmn(2) =O(e™”—™—*) 
at most, when m>1, and that Q, is identically zero. 
There remains the question as to what degree of definiteness is introduced 


It follows that 


* In the very particular case in which the series development of (z) does not involve 
the term 2"1—"2 no logarithmic term appears in wz. 
t Pms=(G@s—a,)—-™... (as —@s— ,)—™(@s —4s + 1)—™ . « . (ds—ay)—™P p(s). 
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into the equation by the knowledge of the n exponents which correspond to 
each singular point. Consider the singularity z=a,; if the regular solution 


w=(z—a) È Cala) 
K=0 


is assumed, the indicial equation is found to be 


n 
izl aP > P nalt lam =0. 
m=1 
Consequently, if the exponents 


As15 As95 * 8 Asn 


relative to a, are pre-assigned, the constants Pms are uniquely determined, 
thus 


n 
Py,—4n(n—1)=— J ay, 
k=1 


—3(n—1)(n—2)Pyg-++33n(n —1)(n —2)(8n—1) = $ > auas (k+), 
and so on. ih toh 


Now suppose that the leading term in Q,,(z) is 4,,2"-™~—”, so that for 
large values of z, 


Pal2)=2-") S PyatAm} +0(e-™-1), 
=] 
If a solution of the type i 
w =27(Do +b42- 1 +bo2-2 + wo ) 
is assumed, the corresponding indicial equation is found to be 


(ht $ Í I Parte alia 


m==1 
The exponents relative to the point at infinity are defined as the roots of this 
equation in o with their signs changed. 
If the exponents are 8), 8, . . ., Ô, then, since 4;=0, 


È Punla- 1)= - 3 5 
But 


2Po-bin—)=— Feu (GETS on) 


un 
and therefore 

Ya, +38,=}n(n—1)(v—1), 
that is, the sum of all the exponents is constant. Thus if there are v+1 
singular points (including the point at infinity) there are n(v-+1) exponents 
with one relation between them. The coefficient p,,(z) contains m(v—1)-+-1 


constants, namely the v constants Pms and the my—m—v-+1 coefficients of 
the polynomial Q,,,(z). Thus the equation contains, in all, 


§n(n-+1)(v—1) +n 
distinct constants, of which n(v-++1)—1 are accounted for by the exponents. 
There remain 
3(n —1)(nv—n —2) 
arbitrary constants. 
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The n solutions corresponding to each of the v+1 singular points are 
grouped together under one symbol known as the Riemann P-function * : 


| s e Gy | 
P Qil +--+ + Ay on | 
Qin +++ On Ôn 


which indicates the location of the singular points, and the exponents relative 
to each singularity. 


15°5. A Class of Equations whose general Solution is Uniform.—Consider 
the equation 


d” dr-1 d 
Pole) T HPI) gaa Ho HPne) GE HPal)jw=0 


it will be assumed 

(a) that the coefficients are polynomials in z and that the degree of po(z) 
is not less than that of any other coefficient ; 

(b) that the singular points which lie in the finite part of the z-plane are 
regular ; the point at infinity may or may not be regular ; 

(c) that the general solution of the equation is uniform. 

In order that (c) may be true, it is necessary, in the first place, that the 
exponents relative to every singular point be integral, and in the second place 
that no logarithmic terms appear in the solution. 

It will now be proved that, when these conditions are fulfilled, the general 
solution of the equation is of the form 

w=Cy,es?R,(2z)+Coe'"Ro(z)+ . . . +C,e'"R,(2), 
where Ci, Cz, . . ., Cn are the constants of integration, Aj, As, . . ., A, are 
definite constants which need not be all unequal, and the functions R(z) are 
rational. 

Let the finite singular points be a, do, . . ., ay, and let the least negative 
exponent relative to a, be as; if the exponents corresponding to a, are all 
positive, let a, be zero. Then the change of dependent variable 


Wy =(%—a,)% .. . (2—a,)"w 
transforms the equation into one in which all the exponents relative to the 


finite singularities are positive integers or zero; let the transformed equation 
be 


dw," dw 
gola) Ge? tale) en ts Haale) St +gq(2)e0s =0. 
This equation has the properties (a), (b) and (c) specified for the original 
equation. 
Now let 


Wy =wWee, 
then there arises an equation in which the coefficient of wg is 
A”go(z) +A"—193(2)+ » » © +AGn—1(2)+9n(2), 


and A can be so chosen as to make the coefficient of the highest power of z 
zero. The equation may then be written 


d'w d"~ lw dw 
Qo(2) “Gem TUO Geena + o Heal) Ge? +Qn(2)t02=0, 
* Riemann, Abh. Ges. Wiss. Gött., 7 (1857), p. 3 [Math. Werke (2nd ed.), p. 67]. 
Cf. § 7:23. 


+ Halphen, C. R. Acad. Sc. Paris, 101 (1885), p. 1238. 


www.rcin.org.pl 


LINEAR EQUATIONS IN THE COMPLEX DOMAIN 373 


in which, if Q(z) is of degree m in z, Q,,(2) is at most of degree m—1 and the 
remaining coefficients are of degrees not exceeding m. 
Now 


Q(z) Rik 4 Ys 
Qo(2) wet M 2 8 ; 
where yọ is,a constant. The sum of the exponents relative to a, is 
3n(n—1) —yz. 


Now these exponents are unequal positive integers, their sum is therefore not 
less than 


0+14+2+ ... +(n—1)=4n(n—-1). 


Consequently y, is zero or a negative integer, and therefore 


v 
S=> y0<0. 
s=1 
Suppose, for the moment, that Q,,(z) is not identically zero ; it will be shown 
that a finite chain of transformations can be set up which leads to an equation 
in which the term corresponding to Q,,(z) is identically zero. Let 


W =, 
then 
ala Eo Oy a) H -o $Qn—1l2) + Qn(2)e02=0. 
Differentiate with respect to z, obtaining the equation 
ole) HOA nt +... +Qn'(2)tne=0, 
and then eliminate w, between the last two equations. The eliminant is 
aw, 


, , Gq} Wı 
lR) EE HR HNR N T +... =0, 


and is an equation of the same type as that in wọ. Let S” be the number which, 
in this equation, replaces the number § in the equation in w; S’ is the 
coefficient of z~1 in the expansion in descending powers of z of 

Qolar  Qi(2) _ @n'(2) 

Qo(z) Q(z) — @n(2) 
and this coefficient is m in Qp’(z)/Qo(z), S in Q1(z)/Qo(z) and is not greater than 
m—1 in Q,,(z)/Q,(2). Consequently, 

S’>S-+1. 
The process may be repeated, provided that the coefficient of W, in the 

above equation is not zero, by finding the equation in W where 


dw, 
Ua" de! 
a number S” is obtained such that 
S”’>S+2, 
and so on. The process must, however, terminate, because the numbers 
S’, S”, . . . arenegativeintegers. Thus there will come a stage at which the 
coefficient of the dependent variable 
SH dws 
pe dA 


www.rcin.org.pl 


374 ORDINARY DIFFERENTIAL EQUATIONS 


is zero. The equation then has the solution 
W p=constant, 
and therefore wg is a polynomial in z of degree p. Thus, since 
ne we 
~ (—a,)% . . . (z—a,)%’ 


wW 


there exists a solution 
w=eR(z) 
of the given equation, where R(z) is a rational function of z. 

To complete the proof it is necessary to show that there are distinct solu- 
tions of this type equal in number to the order of the equation. This will be 
assumed when the order is »—1 and then proved for an equation of order n. 

The given equation possesses one solution of the type considered, let it be 

w =e" Ry (2) 
and write 
W=W, J udz. 

The new dependent variable satisfies an equation of order n—1 and this 
equation will be of precisely the same type as that in w. It therefore has a 
solution 

u=eR(z), 
where R(z) is a rational function of z ; let 
w=w; fe“R(2)dz. 
Now, since w is to be uniform, the integral 
JerR(2)dz 
can introduce no logarithmic terms ; it must therefore be of the form 
e7R(z), 
where 1R(z) is rational in z. The n—1 independent solutions u(z) therefore 
lead to n—1 solutions 
w, =6FR,(2) (rR B a a aR 
which together with w, form a set of n independent solutions of the given 
equation. Since the theorem is true when n=1, it is true always. 

The converse of this theorem is also true, namely, that if e?R,(z), 
ex? Ro(z), . . ., e?R,(z) are linearly distinct, these n functions satisfy a 
differential equation of order n, with polynomial coefficients, such that the 


degree of the coefficient of oe is not less than the degree of any other co- 


d 
efficient in the equation. Consider, in the first place, the single function 
w=e?R,(2) 
_ P(2) 
—ehye } 
Q(z) 


where P and Q are polynomials in z. Then 
dw ; ; 
PQ r =(A,PQ+P’'Q—PQ)w, 
and therefore the coefficient of w is a polynomial of degree not exceeding 


that of the coefficient of = ; 


a) 
Now suppose that for an equation of degree n —1 the coefficient of eae 


dz"~1 
is a polynomial of degree not less than that of the remaining coefficients. 
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The n functions 
R,(z) R,,(2) 
(Aa =A E oN (An—A,)2 NNS, 
i A e. R,(z)’ Wie v5) G RG) 
satisfy a differential equation 
d"w d"-1w dw 
Qo(2) a +Q1(2) yc an +@n—1(%) Ge =0, 


whose coefficients are polynomials in z multiplied by exponentials. If 
er 
dz’ 
there arises an equation of order »—1 in u whose solutions are 
TS gosie RN WRT ži oa aE) 
dz R (2) dz Ry(2)) 


each of which is of the type e’R(z). By reason of the assumption made, the 
exponential factors in Q(z), . - -» Q,—1(2) cancel out, and the degree of Q(z) 
is at most equal to that of the remaining coefficients. Now make the 
substitution 


u 


w= R (2)W, 


then the equation satisfied by w is of order n and is of the type specified. In 
n 
particular the degree of the coefficient of oh is at least as great as that of 
the other coefficients. The converse theorem is therefore proved. 
This investigation gives a clue to the nature of the solutions when the point 


at infinity is a point of indetermination of a simple character. 


15°6. Equations whose Coefficients are Doubly-Periodic Functions.— 
Another class of equations whose general solution, when uniform, is expressible 
in terms of known functions is revealed by the following theorem.* When 
the coefficients of a homogeneous linear differential equation are doubly-periodic 
functions of the independent variable, the equation possesses a fundamental set 
of solutions which, if uniform, are in general doubly-periodic functions of the 
second kind. 
Let the differential equation be 
drw d"—lyw dw 
den + pil?) Fart Soale a +Pn—1(2) T + Pr(z)w=0, 
and let the coefficients p(z) be doubly-periodie functions with the periods 
2w and 2w’. It will also be assumed that the number of singular points in 
a period-parallelogram is finite, and that the general solution of the equation 
is uniform, for which it is necessary that the exponents relative to every 
singular point should be unequal integers. 
Let w,(z), wWo(z),. . ., W,(z) be a fundamental set of solutions of the 
equation. Then 
W(2+2w), wa(z+2w), .. . W,(2+2w) 
will also be solutions forming a fundamental set, and there arises a set of n 
linear relations 
W,(3+2w)=a,1W3(z) + . -> +4,,0,(2) iran}, By... 4 Mh 


* Hermite, C. R. Acad. Sc. Paris, 85-94 (1877-82) passim [Cuvres, 3, p. 266]; Picard, 
C. R. 89 (1879), p. 140 ; 90 (1880), p. 128; J. für Math. 90 (1881), p. 281. Mittag-Leffler, 
C. R. 90 (1880), p. 299 ; Floquet, C. R. 98 (1884), pp. 38, 82 ; Ann. Ec. Norm. (3), 1 (1884), 
pp. 181, 405. 
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By following a line of reasoning very similar to that used in § 15:2 it can 

be proved that there is at least one solution w;(z) such that 
U;(%-++-2w) =su(z), 
where s is a numerical constant. Now consider the other period; the 
functions 
ulz) %3(%+2w’), u,(z+4w’), .. 
are all solutions of the equation. Since the equation has only n distinct 
solutions, there will be a number m (<n), such that u;(z-+-2mw’) is expressible 
as the linear combination 
bu (z) +bzui(z+2w") + A A +b muz +2(M-— 1)w’}, 

and supposing m to be the least integer for which this is true, the constant b, 
is not zero. 


Let 
Uz(2+2w’) =u2(z), 
Ug(%+2w") =us(2), 
Um—1(2 +2") =U,,(2), 
then 
Um(S+2e9') =bU;(2) +-Dote(z)+ . - © +0mUm(2), 
and u,(z), Uo(2), - . -; Um(z) are linearly distinct, and 
U,(2-+-2w) =su,(z) CEL Ree 
The existence of the above set of transformations shows that there is at least 
one function v(z) which is a linear combination of u(z), . . ., Um(%) such that 


v(2-+2w’)=s'v(2), 
where s’ is a constant. 

Consequently the equation has a solution w=v(z) such that 

v(z+2w)=sv(z), v(z-+2w’)=s'v(z), 
in other words v(z) is a doubly-periodice function of the second kind, or a 
quasi-doubly-periodic function. 

In the general case, when the characteristic equation corresponding to 
the substitution of z-+-2w (or z-+-2w’) for z has n distinct roots, the equation 
will have a set of n fundamental solutions each of which has a quasi-periodicity 
of this nature. 

In any case, an analytic expression of the general solution can be arrived 
at. Let 

w =¢ġ;(2) 
be any quasi-periodic solution of the given equation, and write 


w=ġ;(2)f/W dz. 
Then W will be a uniform solution of an equation of order n—1. On account 
of the fact that 4,'(z)/¢(z) and its successive derivatives are purely periodic, 
the coefficients of this equation, after division throughout by {¢(z)}”, will be 
purely periodic. This equation in turn has a quasi-periodic solution ¢9(z) 


and therefore 
We =$,(2)/ po(z)dz 


is a solution of the original equation. This process may be continued, and 
the n distinct solutions 
Wy = (2), 


wo =$1(2)[bo(2)dz, 
wy =$4(2)[o(2) et Jbale)(dz)"~2 


are obtained. 
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15°61. The Explicit Form of the Solution.—Let 
w=$(2) 
be a solution of the equation, such that 
$(2+2w)=sh(2), (2 +2w') =s'G(z). 
Consider the function 
o(z—a) 


p(z) =e olz) ° 


where A and a are constants, and o(z) is the Weierstrassian o-function.* 


Then 
p(z +2w) —e2\w— 2ndeh(z), p(z +2w’) —e2Aw’— 2n’ayh(z), 
and therefore the quotient 4(z)/:(z) will be doubly-periodic if 
2Aw —2yna=log s, 


2Aw’ —2y'a=log s’. 
Since it is known that + 


nya’ —eom’ =}ri $0, 
these equations determine À and a in terms of w, w’, n, 7’, log s and log s’. 
Thus 
o(z—a 


) 
—— faz _ at 
g= E BO) 
where f(z) is an elliptic function. 

Now restrict the equation to the second order; when the roots of both 
characteristic equations are unequal, both solutions are doubly-periodic 
functions of the second kind. Let the two solutions be ¢;(z) and ¢.(z) and 


consider first of all the case in which both characteristic equations have 
double roots ; suppose 


$1(2+2w)=s$1(2),-  $o(%+2w) =sh0(2), 
$1(2+2w’)=s'h,(z),  $o(2+2w") =s’ho(z) +t'G1(2). 


If t’'=0, ¢,(z) and ¢(z) are doubly-periodic functions of the second kind ; let 
t’=-0, then ¢,(z) is expressible in the form obtained above. Also if 


x(2) =$2(2)/P1(2), 
xX(%+2w) = (2), 
x(z-+20")=y(2) +5. 


Compare this with the function 
AC(z)+ Bz, 


* Whittaker and Watson, Modern Analysis, § 20°42. It may here be noted that 
an he} = —e2n(z@+), si ad Kall 
o(2) a(z) 


where 7 and 7’ are constants. Also 


then 


pan —e2n'(2+’), 


© log o(2) =U), 
so that 
U(2+20)=L(2)4+2q, (2+ 20’) =L(2) +27’, 


d 

— = — \ (2). 

gto- Fe) 
t Whittaker and Watson, loc. cit. § 20-411. 
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which increases by 24n +2Bw when z increases by 2w, and by 24y’ +2Bo’ 
when z increases by 2w’. Thus if 


An+Bw =0, An'+Bo’ = = , 


, 


the function 
x(2) —AC(z) —Bz 
will be a doubly-periodic function of z. In this case therefore 


po(2)={P1(2) +AC(z) + B2}gi(2), 
where [);(z) is an elliptic function and A and B are definite constants. On 
the other hand, let 


$1(2-+2w)=sh;(2),  o(z+2w) =sho(z) +t4 (2), 
$1(2+-2w’)=s'h4(2),  po(z+2w’) =s’ho(z) +4’ (2). 


These are consistent since ${(z-+2w)-+2w’}=¢4{(z-+2w’)+2w}. Now ¢,(z) 
is a doubly-periodic function of the second kind as before, but in this case 


t t 
x(2+20)=x(2)+—, x(2+2w')=x(2)+ o> 


and the constants 4 and B have to be determined by the equations 


t ; fad i 
35” Ay’ +Bw TA 
The form of ¢,(z) is, however, as before. 

The equation of the third order may be treated similarly ; the only case 
needing special discussion is that in which the characteristic equation has a 
triple root. In that case ¢;(z) and ¢.(z) are of the forms given; the third 
solution ¢(z) will be found to involve terms in 


2%, 2€(z) and €2(z). 
In general, if the characteristic equation has an m-ple root, there will be 
solutions involving z and ¢(z) up to the (m—1)" power. This corresponds 
to the logarithmic case in an equation of Fuchsian type. 


An +Bw= 


15°62. The Lamé Equation.—-In the equation of Lamé,* 
d2 
qa —(h+n(n+1)Ẹ (z)}0=0, 


where n is a positive integer and h a constant, the singular points are the 
origin and its congruent points 2mw--2m'w’. The exponents relative to any 
singular point are —n and n+1. The Fuchsian theory makes clear the 
existence of one uniform solution, namely 
W4(2) =(2—2mw —2m'w’)"+1W (z), 

where W(z) is analytic in the domain of the point 2mw-+2m’w’ and not zero 
at that point. The difference of the exponents is 2n-+-1, and since this is a 
positive integer, the possibility of the second solution w.(z) containing a 
logarithmic term has to be considered. But since 


Wo(2)tw1'(%) —w(z)w2'(z)=0, 


* Whittaker and Watson, Modern Analysis (8rd ed.), Chap. XXIII. The Jacobian 
form of the equation, namely 

d*w 

dæ? 

is obtained by the transformations 


={n(n+1)k? sn?a—7 yw 


ig a Sires AN % 2 ©2—&3 
P (2) ty ae t=2(e,—e,)}, k in ory 


æg=t—iK'. 
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the second solution is 


dz 
W(z)=Cw | ——> 
ECC) 
where C is a constant. But 1/{w,(z)}? is easily seen to be an even function 
of z; its residues relative to the origin and congruent points are zero, and 
therefore a logarithmic term cannot arise. In particular, let n=1, so that 
the equation is 


d 
PE _ 1,426 (@)jw=0. 


Introduce a parameter a, connected with h by means of the transcendental 
equation 


F(a) =h. 
Then the equation has the solutions 
e-ta) A212) etra 124) 
w =€ o(2) s. Wg = a(z) > 


and these solutions are in general distinct. If, however, k is equal 
to €14, €z or ég, the solutions are not distinct. For example, if h is equal to e3, 
a becomes equal to w; and the two solutions which in general are distinct now 
both reduce in effect to 
o(z+w1) 
ala S 

When h =e; the second solution may be obtained by means of a quadrature, 
but it is more convenient to arrive at it by a limiting process, supposing, in 
the first place, that h is not equal to e}, but differs only infinitesimally from 
it. Then the equation 

Ç (a)=h 


has the roots a=w, +e, where e is infinitesimal. Consider the function 


1 
= (W1—W3), 


We "7 


where . 
W , =e- or +e) a(z+e +w +e) 
i a(z) 
=e- klw, — e) o(%-+w1 —€) 
Ws e a(z) 


This function is a solution of the equation ; its limit will be the second solu- 
tion wg required. 


Now 
C(wy +e) =C(w1) Het (w) 
=n; —€€y+ te 58 
and therefore 
e— Xm, +) —e—m2(1 +-eeyz+ .. .). 
Also 
a(z-+w,+¢€)=o0(z-+,)+¢e0'(z-+a@,)+... 
=o(z+o,){1+el(2-+0)+ .. -} 
and thus 


ss 


eee 


W, —=e- nı? 


[1 +e{€(z-+w) +e,z}+ S” + of 
W, differs from W, only in the pr of e. Finally 
tog = lim = : (W1—W3) 


ton i an tea}. 


= 6- "2 
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It will be noted that the solution in general is not doubly-periodic, but 
consists of a doubly-periodic function multiplied by an exponential factor. 
Thus when a has one of the characteristic values w1, wor wg, the first solution 
w is periodic, but the second solution is not periodic. 


The two independent solutions of the Lamé equation 


dw 
aa e +2 (z) ¢w=0 
may also be expressed in the forms 


{(z)—ex}#,  {P(z)—e,}4{2(2+.@1)+e,2}. 


15°63. Equations with Doubly-Periodic Coefficients such that the Ratio of 
any two Solutions is Uniform.— As before, let the equation be 


dw d”—iw dw 
adn + pr(2) dz Be eee opp 4(8) cm + pr(z)w=0, 


and let the coefficients be doubly-periodic functions with periods 2w and 2w’. 
It will now be supposed that although the general solution is not uniform, 
nevertheless the ratio of any two particular solutions is a uniform function 
of z. It will be shown that this case can be reduced to that in which the 
general solution is -uniform.* 

Let a, be a singular point; the exponents relative to this singularity 
must differ by integers. Let 

Vy vitei viter -- - 

be the exponents, arranged in increasing order of magnitude so that e41, €12, . . - 
are positive integers. Let a, be the residue of p(z) relative to the pole z=a,. 
Then the sum of the roots of the indicial equation relative to a, is 


an(n a) =a], 
and this is equal to the sum of the exponents, that is to 
n—1 


nvi + X ers. 
s=1 


Now let there be k singular points 
ONO LE: edes. Op 
in one and the same period-parallelogram, then 
Mvitvet... +r) + ¢rs=thn(n—1)—Sa,. 
But >a, the sum of the residues relative to the poles within a period- 
parallelogram, is zero, and consequently 
Mvytrvet.. . +r) 
is an integer. Let m be the least integer for which 
m(vy+ve+. . . Hre) =À 


is an integer and consider the function 


De =} = )F fole—aa))n .. . {o-a 


(Etama) eli bapa ), 
m m 
o(2—a+2mw) =e2mne—a+mw)+mrig(z—aq), 


P(s+2mw) =e (z). 
* Halphen, Mém. Acad. Sc. Paris (2) 28 (1884) [Euvres, 3, p. 55]. 


Since 


A} 2n( 2 +w)-+mi} Hakman 
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It follows that the logarithmic derivative of [)(z+2mw) exceeds the loga- 
rithmic derivative of [P(z) by 
2m Sv—2nA/m, 


which is zero. The same is true with regard to the period 2mw’. Thus the 
function [P‘(z)/[)(z) is a doubly-periodic function with periods 2mw, 2mw’. 
Now make the substitution 


then the equation in W has coefficients which are doubly-periodic with the 
periods 2mw, 2mw’. But in this equation the exponents relative to each 
singular point are positive integers. The equation therefore has one uniform 
solution. But since the ratio of any two solutions of the equation in w is 
uniform, the same is true of the solutions of the equation in W. Conse- 
quently the general solution of the equation in W is uniform, which was the 
theorem to be proved. 


15°7. Equations with en Han Coefficients.—In the equation 


d” -1 d 
ri + pals) dgn- =| + © Sug HPne) + p,(2)w=0, 


let the coefficients be uniform purely-periodic functions of z with period 2w, 
devoid of any singularities but poles in the finite part of the z-plane. There 
is no loss in generality in supposing w to be a positive real number. The 
theory of equations of this type is very similar to that of equations with 
doubly-periodic coefficients, by which it appears to have been suggested, 
and is generally known as the Floquet Theory.* 

Let w,(z), wo(z),. . ., w,(2) be a fundamental set of solutions of the 
equation. Then w,(z-+2w), w(z+2w), . . ., w,(z+2w) likewise satisfy the 
equations, and therefore there exists a set of linear relations 


W,(3-+-2w) =A,1W4(%) +4,gWo(2)+ « - +A pnWn(2) (r=1, 2,55 n) 


and, as in § 15:2, the determinant | a,, | is not zero. 
The problem of determining a solution u(z) such that 


u(z+2w)=su(z) 
is equivalent to that of reducing the above set of linear relations to its 
canonical form, which in turn depends upon the characteristic equation 


441—S, Aig oo «9 Ayn | =0. 
a21; Agg—S, ++ + Gan 
2 | ` 4 : 4 % #1 
| ni» n2» ETE O a | 
If this equation has n distinct roots s1, S2,- - ., Sn, then a fundamental set 


_ of n solutions w4(%), Wo(%), . . . Un(z) can be found such that 
u(z+2w)=s1u(2), . >. Un(Z+2w)=s,U,(2). 


If, on the other hand, sı is a repeated root, there will be a sub-set of 
solutions w4(z),. - -, Wp(z) such that 


U3(2-+2w) =s1U;(2), 


cine ga =81{ta(2) Hu (2)}, 


up(2+2%) Lsu) +i- 1} 
and possibly other sub-sets of a similar nature. 


* Floquet, Ann. Éc. Norm. (2) 13 (1883), p. 47. 
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Consider the analytic expression of the solutions in these two cases. In 
either case there is at least one solution w,(z) such that 


Uy(%-+-2w) =s)u4(2). 


Now 
e—ule+ 2wy (z +2w) sge” 21we— azu (z), 
and therefore 
ET ulz) 
will be a purely periodic function, with period 2w, provided a is so chosen that 
CRIDES. 


A number a satisfying the equation 
e2aw ER, 

for any particular value of r is called a characteristic exponent ; its imaginary 
part is ambiguous in that any integral multiple of mi/w may be added to it. 
The real part of a, on the other hand, is perfectly definite, and plays an 
important part in the theory. 

Thus, when the n roots of the characteristic equation are distinct, there 
exists a linearly independent set of u solutions w4(z), uo(z), . «+, UWn(z) such that 

u,(2) =e'¢,(z), 


where a, is a characteristic exponent corresponding to s, and ¢,(z) is a purely 
periodic function with period 2w. 
Now consider the case where s is a repeated root. By writing 


u,(z) =e%v,(2), 
the canonical sub-set is reduced to 
04(2-+2w) =0,(2), 
Vq(%-+2w) =V9(z) +0; (2), 


Duz +20) =op(2)-+ Op 1(2). 


va(z+2w) _ V9(z) 
vi(z+2w) — 0;(2) 


Thus 


+1, 


and therefore 
v(z) 2 
03(z) ~ 2w 
is a purely periodic function of z, with period 2w. In general, it may be 
proved, precisely as in § 15°23, that if 
a(2—2w). . . {2—(2v—2)w 
P,(z)= oes aoe ! F Joo} > 
then 
Uy(z) =e", (2), 
Ug(z) =e%*{ Py (2)b1(2) +h2(2)}, 


u,(%) =e%*{P,_ 1(2)P1(2) + Py—o(2)bo(z) + « . - +Pi(2)by—1(2) +4,(2)} 
(w=2, 8... mh 
where ¢;(z), $o(z) . . -, du(z) are purely periodic, with period 2w. 


15°71. The Characteristic Exponents.—When the characteristic exponent 
a is a pure imaginary, the corresponding solution remains finite as z tends to 
infinity along the real axis. On the other hand, if the real part of a is not 
zero, the modulus of the term e% becomes infinite either for z=-+- or for 
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z—=—o. In the former case the solution is said to be stable, in -the latter, 
unstable. 

The problem of determining the characteristic exponents is in general 
a very difficult one.* The theory which has been outlined, and which reveals 
the functional character of the general solution, does not provide a practical 
method for obtaining the solution explicitly. The problem has therefore 
to be attacked indirectly, as follows. 

Consider the equation of the second order 


dz2 =p(z)w, 


where p(z) is a function having the real period 2w, which is analytic throughout 
a strip —n<y<y, including the real axis in its interior. The characteristic 
equation is, in this case, of the form 


s2—As+1=0, 


where A is a constant depending only upon the function p(z). Let f(z) and 
g(z) be two solutions of the equation such that 


f(0)=1,  f'(0)=9, 
g(0)=0, g'(0)=1, 


S(@+-2e) =ayif(2) + a1 28(2), 

G(2+2w) =doi f(z) +4228(2), 

8'(2+2w) =aa1f"(2) +208" (2)- 
By writing z=0, it is seen that 


f(2w)=ay1, g'(2w)=a22, 
and since the characteristic equation is 


and let 


so that 


Q41—S, Ay | =0;, 


a21, agg—s 
it follows that 


A= +42 
=f(2w)-+g'(20). 


Now consider, instead of the original equation, the equation 


z —Ap(2)w ; 


it possesses solutions 
fle, N=1L4EMD+. HAD.» 
glz, A)=z+Agy(z) +... tA%g, (2) +... 5 
such that the functions f,(z) and g,(z) are zero at z=0, and the series are 
convergent for all values of A when z lies within the parallel strip enclosing 
the axis of reals. 
Now the functions f,(z) and g,,(z) satisfy the relations 


PIE) pla) fail), 


d2g,(. 
PEE) plag, le), 


* Liapounov, Ann. Fac. Sc. Toul. (2), 9 (1907), pp. 203-469 [originally published 
in Russian, Kharkov, 1892]. Poincaré, Les Méthodes nouvelles de la Mécanique céleste, 1, 
Chap. IV.; Horn, Z. Math. Phys. 48 (1903), p. 400. 
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and therefore f,,(z) and g,(z) may be evaluated from the equations 


fale)=| [lela sede) 


bal) = ff | Peg- 


with the initial conditions 
folz)=1, g(2)=z. 
When the functions f(z), g,,(z) have been found, A may be made equal to 
unity ; it then follows that 


o0 
A=2 +F {fn(2H)+8n'(2w)}. 
r=1 
In the first place, suppose that p(z) is positive for all real values of z, 

then the functions f,(z), g,(z) and g„(z) are all positive when z>0. It 
follows that A>2, and consequently that the roots of the characteristic 
equation are real. The characteristic exponents may be taken to be real, 
and therefore any solution is unstable. For a stable solution it is therefore 
necessary that p(z) be negative for some real values of z.* 


15°72. Hill’s Equation.—Suppose now that p(z) is an even periodic 
function of period 7. The equation may be written in the form 


2 
je +{09+26, cos 22-+20, cos 4z+ . . . }w=0, 


p(z) being replaced by the equivalent Fourier-cosine series. It will be assumed 
that this series converges absolutely and uniformly throughout a parallel 
strip enclosing the real axis. 

Assume a solution 


then, on substituting in the equation it is found that the coefficients b, 
satisfy the recurrence-relations 


(a +2ri)2b, + S 0b,- ,=0 


p=—@ 
for all integral values of r. By dividing this relation throughout by (a +2ri)? 
and then eliminating the coefficients b, the characteristic exponent a is found 
to satisfy the convergent determinantal equation 


(ia +4)? —O% ots —O» — 6, Be. id 
o Abh 7 = 42-8’ 42—6,’ 42—O,’ 42—6,’ 3 
—); (ta+2)?—0 b —9. bs 
a N E O PR 
—02 ii (ta)? —0o —b; b: 
—0o’ =o’ —4% —0o’ —4’ 
—Oz —O, —O; (ia —2)2—O —6; 
22—6,’ 226,’ 92—§," 22-9, ° 22-6,’ 
—O,4 —O6z —Oz —6O, (ia —4)? —6 
42—6,’ 42—O,’ 42 —8,’ 42—6,’ 426, ” 


* It was shown by Liapounov (loc. cit.) that if p(z) is negative for all real values of z 
2 

and 2w J y p(z)dz is in absolute magnitude not greater than 4, | 4|<2 and the roots of 
0 


the characteristic equation are conjugate complex numbers, of modulus unity. 
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The problem now takes on a two-fold aspect : either the constants 6 may 
all be given explicitly, and it is required to determine a to correspond, or 
else the problem may be to find what relation must exist between the con- 
stants 0 in order that a may be zero, and the solution purely periodic with 
period zr. 

The first aspect of the problem is at once soluble, for writing Hill’s deter- 
minantal equation in the form 

A(ia)=0, 
it is found that * 
mc sin? (frai) 
A (ia) = A00)— Sin Gey) 
and therefore a is a root of the transcendental equation 
sin? (47rai) =A (0) sin? (4774/0). 
The second aspect of the problem reduces to determining a relation between 
the constants @ so that 


A(0)=0. 


15°8. Analogies with the Fuchsian Theory.—An equation, such as that 
of Hill, may be brought into the form 


dw dw 2 
(RA) sr + ( $o, )o=0 


by writing t=cos z. This is an equation with regular singularities at t= +1, 
the exponents being, in each case, 0 and 4, and an irregular singular point at 
infinity. By considering the equation in this algebraic form, from the point 
of view of the Fuchsian theory, certain interesting properties are brought 
into view.+ 

The fundamental solutions relative to =-+-1 may be written 


Fy) =14 Sa.) 


v=1 
FA —)=Y1—9f1 +54, }; 
vel 


in each case the series converges within the circle | 1—é|=2; in the second 
case 4/(1—+) is initially positive when —1<t<-+1. Since the equation is 
unchanged when ¢ is replaced by —t, the solutions relative to the singular 
point ¢=—1 are 

Fy(1+t) and F,(1+4), 
the series now being convergent within the circle |1+¢|—2. Within the 
region common to both circles of convergence, 


F,(1—t)=aF'\(1+t)+fF (1 +t), 
F(1—t)=yF (1 +t) +6F (1 +t), 
where a, 8, y and ô are constants. Also 


F(1+t)=aF\(1—t)+BF2(1 —t) 
=(a? +By)F1(1 +t) +8(a +8) F2(1 +t), 
=y(a+8)F (1 +t) +(By +8?) Fo(1 +t), 
* Hill, Acta Math. 8 (1886); see Whittaker and Watson, Modern Analysis, § 19°42. 


+ Poole, Proc. London Math. Soc. (2), 20 (1922), p. 374. 
yc 
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and these relations must be satisfied identically, for otherwise F'\(1-++-¢) and 
F>(1 +t) would be linearly related. Hence 


a?+8y=ßy+8=1, Bla+3)—y(a+8)=0, 


and there are only two possibilities, namely, either 


(Gj) a=8=41, P=0, y=0; 
or (ii) a=—8, Py=1—a?. 


Consider first the possibility a=6=-+1, B=y=0., Then 
F\(1—t) =F \(1+t), F(1—t)=F(1 +t), 


and this relation holds in the common region of convergence of the series, 
and therefore it certainly holds near the origin. But the origin is an ordinary 
point of the equation, so that there cannot be two distinct even solutions 
both valid near t=0. This first hypothesis must therefore be rejected. The 
hypothesis a=ô= —1, B=y=0 similarly implies the existence of two distinct 
odd solutions, valid at the origin, and must likewise be rejected. Thus 
there only remains the hypothesis a=—ô, By=1—a?, which, however, 
admits of a multitude of particular cases. The following are the more 
important : 

(a) Let a=—ô= +1, B=0, so that 

F\(1—t)= +F\(1++4) 

when |1+¢|<2. This is a solution, even if a—-+1, odd if a=—1, having 
no singularity in the finite part of the plane. The substitution t= cos z 
expresses it when a=-+1 as a series of cosines of even multiples of z, and 
when a=—1 as a series of odd multiples of z. 

(b) Let a=—ô= +1, y=0, so that 


Fa(1 —t)= + F2(1 +t) 


when |1+¢|<2. The solution is the product of 4/(1—t?) and an integral 
function of t, for it changes sign when ¢ describes a small circuit about t= -+1 
or about =—1. This integral function is even if ô= +1, and odd if 6=—1. 
By writing t=cos z the solution becomes, when 6=-+1 a series of even 
multiples of z, and when 6=—1 a series of sines of odd multiples of z. 

(c) LeLa=6=0, fSy=1.. Then 


F\(1—t)=BF(1+t), Fe(1—t)= 
when |1+¢|<2. The solutions may be written 
Fi(1—t)=V/(1+4)d(é), Fo(1—t) =+/(1—2)h( —t), 


where ¢(¢) is an integral function of t. By writing t=cos z, they are trans- 
formed into 


1 


ana +t), 


F,=cos 32f(z), F=sin 42f(7—2z), 


where f(z) is a series of cosines of integral multiples of z, converging throughout 
the finite part of the z-plane. Thus the equation admits of two independent 
solutions having the period 4r. 


15°81. The Existence of Periodic Solutions in General.—'The existence 
of solutions of period 47 which has just been proved raises the question of 
the possibility of the existence of solutions of period 2mm where m is any 
positive integer. 

Consider the circuit illustrated in the figure, which is in the form of a 
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loop enclosing the two singular points t=+1. Start at the point A with 
the two solutions 


Us=F\(1—t), va=F(1—t), 


g B <—— A \ 
G ee D 


Fic. 12. 


and proceed along the cut 4B. At B the solutions become 
UB =aF'\(1 +t) +fF,(1 +t), UB =yF\(1 +t) +6F',(1 +t). 
The effect of describing the circle BC is to change the sign of F, F4 remaining 
unchanged in sign, so that 
ug=aF\(1+t)—BF(1-+t), v9 =yFy(1-+t)—8F o(1+4). 
Next describe the cut CD; at D the solutions become 
Up =(a? —By)F (1 —t) +B(a +8) F (1 —t), 
op=y(a—8)F\(1—t) +(By—82)F(1—t). 
Lastly, after describing the circuit DA the solutions become wa, 04 where 
ua =(a? —By)F (1 —t) —B(a —8) F(1 —t), 
0a =y(a—8)F (1 —t) —(By —8?) F'2(1 —t). 
But, as before 
a=—d, BPy=1—a?, 
and therefore 
u=(2a2 —1)u—2afv, 
0=2ayu-+(2a2—1)c. 
Now let 
W =au +bv 
be a solution such that 
au-+bo =s(au-+bv), 
then the equation which determines s is 
2a2—1—s, 2ay =0 
—2af, 2a2—1—s 
or 
(2a2—1—s)2-+4a2(1—a2) =0. 
This equation reduces to 
s2+2s(1 —2a2) +1 =0. 

If a?œ1 this equation gives rise to two real and distinct values of s; 
leading to two solutions W, and W3, which become respectively s” W, and 
s—"W, after n circuits have been described. These solutions are not periodic. 
On the other hand, if a?<1 the roots of the equation in s are conjugate 


complex numbers of modulus unity. Suppose, in the first place, that s” =1 
where m is a positive integer. Then 


Set 2rai/m 
and 


2a? — 1 =cos aer 
m 


Solutions which return to their initial values after m circuits thus arise ; 
in terms of the variable ž they are 


W=ef(2) 3 Woe —2), 
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where f(z) is a function of period 27, finite for all finite values of z. These 
solutions are of period 2mm. If, on the other hand, s is not a complex root 
of unity the solutions will be of the form 


W,=eif(x), W.=e-%if(—z), 
where @ is an irrational number. ‘The solutions are not now periodic; they 
are, however, stable. 


15:9. Linear Substitutions.—Consider a simple closed contour in the 
z-plane, defined in terms of the vectorial angle 0 by the equation 


z=ġ(0), 
where ġ(0) is a one-valued periodic function of 0. It will be supposed that 


the contour does not pass through any singular point. Now any solution of 
the differential equation 


drw d°—1w dw 
a + pi(2) a ee iin! Paeis) ory + pr(2)w=0 
may be developed, by the method of successive approximations, as a series 
which converges for all values of the real variable @. Let 

wı(0), wa(0), RE Wwa(0) 
be a fundamental set of solutions, and assuming that the coefficients of the 
equation are one-valued, 


w,(0+-27), w(0 +27), EUT w,(0-+277) 
is also a fundamental set. Consequently 
(04-277) =ay 10 (8) +4320 2(9)+ . . . +A1n%,(8), 
wə(0+2r)=azzw(0)+a22wə(0)+ . . - +dantn(A), 


Wy(O +27r)=anrw (0) +an2w(0)+ . - - Hanna), 
where the coefficients a are constants, with of course a non-vanishing deter- 
minant, which can be evaluated from n sets of n equations of which the follow- 
ing is typical : 
w, (0 +27) =a,10 (4) +a,gwa(0) + DAOA +4pn®n(9), 
w, (O-+-2rr) =A,10y'(O) +ar2w2'(0)+ . . - +Harnwn (8), 


w,” -D(0+2r)=a, w7 (8) +argw n -D(0)+ . . 6 Hen (8). 


Thus the linear substitutions undergone by a set of fundamental solutions 
when z describes a simple closed circuit may be considered as known. 

In particular, suppose that the coefficients of the equation are rational 

functions of z, which when decomposed into partial fractions are of the form 


5 Ai, 

(z —a;)" 

Then it follows from the general existence theorems that if the coefficients 
Ay, are regarded as parameters in the equation the solutions w (2), wa(z), . . ., 


w,(2) are integral functions of these parameters and therefore, the coefficients 
a, in the set of linear substitutions are meromorphic functions of these para- 
meters.* 


* Further developments depend to a great extent upon the theory of the invariants 
of the general linear differential equation. See Hamburger, J. fiir Math. 88 (1877), 
p. 198; Poincaré, Acta Math. 4 (1883), p. 212; Mittag-Leffler, Acta Math. 15 (1890), 
p. 1; von Koch, ibid. 16 (1892), p. 217. 
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15°91. The Group of a Linear Differential Equation.—It will be assumed 
that the coefficients of the equation are uniform in z and that there are only 
a finite number of singular points. Then the effect of causing z to describe 
a closed circuit not passing through any singular point is that of a linear 


substitution S which transforms w,, we, . . ., Wp respectively into 
Ay1W1+Ay2W2+ - +» +A1nWn; 
Ag1W1—AgoWe+ . - » +denWn; 
AnyW1 +An2W2+ Net en Farna 


where the determinant of the constants a,, is not zero. 

Let S’ be the linear substitution corresponding to a circuit distinct from 
the first. Then the result of performing the second circuit followed by the 
first is a substitution of the same general form, namely the product S'S. 
This is in general distinct from the substitution SS’. 

Now any circuit in the z-plane enclosing a number of singularities is 
equivalent to a succession of closed circuits or loops described in a definite 
order and such that each loop encircles one and only one singular point. 

Let there be m singular points a@,, a2, . . ., Qm and let S, be the simple 
substitution which arises from a circulation around the point a, in the positive 
direction. Then S,—! is the inverse substitution due to the same circulation 
made in the negative direction. Any arbitrary substitution can thus be 
decomposed into a succession of simple substitutions of the form 


À 
m a 


where À, u, .. „ w, p are positive or negative integers, and §$ denotes 
S, described |p| times in the positive or negative direction according as p 
is positive or negative. 

The aggregate of these substitutions is known as the group of the 
equation.* 7 

The group has been defined with reference to a particular fundamental 
set of solutions. Now consider a second fundamental set; it is derived 
from the first set by a definite substitution X. Then if S is any substitution 
carried out on the first set, 2-182 is a substitution carried out on the second 
set. Clearly if the substitutions S form a group the substitutions 2-182 
will also form a group and these groups will be intimately related to one 
another. 


15°92. The Riemann Problem.—The following classical problem f will 
serve as an illustration of the general theory of linear differential equations. 
It is proposed to determine a function 


ae 


which satisfies the following conditions : 


(i) It is uniform and continuous throughout the whole plane except at 
the singular points a, b, c. 


* More specifically it is known as the monodromic group of the equation to distinguish 
it from a more extensive group known as the rationality group. It may be noted that a 
set of linear substitutions forms a group if the set contains (a) the identical substitution, 
(b) the inverse of each substitution, (c) the product of any two substitutions. 

+ Riemann, Abh. Ges. Wiss. Gött. 7 (1857), p. 3; [Math. Werke (2nd ed.), p. 67]. 
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(ii) Between any three determinations P}, Ps, Pa of this function there 
exists a linear relation 
(Pj +¢2P2+c¢3P3=0, 


where c1, Cg and cg are constants. 
(iii) In the neighbourhood of the point a there are two distinct 


determinations : 
(2 —a)*f;(2), (z —a)*'f(2), 

where f(z) and f(z) are analytic in the neighbourhood of z=a and not zero 

at a. Similarly in the neighbourhood of «=b there are two determinations : 
(2—b)Pgi(z), (2 —b)B’go(2), 

and in the neighbourhood of z=c there are also two determinations : 
(2—c)’hy(z), (z—c)”’he(z). 


Let P; and P, be any two linearly distinct determinations of the required 
function. Then since any other determination is linearly dependent upon 
P, and Po, the required function will satisfy the differential equation of the 
second order 


dz2° dz’ ne 
hei Py, P; 


| aP Pos P, 
which may be written 
d2w dw 
dz? POs ree 
where 
PoP yi: —P P” Pabi —P, Pe,” 


E e an PC PP HPP 
Consider the behaviour of the function p in the neighbourhood of the 
singular point z=a. Let 
P,=(s—a)*f,(z),  Pa=(2—4)*fo(2), 
then it is found that 


where w(z) is analytic in the neighbourhood of z=a. It follows that 
Wd nee JY emt ade a nae A A 
dahaa ali go Gie ET + u(z), 
where u(z) is analytic everywhere. Now since the P-function is analytic at 
infinity it is necessary that, for large values of | z |, 
2 
aaa +0(2-*). 
But 
8 Mooy 2 lA pren = + Se Ai ’ 
pm a—a 4 Byty + O(2-2)+u(s), 
and since u(z)=O(1) it is necessary that u(z)=0 and therefore 


1—a—a’ , 1—6—f' , 1-7-7 
are woh ae 


pP 4 
where 


a+a'+8+8' +y +y =1. 
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In the same way it is found that in the neighbourhood of a 


ail ra. +0} t, 


and therefore g may be written 


aa’ BB’ 


ke AEE AAN, KANN 
I= aa * e-o eo t aa abt 


where A, B, C are finite for mf finite values of z. It is more convenient, 
however, to adopt the equivalent expression 
BS PAARE AAEE Fo M,N 
{= G—aye—ba—c)ls—a bt eel? 
where L, M and N are finite for all finite values of z. 
But since the point at infinity is an ordinary point, for large values of | z |, 
q(z) =O(z-*), 
and therefore L, M, N are constants, and it may easily be verified that 
L=aa'(a—b)(a—c), 
M=BB'(b—c)(b—a), 
N =yy' (e —a)(c —b). 
Thus Riemann’s P-function satisfies the differential equation, * 
d?w 1—a—a' dw aa’(a—b)(a—c) , w A 
dz2 barat ae z—a (z—a)(z—b)(z—c) 
This equation is ahr as the generalised hypergeometric equation; when 
a==0, b=1, c=o,f a’=f’=0, it becomes the ordinary hypergeometric 
equation 


2(1—z) ote 5 = a AE —2) Je +1—a} 9 =- T —yy'w=0. 


The solutions of the generalised IAEA equation thus furnish 
the required functions. In order that they may be of the form postulated 
it is only necessary that no one of the exponent differences 

a—a', B—B, Yor 
should be an integer; otherwise logarithmic terms would enter into one 
or other of the solutions. 


15°98. The Group of the Hypergeometric Equation.——Let P, and Py 
be the two solutions appropriate respectively to the exponents a and a’ at the 
singularity a, Pg and P, those relative to the singularity b, and Py and Py. 
those relative to the singularity ce. Let J” be any closed simple curve, for 
example the circle which passes through the points a, b and c. Then within 
I the six solutions are analytic and there exist between them relations such as 
Pa=ApPs+Ap’Pe’, 
Pq: =A',Ps +4'g' Pp, 
PFa =AyPy+AyPy, 
Py=A'yPy+A'yPy, 
wherein the coefficients A are constants. These constants are not all inde- 
pendent; there exist relations between them which will now be determined. 
Since the point at infinity is an ordinary point, a circuit in the positive 


* First obtained by Papperitz, Math. Ann. 25 (1885), p. 213. In Riemann’s exposition, 
simplifications were introduced which led to the ordinary hypergeometric equation. 
+ z— is replaced by 1/z. 
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direction around the point c is equivalent to a circuit in the negative direction 
around the two points a and b. The third of the above relations shows that 
the effect of the first circuit is to change P, into 
Aye2"¥P, + Ayer Py, 
whilst the first relation shows that the second circuit changes Pa into 
e— 2nta( 4,e—27i8P, + Ane 2E Pg). 
Consequently 
Ayer Py +AyeriY Py =e 2mia{ Age- mib Po +Apg’e— mie Pgh, 
and similarly 
A'yeriY Py + A' ye2mY Py =e- ria'{ A' ge- mib Pg + A’ g'e- 2018’ Pg}. 
But 
AyPy+4y Py =4gPg+4g' Pg, 
A'yPy+A'yPy =A Pe +A g Pg. 
On eliminating P,, Py, Ps, Ps’ between these four relations it is found that 
Ay Ag e~™* sin (a+B+y')r _ Ag’ , e-ma sin (a+8'+y')r 
Ay A’, ema sin (a +B+y' yr Ag em sin (a +8 +y ym’ 
Ay _ Ag e77 sin (a+p+yy}r _ Ag’. e~7* sin (a+ +yyr 
A'y A’, e~™@ sin (a’+8-+y)r A'g e~ 7’ sin (a' +p +yyr' 
Thus any one of the ratios 
Ag Apg Ay Ay 
eke. A Ay 
is a known multiple of the others. The four relations given are consistent if 
sin (a+f'+y')m.sin (a'+B+y')m _ sin (a+8'+yyr . sin (a +8+yyr 
sin (a+ +y')r . sin (a’+f’+-y’)a sin (a’+8’+y)7. sin (a +8 +y)r’ 
which is satisfied in virtue of the relation 
ata’ +B+B'+y+y'=1. 

In order to determine the group of the equation it is sufficient to consider 
the substitutions which any pair of fundamental solutions, for example 
P, and Py, undergoes when the point z describes a circuit around each of two 
singular points, a and b for example. The description of a circuit round a 
in the positive sense transforms P, and Py respectively into 

e2riaPp ema Py, 
and similarly when a positive circuit round b is completed, P, and Pa respec- 
tively become 


Apeere Pe +HAp'erie' Po, A'ge?rBPg +A’ gere Pg. 


But since 
Pa = AgPs + 4g'Pg', 
Py = AAgPs -+ \'Apg'Pg', 
where 
Ap y __ A's’ 
A ae Ag > A rae Ag’ > 


the final forms which P, and Py take after description of the circuit round b 
may be expressed in terms of P, and Py as follows : 
XV‘ e2niB —)e2m7ib’ e27iB eee? e27iB 
AY ek a x N mE T a’> 
AX’ (e278 —¢2mi8’) $ A’ e2mis’ — \e2mip $ 


À’ —À i À —À i 
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To obtain a more symmetrical expression, let 
u=(V'—A)Pa, v=Pu, 

then if S, is the operation of describing a positive circuit around a, 
Sat =e may, Sat —erria’y, 


and if Sp is the similar operation with regard to b 


278 —_ p27rip’ 
"(el pol’ 


where 
à _ sin (a+8'+y'yr . sin (a' +B +y'yr 
~ sin (a +8 +y Yr . sin (a+ +y yr" 
The two substitutions S, and S, may be regarded as the fundamental 


substitutions of the group ; any other substitution is compounded of integral 
powers of S, and Sp. 


If it is postulated that all the solutions of the equation are algebraic functions 
of z, and are therefore the roots of an algebraic equation, then each solution can 
have but a finite number of values at each singular point. Consequently the 
number of distinct substitutions is finite and the group is a finite group. It is 
evident that a necessary condition for the finiteness of the group is that 


p Qs a’, B, Be, Vs y’ 
are all rational numbers. 


When the equation is reduced to its normal form by removing the term in 
dw 
ea by means of the substitution 


w=(z—a)Kat+a’—1)(z—h) HB +8'—1)(z—c) HY +y — 1v, 
it becomes 
= +32 1— Àr? Y (a) 
1(Z—Gy)? 4y 


=0, 
where 
a,=—a, a,=b, a@,=¢, 


Ai=Ha—a’), A,=2(B—f’), As=HY—Y’)- 
There are fifteen different cases in which an algebraic solution is possible ; the 
values which A,, Àz, A; may assume are as follows : * 


yam: im i moin ie. ps 
Il. ‘a. 18 ue Vi 1/9 YR 
Ws oe 14 a hae Fe ee 
VH. 2/5 1/8 a VIII. 2/8 1/5 1/5 
x. 12 a 1s s MEN Se |. ON, Y. 
XI. 2/5 2/5 2/5 IE, 2/8 YS 15 
XIII. 4/5 1/5 1/5 Sry, te Se ae 


SN. B.S) ae 


[For a detailed discussion of linear equations of the second order whose general 
solutions are algebraic, and for practical methods of constructing such solutions, 
see Forsyth, Theory of Differential Equations, Vol. 4, pp. 176-190.] 


* Schwarz, J. fiir Math. 75 (1872), p. 298 ; Cayley, Trans. Camb. Phil. Soc. 13 (1881), 
p. 5 [Coll. Math. Papers, 11, p. 148]; Klein, Math. Ann. 11 (1877), p. 115; 12, p. 167 
[Ges. Math. Abhand. 2, pp. 302, 307] ; Vorlesungen über das Ikosaeder, p. 115. 
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MISCELLANEOUS EXAMPLES. 


1. Prove that if w satisfies the algebraic equation 
waw”? ... +an=0, 


whose coefficients are polynomials in z, then w satisfies a linear differential equation of 
order n—1, whose coefficients are rational functions of z. 


2. If u is any function of z, and 


w3 +83w=u, 
prove that 
, n 72 
ls JE te all do 1 Y=; 
dz? wt+a wu Jdz 9u?+4 

3. Prove that the differential equation of the scheme 
0 1 a w% 

P 0 0 0 oe. SP 
1—A l—p v T 


in which 
A+p—v—o—7=0, 
is 
d*w A H 1— r\dw OHE— GP. 4): 
dz? +G Tat goa Jaz + ieat Th 
where q is an arbitrary constant. If the solution relative to the singular point z=0 with 
exponent 0 is denoted by 


W(a, q; 0,7, À, p; 2) 
show that there are in general eight possible solutions of the form 
w=z%(z—1)f(z—a) W (a, q; 0’, 7, X, p's 2). 

[When a=1, q=1, or when a=0, q=0, the equation degenerates into the hyper- 
geometric equation. A set of 64 solutions can be constructed analogous to the set of 
24 solutions of the hypergeometric equation. See Heun, Math. Ann., 33 (1889), pp. 161, 
180.] 

4. The equation k 

dw I 
dz? +p a + qo=0 
is transformed by the substitution 


w=W. exp (—3/pdz) 
into 


where 


[This is known as the normal form of the equation. Equations which have the same 
normal form are equivalent, and J is their invariant.| 
If z is a function of s, the expression 


e9=-[e-ae) | 


where dashes denote differentiation with respect to s, is known as the Schwarzian derivative. 
Let w, and w, be two distinct solutions of the above equation in w, and let s=w,/wy.. 
Then 


LO AET T A 
{s, z}=2q—4p dz 72t 


Prove that, for a change of independent variable from z to Z, 


{s, z}={s, a(F) +Z z}. 


www.rcin.org.pl 


LINEAR EQUATIONS IN THE COMPLEX DOMAIN 395 


5. Prove that, for the hypergeometric equation 


d? d 
x(1—2) a +{y—(a+B+1)2} g —ofw=0, 


(Gy Gok tare) 
{s, 2} = 2 ie +2 ag diol v2)» 
(z—1)? 2(2— = 
where y, u, v depend upon a, is A 
[For the connection of this E with the construction of algebraic solutions, see 
Forsyth, Theory of Differential Equations, Vol. 4, pp. 182-184.] 


6. When the Lamé equation with n=1 is expressed in the Jacobian form 
d*w 
ag = {2k* sn? z—n}w, 
its general solution is 


H(z-+-a) weit H(z—a) Fle 
w=A OE) e—2Z(a)+ B — OG) ezZ(a), 
where dn*’a=7—k?. 
Discuss the particular cases 
h=1+-k*, 1, kA {Hermite.] 


7. Show that, when n is a positive integer, the Lamé equation 
a 
—{h+n(n+1) °° (z)}w=0 


has, for appropriate values of fy solutions of the forms 


(i) w=Pm (n=2m), 
(ii) w=[{ C(z)—e}{ C(2)—e,} ]#Pm—1 (n=2m), 
(iii) w=[Ẹ (2)—e,]Pm—1 (n=2m—1), 
(iv) w= (z)Pm—2 (n=2m—1), 


where P; denotes a polynomial of degree r in (2), and e, e, are any two of the con- 
stants ej, €z, és. 


Investigate the corresponding solutions of the Jacobian form of the Lamé equation. 


8. Integrate the equation 


dw pu u(u+1)dn?z 


v(v+1)k?cn?z 
dz? ~) sn®z en2z 


dn2z +n(n-+1)k*sn2z+ 9 bo. 
[Darboux.] 


9. Find the linear differential equation whose solutions are the products of solutions 
of the equation 


+ 


d*w 
dz? +Iw=0, 


and explain why it is of the third order. [Lindemann.] 
10. Show that the equation 
dw dw 
2(1—2) dz? +4(1—2z) ae +(az+b)w=0 


has two particular solutions the product of which is a single-valued transcendental function 
F(z), and show that these solutions are 


dz 
v=o exe apro 


dz 
v=o e| aspro 


where ¢ is a determinate constant. In what circumstances are these two particular 
solutions coincident ? 


[Math. Tripos, IT. 1898.] 
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CHAPTER XVI 
SOLUTION OF LINEAR DIFFERENTIAL EQUATIONS IN SERIES 


16:1. The Method of Frobenius——It was shown in the preceding chapter 
(§ 15-3) that if all the solutions of a linear differential equation are regular in 
the neighbourhood of a singular point, the coefficients of the equation are 
subject to certain definite restrictions. Thus, if the singular point in question 
is the origin, the equation may be written in the form 
dw a*— tw dw 
gn J +2"—1P,(z) Pea Y +... +2P,—1(2) ae +P,,(z)w=0, 

in which P,(z),.. ., P,(z) are analytic throughout the neighbourhood of 
z=0. In this case it is possible to obtain an explicit development of the 
n fundamental solutions relative to the singularity at the origin, and inci- 
dentally to prove that these developments are convergent for sufficiently 
small values of | z|.* 


16:11. The Formal Solution.— Set up a series 
Wz, p)=Dew*” (c+0), 


v=0 
in which the number p and the coefficients c, are so to be determined that 
W is a solution of the differential equation. Let the differential equation be 
represented symbolically as 

Lw=0, 
then 
LW(z, p) =Se,Le to 
=F f(z, p+), 
where f(z, p+r) represents the expression 
lotr] +Hlo+r]ln-:Pi(2)+ . ©. +[p+r],Pa—1(2)+Pa(2), 

in which [p+v], is written for (p+v)(p+v—1) ...(p+v—n+1). Now 


let f(z, p+v), which is an analytic function of z in the neighbourhood of 
z=0, be developed as a power series in z, thus 


f(z, p+r) = Sf p-+v)z, 
=0 


then 
LW (z; p)=D{ofolp+v)+e,—1f:(pty—1) + . . « +of phet. 
Now if 
LW (z, p)=0, 
* Frobenius, J. für Math. 76 (1873), p. 214. Modifications of the original exposition 
are due to Forsyth, Differential Equations, Vol. 4, pp. 78-97. 
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the coefficient of each separate power of z must be zero. There thus arises 
the set of recurrence-relations : 


Cofo(p) =9, 
C1fo(p +1) +cof1(p) =9, 


Cyfolp +r) +e,—ifi(ptv—1)+ . . - +eof(p)=0, 
and so on. 
Since co is not zero, the first equation of the set, viz. 
fole) =lelnt+eln—1P1(0)+ Ay wal i¢ +pP,-1(0) +P,,(0) =0, 


that is to say the indicial equation, determines n values of p which may, 
or may not, be distinct. If one of these values is so chosen that fọ(p +v)#0 
for any positive integral value of v, then the recurrence-relations determine 
the constants c, uniquely, thus 


( rie. )"eoF (p) 


IPF) -  » folp+y)’ 
where 
file +v—1), Fal Ly S)p 6 0) 5 fv-1(p +1), fp) 
Fp)= | folet+v—1), filep+v—2), .-- Seral pPI f-r(p) 
0 ? fole +v—2), Pare eyes: fr-a(p +1), fr—2(p) 
0 ? 0 RIN WS A E fole +1) ? fi(p) 


Assuming for the moment the convergence of the series W(z, p) for each 
particular value of p chosen, it is seen that, if the n roots of the indicial 
equation are distinct and no two of them differ by an integer, to each p 
corresponds a determinate sequence of coefficients c,, and altogether n 
distinct solutions, forming a fundamental system, are obtained. 

If the n indices are not such that no two of them differ by an integer, 
they may be arranged in order in distinct sets, 


Po Pi > ++ + Pasis 
Pa» Pa+1> eres o9 Pa—v 


in such manner that the numbers in each set differ only by integers, and are 
so arranged that their real parts form a non-increasing sequence. The 
first member only of each set gives rise to a solution of the type just dis- 
cussed, since, for instance, any member pg+; of the set pg. . . pg—, is either 
equal to pa or is less than pg by a positive integer. In the first case, the 
solution corresponding to pa+; is formally identical with that proceeding 
from pa; in the second case, the solution corresponding to pa+x is nugatory 
owing to the violation of the condition fo(p-++-v)=+-0, when v=pg—pa +k. 

The difficulty in the second case could be removed by replacing the 
initial constant co by cofo(pa+x%-+v); a series is then obtained in which all the 
coefficients c, are finite, but it will be seen that the first v terms vanish and the 
series differs from that corresponding to pa only by a constant multiplier, and 
is therefore not a distinct solution. , 


16:12. Modification of the Formal Method of Solution—In order to 
obtain the material from which all the solutions corresponding to each set 
may be deduced it is necessary to modify the preceding method as follows. 

Let o be a parameter whose variation is restricted to a circle drawn 
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round a root of fọ(p)=0 with radius sufficiently small to exclude all other 
roots.* Assume the series 


o 
W(z, 0) = > ¢,27+», 
v=0 
in which co is arbitrary, and c, is in general determined as a function of c 
by the recurrence-relations 


eyfo(o +1) +-cofi(o) =0, 
Cyfol(o tv) +e,-ifi(o+v—1)+ . . - +¢of(o)=0, 


in which the functional operators fo, fıs ..- fi), . .. are as previously 
defined. Then 


LW(z, 0) =S{eyfolo+v)+e,-sfilo+y—1)-+ . . » +eoflo)}er+” 


=Cofo(a)2” 
in virtue of the recurrence relations. The previous solution is now obtained 
by taking o=p, where p is an appropriate solution of fo(a)=0. 


16°2. The Convergence of the Development.—Let I’ be the radius of the 
largest circle, with its centre at the origin, within which all of the functions 
P;(2),; Po(z), . . ., P,(2) are analytic. Then the series 


f(a, o+0)= Salo r)a, 


and the series 
f(e, o+v)=> (A+) fale H)à, 
À 
obtained by differentiating the former term-by-term with respect to z, are 
convergent for |z|<I. Let M(c+v) be the upper bound of | f’(z, o-+v)| 
on the circle |z|=R=I'—e, where e is an arbitrarily small positive number. 


Then, by Cauchy’s integral theorem, 
1 f(z, o +v) a 


AHI tH)= 9. R AFI 
whence 
1 M M 
MENEE |< 2 MCP) oop anA 
and 


I frvilo+r)|<M(o-+)R- (A=0, 1, 2, . . .). 
Since ø is restricted to vary in the neighbourhood of the roots of f(a) =0, 
and since the number of such roots is finite, a positive integer N may be so 
chosen that f(o+-v+1)+0 when v>N. This being the case, 


1 
Beha ee {oy filo +r) +ey—ifolo+v—1)+ . . - +¢of,+1(0)}, 
and if each term is replaced by its modulus, 


eral < prey pti) [fi(o+v)|+le,— al [fe(o+v—1)[+ -+e v+ alol} 


1 P -v 
<lfeqvaiy {lelMle+») Hes Mlo+»—1)R 1... +{¢o|M(o)R-%} 


=Cy+1 say. 


* f,(p)=0 is an algebraic equation in p of degree n; its roots are therefore isolated, 
and each root, a multiple root being reckoned once only, can be surrounded by a circle 
of non-zero radius which excludes all other roots. 
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Then as a consequence of this definition of C,41, 


C= Lele +) 4 | fo(o+v) | R-1C,, 


[folo+v+1)| * |folo+v+1)| 
and since | c,|<C,, it follows that 
Csi Mot), Ihot] ga, 


C, ~|fo(e+v+1)| © |fo(o+v+1) | 
Let positive numbers A, be chosen to satisfy the recurrence relation 


Ay+i1 _ M(c+») "s foot) R- 


A, — |fo(ot+v+1)| * |folo+»+1)| 
and such that 4y—Cy, then 
ferns (<Oyp p< Ay py (v>N). 
Now 
f(z, o+v)=[o4+0],+[o+7],-1Pi(z)+ .. . +P,(2), 
whence 


f(% o+v)=[0 +1] n—1P1'(2) +[o+7],—2P2'(2)+ . . « +Pr’(2), 


i.e. f(z, o+¥) is a polynomial in o+v of degree n—1 whose coefficients 
depend upon z only. Consequently 


M(o-+v)=Max | f'(z, c+) | (|2|<R) 
<M, |[o+7]n-1| +Me2|[o+]n-2| + - ~~ +M 


M,=Max | P,’(z)| (|z|<R), 
and therefore, given vo, a number K, independent of ø, exists, such that 
M(o-+7)<Kv"-1, 
when v>vp. Similarly, since fo(o-+-v) is a polynomial in o+v of degree n, 
a number K4, independent of ø, exists, such that 


|fo(o+v) |<Kyy™. 


M(o-+v) 

PeP? 

and l 
_fdo+»)_ 

fo(o+v+1) 

both uniformly with respect to ø, from which it follows that 


Ay+4 af 
i —>R-1, 


Vv 


where 


Hence, as p>, 


—l1, 


uniformly with respect to o. 
Hence * the power-series 


> Anz” 
has R as its radius of convergence, and therefore. since 


lên [KAn 
the radius of convergence of the series 


Dona" 


is not less than R. Since A,, is independent of ø, the convergence 1s uniform 
in o. 


* Bromwich, Theory of Infinite Series, § 84. 
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16°3. The Solutions corresponding to a Set of Indices.—Consider one of the 
sets of indices, for instance the set * 
Pos Pis ++ + Pa-1 


which is so arranged that, if «<A, p,—p, is a positive integer or zero. Since 
these indices are not necessarily equal to one another, they may be divided 
into sub-sets such that the members of each sub-set are equal to one another. 


Thus suppose pọ=pı= . . . =pj—, to correspond to a root of fo(c)=0 of 
multiplicity i; pi=pi+1= - . . =pj—1 to correspond to a root of multi- 
plicity j—7; pj=pj+i1= - - - =pz—1 to correspond to a root of multiplicity 


k—j, and so on until the set is exhausted. 
In order to avoid any of the coefficients c,, as determined by the recur- 
rence relations of § 16-12, becoming infinite, cg is replaced by 


Cofolo+1)folo+2) . . . fo(o-+w)=cof(o), 
where w=py—pa— 3, Which amounts to multiplying the series for W(z, o) 
throughout by f(c). Then 


W(z, 0) =f(c)W(z, o) 
= 2, eoflo)e" us A 


and is finite when ø is restricted to vary in the neighbourhood of any one 
of Po Pis + + +» Pasi. Also 
LIV (2, 0) =cofolof(a)x” 
=0F (0), 
where F(c) is written for the product fo(o)fo(o+1) . . . fola +æ). 

Now in F(a), the factor fo(c) is of degree 7 in (o—pg), of degree j—i in 
(o—p;), of degree k—j in (o—p;) and so on. No other factor contains 
(o—po), but fo(o+po—p;) is of degree i in (o—p;). Similarly (o—p;) appears 
as a factor of degree j—i in fo(o+p;—p;) and as a factor of degree 7 in 
fo(e+po—pi). Thus F(c) is of degree i in (o—po), of degree j in (o—p;), of 
degree k in (o—p;) and so on. 

When o lies in a certain domain in the o-plane containing the point pp, 
where pp is an index of the set under consideration, the coefficients c, are 
analytic (in fact rational) functions of ø. When also | z|<R, the series do 
is a uniformly convergent series of analytic functions of o and can therefore 
be differentiated any number of times with respect to ø. Furthermore the 


operators L and na are permutable. Hence 


ze o], = erori], 


for s=0, 1, 2, . . .. m—1, where m is the degree of F(a) in (s—pp), and 
consequently for any one of these values of s 


[2 we, 0) | 


is a solution of the differential equation. 
Now 


o=Pu 


KAY d [ee] 
W(2, o) = z7 D ghoz, 
v=0 


* Each index is written a number of times equal to the multiplicity of the corresponding 
root of f,(c)=0. 
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where g,(a)=c,f1(c), and therefore 


ow Z, a) < 8 y Me pe v 8 Ș ar, 
TS = 2,8 (a)a”-+s log 28 D(a) + ... +(log 2) Delo) ( 
=w,(z, o) +s log z w—1(2, o)+ . . . +(log z)w(2z, o), 
where w,(z, o) is written for 
$ go) t. 
v=0 


Consider the index pọ of the first sub-set. In this case g,(p9)=c, f(po) 
is finite or zero for all values of v and go(p9)=0. Thus there arises the sub-set 
of 7 solutions 

Wo =wo(2; po) 
W1=wo(2, Po) log z+w1(2, po); 
W =w(z, po) (log 2)? +2w1(2, po) log 2-+w2(2, po), 


W,-1=wo(2, po)(log 2)'-1+-(i—1)t04(% po)(log z)—2-+ . . . +wi-1(8, po): 
The presence of the term wo(z, po) (log z)’—1 in W, shows that the 7 solutions 
are linearly distinct. 

Next consider the index p; of the second sub-set. Here g,(p;) is zero to 


the order 7 when v=0, 1, 2, . . ., py —p;—1, and finite or zero when v> pp — p;- 
Hence 


le” S sow] =o 


when s=0, 1, 2, . . .,¢—1. The leading significant term in W(z, ø) is there- 
fore of degree o+pọ—p; in z, that is to say of degree pı when o =p;. 

The solutions corresponding to the sub-set of index i have been com- 
pletely enumerated; they are Wo, W1, . . ., W;~1. Since the solution 


[e $ sor] 


v=Po— P; ork 
is free from logarithmic terms, it is a constant multiple of Wọ, and in general, 


when s<i—l, 
Let $ aor] 


is a linear combination of the solutions Wọ, W,, . . . W,. 
There remain the j—i solutions 


a8 o 

Bg 2 aso) 
where s=i,7+1, . ..,j7—1. These solutions form the sub-set 
W,=wo(2, pi)(log z)'+-1wy(2, p;)(log 2)'-14 . . . +w((z, pi), 


c=); 


T= Pi 


W5-1=Wo(2, pi)(log 2/—1+(j —1)wy(z, p;)(log z}-2+ . . . +wj_3(z, pi), 
in which w,(2, pi), when r<i—l1, is a linear combination of wo(z, po), (2, Po), 
- + +, Wp(Z, po). The term w,(z, pi) is not identically zero for 


[zeo], _ +o. 


The remaining members of the sub-set of index i involve w;(z, pi) multiplied 
2D 
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by a logarithmic factor, thus W,,, involves the term w,(2, p;)(log zy. 
The members of the sub-set are therefore linearly independent of one another ; 
it will be proved in the next section that they are also linearly independent 
of the members of the first sub-set. 

In the same way it may be proved that the sub-set of index j furnishes 
k—j solutions which are given by 


lent” Sato 


where s=j, j-+1, . . ., k—1, and so on until the complete set of indices 
Pos Pls + + +» Pa—1 has been exhausted. 
Similarly the set of indices 
Pas Pa+is ++ » Pp-1 


is divided into sub-sets of equal indices and dealt with in the same way. 
Thus finally an aggregate of n solutions of the equation is obtained; it 
remains to prove that they form a fundamental system. 


16:31. Proof of the Linear Independence of the Solutions.—Consider the 
solutions which correspond to a particular set of indices, for example the set 
Do» fis.» .* Fa Pay, and suppose that these solutions are connected by the 
linear relation 


AyWo+4iWi+ ... +Aa-i1Wa-1=0. 


Arrange the left-hand member in descending powers of log z, then the aggre- 
gate of terms which are of the highest degree k in log z must vanish identically, 
thus 
A,W,+ ... +A,W,=0. 

But each of W,, . . ., W, proceeds from a distinct sub-set ; they therefore 
correspond to different indices. The coefficient of the term of highest index 
must therefore vanish, likewise the coefficient of the term of second highest 
index and soon. Thus finally 


Aye. . =A,H6. 


The expression AypW )+A4,;W,+ . +4Aa-ıWa-1 is now of degree 
k—1 in log z, the aggregate of terms involving (log p 1 are now equated 
to zero; each coefficient which enters into these terms is then proved to be 
zero. The process is continued until finally it is proved that 


Aste ee T. 4=0, 
The solutions of any particular set are therefore linearly independent of 


one another. 
Now consider the aggregate of the solutions 


ee es a i 
and suppose that a linear relationship of the form 
A,W,+4.W.+ aa Me +A,W,=0 


exists. The aggregate of the terms of highest degree k in log z must vanish 
identically thus 


(44W; +... +A,W)HAMW +... +4yWy)+ ... =0, 


where the terms bracketed together are of the same set. Let the multi- 
pliers of these sets, corresponding to a circuit of the point z around the origin, 
be 01, 02, . . . . Then after A circuits 


0,\4,W,+ ... +AW,)+0NAW +... +4yWy) +. . 0. 
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Since 0,=-0,+ . . . these equations, for A=0, 1, 2, . . ., are inconsistent 
unless 
A, Wet...» “a =0, AM,+ ... +4 a0, ... 
which has been proved impossible unless 
Be Seg yn Age a a 


Now deal with the terms of degree k—1 in log z; the coefficients they 
involve are likewise proved to be zero. The process is continued until 
finally it is proved that 


A,=A,= aow ie =A =0, 
The n solutions are therefore linearly independent and form a fundamental 
system. 


16:32. Application to the Bessel Equation.—Take the Bessel equation in 
the form * 


d?w dw 
par by mi Wea ed 
z qe t*q, + & n2)w=0, 


or symbolically, Lw=0. Then if 
W (z, o) Dot, 


LW =co(o? —n?2)z7, 
ey{(o +1)? —n?} ==), 


it is found that 


provided that 


¢,{(o +)? —n2}-+c,_ >» =0 (v>2). 
The roots of the indicial equation 
o2—n?2=0 


are +n; when n is not an integer the corresponding solutions are distinct. 
The solutions are, in fact, J,(z) and J_,,(z), where 


( nasil) rant 2r 
no- are T 


The first exceptional case to consider is that in which n is zero. In this 
case J,,(z) and J_,,(z) coincide in the one function 


z2 at 26 
— gat 92 42 oF 4e.g2 tt 
Since c=0 is a double root of the indicial equation the second solution is 


Ko(2)= lim $ [arfi — ey tee era z5 


= Jo(z2) log z+ 3 re a Je (2) wn), 


Jo(2)=1 


where ” 
wr) =| $ tog Fe-+1)],_,. 


Now let n be a positive integer ; the solution 
w=Zd ,(2) 
is the one and only solution free from logarithms. The function J_,(z) has 
now no meaning, because the coefficients, on and after the coefficient of 22, 


* This application is due to Forsyth, Differential Equations, Vol. 4, p. 101. 
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become infinite through the occurrence of the factor (o+2n)2—n? in the 
denominator. Write 


Co =C{(o+2n)2?—n2}, (—1)} C= B'i(o +27) —n?}, 


so that 
Cilo +2n)2 naja i — et HID 
w=—Cy(o ne TUR Trak Aas N p JE rT —— 
22 i 
| ‘tigi A 1 ued 
E +2 z? z4 | 
i a o (o+2n+2)2—n2 tUe nyA nH npani} Patti 
=W +W say. 
When o=—n, w, becomes zero, and wg reduces to a multiple of J,(z). The 
second solution is obtained from 
li Ow 
ante 
Let 
" Ow, ‘ dwg _ 
eae all 
then 
2Cn "= I'(n—r) ( 2?" 
Wart * ae 
et Tn) Perna) 
AS n OE W ed PESEE ELA SA 
aa E STE A 
nw (—1) 711 (ntl) g2” 
TAP 2, Bet ery PUE aii woy(5) i 
The term 


E A a a DTA (n+r+1) 


which occurs in Wo, is a ne multiple of J, 
altogether. Let 


awe (—1) h(n) I(n+1) (2 
4Ez j Thig ’ 
(z) and can be discarded 


c2 n) 
n 
so that 
l 
2"-1T'(n 1)’ 
then that part of the solution w=W,-+-W, which remains is 


n+2r ^- şe- r)/2N2 -n 
o= mper eN) -E rero) 


r=0 
and this may be taken as the second solution of the Micase equation. It 
differs only by a constant multiple of J,,(z) from Hankel’s function * Y,„(2). 


16°38. Conditions that all Solutions relative to a particular Index may be free 
from Logarithms.—The first solution corresponding to a set of indices, such 
as the solution Wọ of § 16-3, is free from logarithms ; the subsequent solutions 
of the first sub-set certainly involves logarithmic terms. In general the 
leading solution of the second sub-set, the solution W;, for instance, also 
involves logarithms, but in particular cases may not do so, whereas the 
remaining solutions of the second sub-set must involve logarithms. It is 


E= 


* Whittaker and Watson, Modern Analysis, § 17-61 ; Watson, Bessel Functions, § 3°52. 
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likewise true that for every sub-set after the first, the only solution which 
may not involve logarithms is the leading solution of that sub-set. 

Consider any set of indices 

POs Bix’ Pas. 9 eed CR a 8) 9)" 
so arranged that 
Px—Pe 

is a positive integer for >x. A set of conditions which are necessary and 
sufficient for the absence of logarithmic terms from every solution Wy 
corresponding to the index pp will now be investigated.* 

In the first place, pu must be a simple root of the indicial equation, for 
a multiple root always introduces logarithmic terms. Moreover, since every 
index px whose suffix « is less than u exceeds py by a positive integer, any 
solution of the form 


WyutbiyWu-it «~~ +by-1Wi+byWo, 
where b;, . . ., bp are arbitrary constants, is a solution of index py. Conse- 
quently the solutions Wo, W1, . . ., Wp—1 must be free from logarithms. It 


is therefore necessary that the indices p1, po, . . - pu Should be distinct. 
Now 


ov < 
m-ar eors], 
EO O ave 
=| 3 aes +p log T z a at ca +(log 2 Sato 


en cf 


In order therefore that W, may be free from logarithms it is necessary and 
sufficient that 


[2e om 
ðo So—py 
for s=0, 1, 2, . . ., w—1 and for all values of v. Consequently g,(o) must 
contain the factor (s —pp)” for all values of v. 
But 
go) Fc) 
=(—1) =H, > 
gl) Y Reteta... foloty) n 


and since g9(a)=¢of(c), Zo(a) contains the factor (c—py)¥. A necessary and 
sufficient condition is therefore that H,(p,) should be finite or zero for all 
values of v. Now the recurrence relations for g,(c) and therefore those for 
H,(c) are the same as those for c,, namely, 


H,(o)fo(o+v)+Hy-1(o)fi(o+v—1)+ . . . +Ho(o)f(c)=0, 


where Ho(o)=1. If therefore H;(py), Ho(pyu), . - -» Hy—1(py) are finite, H,(py) 
will be finite unless v is such that py, -+v is a root of the indicial equation 


fo(c)=9, 
which occurs when v assumes one or other of the increasing positive integers 
Ppi Pa Pua Py» + + +> POT Pp 


When v=py—1—pp, the factor fo(o-+v) in the denominator of H,(c) has a 
simple zero o=p, and no other factor vanishes. Consequently it is necessary 
that 


F(py)=9, 


when v=p,—1—p,, and sufficient that F,(c) should vanish to the first order 
when o=pux. 


* Frobenius, loc. cil., p. 224. 
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When v=P,—2—P,» two factors in the denominator of H,(c) have simple 
zeros for c=py, namely 


fo(o+v—py-2t+Py-1) and fo(o+r). 


It is therefore necessary and sufficient that for this particular value of v 
F(a) should vanish to the second order when o=pyz, or 


OF (oc) 
FY (py) =9, iy Ean when v=p,—2—Pys 

When v=py—3—py three factors in the denominator of H,(c) have simple 
zeros for o=py, namely, 


Solo+v—py-st+Py-1), folo+v—py-s+Py—2)> and fo(o+v), 
and therefore for this value of v, F(a) must vanish to the third order when 
o=py. Therefore it is necessary and sufficient that 


Fap =0, [FO] = [Ae] =, 
Oo o=pu ĝo? o=Ppu 
where v=p,—3—Py: 

In the same way, when V=Pp-r— Pw T factors in the denominator of 
H,(c) have simple zeros for o=p,, and therefore F',(o) must vanish to order 
r when o=pyz. The last condition is that, when v=pọ—pp, F,(o) must vanish 
to order u for o=py. 

But it has been assumed that the solutions relative to p1, po, . + +» Py—-1 
are free from logarithms. The number of conditions to be satisfied is 
respectively 1, 2, . . ., w~—1 which together with the u conditions relating 
particularly to pp itself make up an aggregate of $u(-+1) conditions which 
are necessary and sufficient for all solutions relative to the index pp to be 
free from logarithms. 


16:4. Real and Apparent Singularities——The singularities of solutions of 
a linear differential equation are necessarily singularities of the equation, but 
the converse is not always true. In general when the point z=a satisfies 
the conditions for a regular singularity, some, if not all, of the solutions 
involve negative or fractional powers of (z—a) and possibly also powers of 
log (z—a). In these cases the singularity is said to be real. But it may 
happen in special circumstances that every solution is analytic at z=a, in 
which case the singularity is said to be apparent. A set of conditions, 
sufficient to ensure that the singularity is only apparent will now be derived.* 
Let the equation be written in the form 
d'w 1(2) d- 1w Pai) dwan a) 
de® T ga mee H T @—a)r=1 dz ta)" 
where P;(z), .. ., P,(z) are analytic at z=a. Let the point z=a be an 
apparent singularity, so that each solution of the fundamental set 


w=), 


Wi, We, . ++ Wy 
is an analytic function of z—a in the neighbourhood of the singularity. 
Let 


A(z)= wy—-1), OOD, .. ., wy, Wa 
i w- 1), wg- 2), s a « ‘Wo, Wp 
w,™-D, w,("—2), 5 ey, T 


* Fuchs, J. fiir Math. 68 (1868), p. 378. 


www.rcin.org.pl 


SOLUTION OF LINEAR EQUATIONS IN SERIES 407 


and let 4,(z) be the determinant derived from A by replacing w,"~”, 
.» Wp”) respectively by w,, . . ., W,'%. Then 
Pz) __ A,(z) 
(z—a) A(z)’ 
but for at least one value of r, P,(z) does not contain the factor (z—ay and 
)/4(a 


therefore, for that value of r, 4,(a)/4(a) is infinite. But 4,(z) is analytic 
for z=a and therefore 


A(a)= 
Now 
1 dA(z) P,(z) 
ay ae ae 
P (a) , dG(z— a) 
eer a + dz 


where G(z—a) is analytic near z=a and therefore 

A(z) =A(z—a)- PaMeHe—9), 
where A is a constant. But 4(z) is analytic at z=a and therefore P;(a) must 
be a negative integer. 

The indicial equation relative to z=a is 

[eln+le]n—1P1(@) + ais) 4 +pP,,—1(a)+P,(a)=0. 
The roots of this equation must be positive integers, and must be unequal, 
for equal roots necessarily lead to logarithmic terms. The least root may 
of course be zero. The condition that the exponents are positive integers 
includes the condition that P (a) is a negative integer; the latter may be 
regarded as a preliminary test, when it is not satisfied the singularity is 
undoubtedly real. 

Finally, a set of conditions sufficient to ensure that no logarithmic terms 
appear must be imposed. Let the roots of the indicial equation, arranged 
in descending order of magnitude be pp, pi, - -+ + Pn—1- The solution with 
the exponent pọ certainly does not involve logarithms. One condition 
suffices to ensure that every solution with the exponent p, is free from 
logarithms, two further conditions are sufficient for the exponent po, and so 
on until finally n—1 further conditions suffice for the exponent p,—,. Thus 


in all 
142+... +(n—1)=3n(n—1) 
conditions suffice to ensure the absence of logarithmic terms from the general 
solution. 
The conditions that the exponents are positive integers or zero and that 
no logarithmic terms appear ensure that the singularity is apparent. 


16:401. An Example illustrating the Conditions for an Apparent Singularity. 


—The equation 


Tw) S22 SS (art) E +(4—x2) =0 


contains two parameters A, «x. It will be shown that when certain relations exist 
between these parameters the singularity z=0 is only apparent.* 
Assuming, as in the general method, that 


@ 
w = = CZT tv, 
=0 
it is found that f 
L(w)=c(0—4)(0 —1)z7, 


* Forsyth, Differential Equations, Vol. 4, p. 119. Note that P,(a)=—4, a negative 
integer, and therefore the singularity may be apparent. 
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provided that the coefficients c, satisfy the recurrence relations 
(o+v—4)(o+v—1)c,={A(o+v—1)+x}ey-. 

The exponents pọ=4 and p,=1 are positive integers ; corresponding to the greater 

exponent there is a solution analytic at z=0, namely w=cgu, where 


u= Hyt H -e tyr eeeh 
and 
_ 4+kk 5A+K (v+83)à+x« 
iin. TOA TN v.(v+8) ` 


The solution corresponding to the smaller exponent p,=1 will, in general, 
involve logarithms. In order that it may be free from logarithms one condition 
must be imposed. Since py—p,=38, the necessary and sufficient condition is that 
F,(1)=0. Now 


fo(o) =(0 —4)(o —1), 
Fo) =flo+ flo + 2)folo+3) 


={(o+2)+x«}{A(o+1)+x«}HAo+x}, 
and therefore the necessary and sufficient conditions reduce to 


(BA+«)(2A+«)(A+«)=0. 
Thus there are three possibilities : 


(i) «=—A when the relevant solution is w=z, 
(ii) k= —2X 2 ” 5 w=z+4A2?, 
(iii) k= —8À » » 5 w=z ++ Az?+4223, 


In these cases, and these only, is the origin an apparent singularity. 


16:5. The Peano-Baker Method of Solution—The solution of a linear 
differential equation obtained in the form of an infinite series by the Frobenius 
or a similar method, is, from the practical point of view, quite satisfactory. 
But from the theoretical point of view it suffers from the disadvantage of 
being valid only within the circle of convergence which, in general, covers 
but an insignificant part of the plane of the independent variable. The 
method * which will now be expounded is of great theoretical interest in 
that it leads to an analytic expression for the general solution, which is 
valid almost throughout the whole plane. As an offset against this extended 
region of validity, it would appear that the convergence of the development 
is slow,t and that therefore the method is not adaptable to computation. 

Consider the system of n simultaneous linear equations 

dw; ` 
PA =w Hiwat . -> HUinWn (i=1, 2,..., n), 


where the coefficients uj; are functions of z. The point 2 will be supposed 
not to be a singular point of any of the coefficients. Consider the Mittag- 
Leffler star t bounded by non-intersecting straight lines drawn from every 
singular point of the coefficients to infinity. For definiteness these barriers 
may be taken to be the continuations of the radii vectores drawn from the 
point z% to the singular points. It will be supposed that the coefficients w;; 
are analytic throughout the star. 
Now the system of n linear equations may be represented symbolically as 
dw 
— =u, 


dz 


* Peano, Math. Ann. 32 (1888), p. 455; Baker, Proc. London Math. Soc. 34 (1902), 
p. 854; 35 (1902), p. 334; (2), 2 (1904), p. 293 (giving a historical summary); Phil. 
Trans. R. S. (A), 216 (1915), p. 155. See also Bécher, Am. J. Math. 24 (1902), p. 311. 

t Milne, Proc. Edin. Math. Soc. 34 (1915), p. 41. 

ł Mittag-Leffler, C. R. Acad. Sc. Paris, 128 (1889), p. 1212. 
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where u represents, not a single function of z, but the square matrix 


C AE Y 
Unis A Unn 
and w represents the aggregate (w1, Wo, . - ., Wp). 

The symbol Qu will be defined as representing the matrix obtained by 
integrating every element of the matrix u from z to z along a path which 
does not encounter any of the barriers of the star. The symbol uĝu denotes 
the matrix obtained by multiplying the matrix wu into the integrated matrix 
Qu.* Q(uQu) is written QuQu, and so on. 

Now form the series of matrices 

Q(u)=1+Qu+QuQu+QuQuQu+ ...; 

its sum is a matrix. It will be proved that the elements of the matrix Q(u) 
converge absolutely and uniformly throughout any finite domain D contain- 
ing % and lying wholly within the Mittag-Leffler star. In the domain D the 
functions w; are bounded; let M; be such that 

| wig | <Miy 
for all points of D, and let M be such that 

M; <M 

for all values of i and j. Let 


uha) = [ugha 
0 


w= [Cen (a)ueagQM(@)-+ «tina D(E)} 


the path of integration being a simple curve lying wholly within D. Let z4 
be any particular point on the path (zo, 2), Sı the length of the path (zp, z1) 
and s that of the whole path (zo, z). Then 


| wy (z1) | <S1M;; 
<sıM, 


8 
| wy (z) | < | MeMa ie - +» Minds: 


<nM? | * ¢,ds,=4ns*M2, 
0 


and, in particular, 
| uy P(z1) | <4ns1?M2. 
Similarly, 


|g (2) |<] Ensy2M2(M a +M + » + + +Min)dsy 


1 
< P] n233M3, 


* The product of two square matrices u=(ujj) and v=(v;;) of the same order n is 


formed according to the law wo=(uj,0,j+ . - - +4inDnj), and is in general distinct from vu. 
The sum of the two matrices u and v is the matrix (wij+v;j). 
The symbol 1, regarded as a matrix, represents 


PAN EE 80 
(0 (ie o) 
I | Ss A 
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and so on indefinitely. But u,;(1)(z) is the (i, j)” element of the matrix Qu, 
u,j(2)(2) that of the matrix QuQu, etc. Consequently the series 


115M + 2 ns2M2+ 5 n?s°M3 + Pipi 


is a dominant series for every element of the matrix (u), and therefore the 
elements of Q(u) are series which are absolutely and uniformly convergent 
throughout the domain D. Hence if 


w=(1+Qu+QuQu+ . . .)wo, 


where wọ denotes the aggregate of arbitrary initial values (w40, wg, . . ., W,°), 
then, by term-by-term differentiation, 
d 
T =u(1 +Qu+QuQu+ . . wo 
=u, 


and therefore 

w= 2(u)wo 
is a solution of the system of linear equations which converges through- 
out any region lying wholly within the star, and which is such that 
(wi, We, - - -, Wy) reduces to (w10, w20, . . ., Wp?) when z=2p. 


16°51. Properties of 2(u).—Let Q; be the typical element of Q(u); if 


w=2(u)W, 
where W denotes the aggregate 
(GS re | 
then 
wi =Q; W+ SIPU FOW ns 
and ó i 
dwi _ dQ E aw, 
dz dz Wi+ is dz Wata- t asie +2in dz 
When translated back into matrix symbolism, this result becomes 
dee SA oulm 
aW 
=uQ(u)W +2(u) de 
dW 
=uw +Q(u)- de 


Now let Q-1(u) be the matrix inverse to Q(u), that is to say, the matrix 
which is such that 
2Q-1(u)Q(u) =Q(u)Q-\(u)=1. 
It will now be proved that, if u and v are square matrices each of n? elements, 
2(u +0) =Q(u)Q{Q-1(u)oQ(u)}, 
provided that the determinant of the matrix Q(w) is not zero. 
For consider the system of linear differential equations 


dw 
‘de =(u-+v)w, 
and in it make the change of dependent variables 
w=2(u)W, 
or, what is the same thing, 
W=2-\(u)w. 
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Then 


T =UwW +u) al 

and thus 

(u-+-v)w =uw +90), 
that is 

Q(u) id =vw 

; =vQ(u)W, 
or 
A =2-1(u)vQ(u)W 

Consequently 


w=2(u)W 
=22(u)Q{Q-1(u)vQ(u)}w. 
But on the other hand 
w=2(u-+v)uw, 
which, in view of the known uniqueness of the solutions of a system with 


given initial values, proves the theorem. 
It is not difficult to calculate the determinant 4 of Q(u); in fact 


A =exp | (uirtut . . . +Uy,) dz. 
For since Q; represents the ood element of Q(u), the equations 
£ Qu) =uQu), 
when written out in full, are of the form 


Quy 
oe =Uj24;+ aiis Hinni- 


dA i ; Pa 
Now T om be written as the sum of n determinants, each of which is 


obtained by differentiating all the elements of one particular column of 4. 
By using the above expression for the derivative of Qy it is easily seen that 


dA 
“Zz = (Uy, Fuzz + ae +Unn)4, 


from which the result follows at once. 
In particular, if 
Urr H uz2 t+ -- + +Unn=0, 
A is independent of z, and in fact 4 =1. 


16°52. Conversion of a Linear Equation of Order n into a Linear System. 
—A linear differential equation of order n may be expressed as a system of 
n simultaneous equations of the first order in an infinity of ways. There is, 
however, one method which is particularly adapted to the matrix notation, 
as follows : 

Let the given equation be written in the form 


drw.  Py-1 A N | Pro dw EDRU: fe 
dn S$, Gel Baad, Gent! Sides te 


wW, 
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and write 
d 27 
1 =W, w=ġ; T w 2=pipa Ga» al 
then 
dws we dwa _$u'tos ws dus _/$' ge 
dz ġı’ dz $ı ae? dz “Gere Jes + go 


dw,—4 "Sor Wn 
dz a mA S w azima” 
p Pa 
"w T bay nly 
ct toy + 1 bn o-- . T 
Thus if Hn E $. , the equation is equivalent to the system 
r=1 7 
dw 
Jg 7 U% 
where u represents the matrix 
E a ea 
1 
GB ,. 0, Bias g> 0i, yt OA ae 
1 
(0) ° 0 ’ Ho, bs’ 0 9 (0) 
9 a a a 
Pn-1 
Po Pı wa Ps Pisa Fa 
Eg. a a ae nE I a ate ae ! +H,- 
Pn Pn Pn Pn Pn gn t 


The following cases are those of greatest interest : 
(a) The functions P and ¢ are polynomials, and no one of the functions 
` ġ has a multiple factor. The linear system then has the form 
dw -=( w A 
ea Fer, 
dz ji S2 —ü, ) me 
where V is a matrix each of whose elements is a polynomial in 2, Z—a, is a 
factor of one or more of the functions ¢ and A, is a matrix of constants. 
For example, 
(2-+-1)28w’”’ —{ (az +b2)z +ao}z2w" —{(a,-+b1)z-+a,}2w’ —{(a+b)z+a}w=0 
leads to the equivalent system 


Ria, 0 Oo (Os7 20 
dw |(? ~ TY Rh 1 
eet Oo, L. l 1 +(0 0, 0) tafe 
m (e a4; T b, bi, bo eh 
(b) The functions P and ¢ are as above, and ¢;=¢,= .. . =¢,=¢. 
For example, 
„n _ 48+B 
— g(z—1) 


Cz? +Dz +E 


ET 22(z—1)2 


leads to 


BAG Se AR ane 
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(c) The functions P are polynomials, $;=¢,— . . . =¢,-1;=1 and ¢, 
is a polynomial without multiple roots. The functions H are then all zero. 
Thus 


ime Tae 


=n =i) a) + +3(° ik v jw. 


(d) The functions P are analytic Pap of z, and each of the functions 
¢ is either unity or z—a, where a is not a singular point of the functions P. 
For instance let the equation be 


leads to 


n) ) — Pn-1t?@n—1 in—1) 4 Paata- (na) Riga Poto y 
Z g2 gn a 
where Po, Pi; + + +» Pn—1 are constants, and Qo, Q4, . . ., Q,—1 are functions 
developable about the origin in positive integral powers of z. The equivalent 
system is 
dw A 
ien N va 
dz ( F Z jo 
where 
P= 0) 00 ee ee Ti ay Woe 
a See AIE RA aM Oe ten er 
APRA Sie Sea oe aa E 
Qo, Qi» yee Qn-1 . . : A > . . 
Po Pw Pe a n iss Pai TAr 


16:53. Particular Examples.—In the first place, consider the single 
equation of the first order 


a 
In this case it may easily be verified that 

QuQu =z; (Qu)?, QuQuQu == (Qu), 
and so on. Thus the solution is 


w=W exp Qu, 
‘which is identical with the solution obtained by elementary methods. 
Now consider the linear equation of the second order 


in AREI 
any 
this equation is equivalent to the m 
dw 7) 
‘dz’ w ing w’), 
where w’ =2. It may be verified that, if the initial value of z is taken 
to be zero, 
| a | Lb Og 
wie li o Qu =( o o) 
rae Qu, 0 taj Q?v, (i 
sA We QuQu =à% pra 
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; 2 
uQuQu = a og QuQuQu = (ordi: bint 
uQuQuQu = foe iy a isa) QuQuQuQu = hp ona! i 


and so on. Thus the general solution is 
w=wW +w Wi, 
where W, and W, are given by the series 

W1=1+Q?0+Q?0Q20 +R . . . 

W o =z +Q + Q20Q?20z +U . . ., 
and (wo, wọ’) are the values of (w, w’) when z=0. It will be observed that 
Q?v, Q2vz, QWR, Q2v0Q2vz vanish to orders 2, 3, 4, 5 when z=0. 

As a particular instance, consider the Bessel equation 
oe + = + (2?—n?)w=0. 
Write 
2=4ce;!, m= jn’, 
where c is arbitrary ; then the equation becomes 


dv 
i. (m —ce!)w. 
In this case, 
W,=1 er oF ymp 2 4 © a 
1=1+ ma —c(e -1-{44m AI +me| Toe on i a1 4 (4—2t-+}t )| 


ef ately +4e% tt bbe. ey 
5 
Watt }me ~cf(t—2)et-+1-+2){ 
,# ee ,_ 8 
+}m i +-me| -8 —4t—i S +e(s—4t—i -2)] 


Fetpretietrye—aemty n o 


These series are convergent for all values of t; when rearranged in powers of t, 
they agree with the expressions for the solutions obtained by direct calculation of 
the coefficients. 
Lastly, consider the linear system 
dw rd 
= [4+4 ee Hatt & C, (2—c,)-t|w, 
T= 
and suppose that a new variable s can be found so that log (z—e,) is a uniform 
analytic function of s, for a certain range of values of s and for r=1, 2, 
. o. Then every solution of the linear system is a one-valued function 


of s. 
Let 
log (z 0) =y,,(s), 


2=C,-+exp p(s) 
=Y(s), say. 


so that 


Thus the system is 


T =) Podo- eS a +A P] + 5 Cap, (8) fw 
r=1 


= Um. 
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The terms 
8 8 8 
Qu =| uds, QuQu=| uds | a PARAN 
89 89 89 


are all uniform analytic functions of s; the solution 
w=2(u)wy =(1+Qu+QuQu+ . . .)wWo 
is also analytic in the neighbourhood of s. 
For instance, the Bessel equation may be written as the system 


dw 0, Oy 1/0, +) 
dz la opt a 0 Jes 
its solution is expressible as a one-valued function of the new variable s=log z. 
The scope of the matrix method is very wide, but its successful application 
demands a knowledge of theorems in the calculus of matrices which cannot 
be given here. There is, however, a simple application of some theoretical 
importance which will be outlined in the following section. 


16:54. Application to an Equation with Periodic Coefficients.—Consider 
the equation 


d2 


where n is an integer, and ¥ a periodic function of z. 
Write 


X= pein T£ —inw), Y =4e-in( © aia inw), 


then ” 
dX O.. ing, —inz __ inz 
P hem nz( Xe rem), 
ay) i 


Se, ta phe —inz __ inz), 
= ane (Xe re”) 


If r=2iz, =e", the system can be written 
d 7 ut y 1 ? =ý” 


In particular, let n=1, ¥—=4a cos hz+4b cos kz, then 
d 
gX ¥Y)=(ap+bq(X, Y), 


where p, q denote the matrices 
=i ? be —] 3 t 
p= Ha i i e i 7). 
The solution 
(X, Y)=Q(ap+b4)(Xo, Yo), 
where 


Q(ap +bq)=1 +aQp +bQq +a? QpQp +ab(QPQI +Q4Qp) +b°QqQq+ .. + 


is absolutely and uniformly convergent for all values of z. 


[For further developments of this application of the method, and in particular 
for a discussion of the stability of solutions of the linear differential equation of 
the second order with periodic coefficients, the reader is referred to Baker’s Phil. 
Trans. memoir already quoted. | 


www.rcin.org.pl 


416 ORDINARY DIFFERENTIAL EQUATIONS 


MISCELLANEOUS EXAMPLES. 
1. Solve in series of ascending powers of z 


(i) KER 3 q woo 
ees MRS LO | 


i dw dw 
(ii) (22-+2*) za — y — 6x0 =0. 


2. Find the complete solution of the hypergeometric equation 
d*w dw 
o(1—2) => H{y—(atB+1)2}— —apw=0 
(i) when y=1; (ii) when y is a negative integer. 
8. Show that the equation ; 
wey SENE eed. Wiehe De ded ps bob teen hea —aw=0 
dz‘ dz? dz? dz 
is satisfied by the function 


F,(a; 5 z)=1 + —- s+ sere 
sina Ami 4 por 2! p(p+1)o(o+1)7(7+1) 
and find the remaining solutions relative to the singularity z=0. 
When a=r, ,F;(a; p; o, rT; 2) reduces to F(p, o; z); prove that this function 
satisfies the equation 
d'w dw 
+ po— —w=0. 


gi it (p+o+1)z 
alg Seigtlameaar * idea’ = 
Establish the relationship between the two equations. [Pochhammer.] 


27 0. 


4. Show that every solution of the following equations, relative to the singularity at 
the origin is free from logarithms : 
(ii) 2(2—z*) in (z? 4+2))(1 ae +10 =0 
dz? dz Bif 
5. Prove that the origin is an apparent singularity of the equation 


d?w dw 
et —(1 +8) +2(1—z)w=0. 
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CHAPTER XVII 
EQUATIONS WITH IRREGULAR SINGULAR POINTS 


17:1. The Possible Existence of Regular Solutions.—The theorems which were 
established in the two preceding chapters show that, when the point 2 is a 
regular singularity, the functional nature of the fundamental set of solutions 
appropriate to z is known. Moreover, each solution of the set can be 
developed in series of ascending powers of z—2z9, whose coefficients are deter- 
mined in succession by a system of recurrence-relations. 

Let it now be supposed that, in the neighbourhood of zg, every coefficient of 


ee d”—1 d2 d 
(A) L(t) =a HP) gai HPA) gaa + o +a- TE Haeo 


is analytic, but that one at least of the coefficients p,(z) has a pole at zọ of 
order exceeding the suffix r. Then since the condition for a regular singu- 
larity is violated, not all of the n solutions appropriate to the point zg will be 
regular. The problem which now arises is whether any of these solutions can 
be regular, and if so to obtain analytic expressions for them.* 


Let wi, w2 . . ., Wp be the orders of the poles which py, po, - . ., Pn 
respectively have at 2, and consider the numbers 
@,+tn—-1, Wetn-—2, ... Dr-itl, Wa 


of which, by hypothesis, at least one exceeds n. Let g,—1 be the greatest of 
these numbers, excluding @,, and suppose that the equation has a regular 


solution 
w(z) =(% —20)Pp(z —20), 
where $(0)==0, then by substituting this solution in the equation 
Mee ik d™— ly š a 
pale) — H e HoA aea t e teste), 


it will be seen that p,(z) will have a pole at zọ of order not exceeding g„—1- 
Thus a necessary condition for the existence of a regular solution is that 
Dn <g n= 


17:11. A necessary Condition for the Existence of n—r Regular Solutions. 
—The previous theorem will now be generalised. Let g, be the greatest 
of the r numbers 


@,+n—1, Wetn—2, ... @W,+n—T; 
then if there are n—r regular solutions, the remaining numbers 
Writer; .. Tai tl, Dn 
will all be less than g,. A proof by induction will be adopted ; let the theorem 


be supposed to be true when the order of the equation is n—1, it will then be 
proved true when the order of the equation is n. 


* Thomé, J. für Math. 74 (1872), p. 198 ; 75 (1873), p. 265; 76 (1878), p. 273. 
417 2E 


www.rcin.org.pl 


418 ORDINARY DIFFERENTIAL EQUATIONS 


Let the equation be subjected to the transformation 
w=w,(z)f vdz, 


wi(z)=(2—2)P$(2—20) 
is a regular solution of (A), then v will satisfy an equation of the form 
ia d"~ 2p dv 
(B) genel +91(2) Jzn +... +9n—2(2) 7; +qn—1(2)0=0, 


and, on the supposition that (A) has n—r regular solutions, (B) will have 
n—r—1 regular solutions. Let 


where 


Ols O25 ++ + On—1 
be the order of the pole at z in qj, q2 -> - -» Yn—1 respectively. 
Now q,(z) may be expressed explicitly as follows : 
1 dw dw 
ule) =e gag + -  - Has Hp) Ge telee, 
and therefore 
O,<2,-+s—n (Sera a Na Poe 
Thus each of the numbers 
oyt+(n—1)—1, o2+(n—1)—2, ..., op +(n—1)—*. 
is at most equal to g,—1. 


The assumption made is that when equation (B) has n—r—1 regular 
solutions, the remaining numbers 


Opti t(n—1)—r—l, s+ +9 On—1 
are also at most equal to g,—1. Then, referring back to the expression for 
qs, it will be seen in succession that 


Dpt1QOptas + + +» By—-1<SOn-1, 
and consequently that each of the numbers 


Or nr=, . ., Un- +1 
is at most equal to g,. It then follows, as in the last section, that w, is also 
at most equal to g,. 

Now the theorem is true in the case of an equation of order r+1 which 
has one solution regular at z; it is therefore true for an equation of order 
r+2 having two regular solutions, and therefore, finally, for an equation of 
order n having n—r solutions regular at zo. 

From this theorem a very important corollary can be deduced, as 
follows. Let g be the greatest of the numbers 


@,-+n—I, Wo+n—2, e o ss Ün-1 F1, Wns 
and let r be the least integer for which 
O,+n—r=g, 


then the equation will have at most n—r distinct solutions regular at %. For 
if it had a greater number, n—s, of independent solutions, regular at zo, 
then, since s<r, each of the s numbers 


@,+n—1, .. . Os t+n—S 
is at most equal to a number h, itself less than g. But as there are now 
supposed to be n—s regular solutions, each of the remaining numbers 


Weiitn—sS—l, ..., Dn 
is at most equal toh. In particular 
o,+n—r<h<g, 
contrary to hypothesis. The theorem is therefore true. 
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The number r is known as the Class* of the singular point %. When 
all the solutions appropriate to % are regular, each of the numbers 
+n, wmy+n-—-1l, 2... Oni Tl Wa 
(© =0) is less than or equal to n. In this case, therefore, r is zero. 
When r>1, the number of distinct solutions regular at zọ has been proved 
at most equal to n—r, but may fall short of this upper bound. 


Thus, in the equation 


hak +a +bw=0, 


” dg? 
where a and b are constants (a0), ©,=@,=2, and, considering the singularity 
at the origin, 

@,+n—-1=8, V, +n—2=2. 
Consequently 
g=83, r=1, 
and therefore there is at most one solution, regular at the origin. It is easily seen 
that if this regular solution exists, its development is 


w=A HAHAH ... HAm” -s 


where 

(m+1)aA,,+1+{b+m(m—1)}A,,=0. 
But lim | A,,+,/A,,| =% , and therefore the series does not converge for any value of 
z except z=0. Thus in this case no solution, regular at the origin, exists. 


17:2. The Indicial Equation For simplicity, let the singular point 2p 
be the origin. In place of (A) consider the equivalent equation 


Ly(w) =0, 
where L,;=2/L. Now L, may be written in the form 
2"Qo(z)D" +2”71Q1(2)D"71+ . . - +2Qn—1(2)D+@,(2), 

where 

Qo(2) =z”, 

Q(z) =20 -7 +p, (2) EEN NOR 

The functions Q are analytic in the neighbourhood of the origin; from 

the definitions of g and r it follows that, when z=0 is not a regular singularity, 


Qo(0) =Q1(0)= . . . =Q,—1(0)=0, 
Q,(0)-+0, | 
and the remaining coefficients Q are finite or zero at the origin. 

Let it be assumed that there exists a solution regular at the origin, say 


w=2{1 +0(z)}, 
then the coefficient of the term in 2? proceeding from 
2"—"Q,(2)D"~"w 


Q(9)LP]n—» 


and will vanish when v<r but not when v=r. Since 2? is the lowest power 
of z which occurs in L;(w), p must satisfy the indicial equation 


Q-(0)[P]n—r+ - + =0, 
where the omitted terms are of lower degree in p than the term written. 
The degree of the indicial equation is therefore n—r, which confirms the 


will be 


* The accepted term is Characteristic Index, but the terms ‘“ characteristic” and 
“ index ” are already sufficiently overworked. ‘The excess of the number n—r over the 
actual number of regular solutions could conveniently be called the Deficiency. 
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theorem already proved, that there cannot be more than n—r distinct regular 
solutions. 
In particular, when n=r the indicial equation becomes 
Q,,(0) =0. 
Thus when the left-hand member of the indicial equation is independent 
of p there can be no regular solution. 


17:21. Reducibility of an Equation which has Regular Solutions.—Let it 
be supposed that the equation (A) has k distinct solutions which are regular 
at the singular point z=0. These solutions form a fundamental set for an 
equation of order k whose coefficients satisfy Fuchs’ conditions with respect 
to the origin. Let this equation be 

M(w)=0, 
where the coefficient of D* in M is unity, and write M; =2*M. Then 
L,=R\M), 
where R; is a differential operator of order n—k formed as indicated in § 5:4. 
Since the coefficients of both L and M, are finite or zero at the origin, and 
are analytic in the neighbourhood of the origin, the same is true of the 
coefficients of R. Consequently the equation L,(w)=0, and the equivalent 
equation L(w)=0, are reducible if one or more regular solutions exist. 
Now the equation 
[s—PLy(z?)].=0 =0, 
which, from the definition of g, is not an identity, is the indicial equation 
of L,(w)=0 or of L(w)=0 with respect to the singularity z=0. Let 


Ly(z?) =f (2, p)2?=> falp)2*P, 
M,(2)=g(2, p) => ga(p)2+e, 
Ry(zP) =h(z, p)2? => hy(p)z**P, 
where the summation begins, in each case, with A=0, then since 
fo(p)=9, go(p)=0 
are the indicial equations of L(w)=0 and M(w)=0, neither fo(p) nor go(p) is 
identically zero. Now 
L,(2?) =R\M,(2?) 
=Ry{> gp) +P} 
=F ga(p)Riz\*P 
=D 8r(p) > hA pà tete. 
Thus i 7 
D flp)A= Seal) Shale + pert 


and therefore 
A 
InP) = X 8(p)ha—«(« +p) 
k=0 
a set of relations which determine, in turn, the polynomials ho(p), kı(p), 
hlp), - - -In particular 
folp)=8o(p)ho(p), 


which proves that fo(p) is not identically zero. i 
When the polynomials )(p) have been evaluated, R, can be determined 
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explicitly, as follows: The degrees of the polynomials f)(p) have the upper 
bound n, which is attained ; those of g)(p) have the upper bound k, which is 
also attained. The upper bound of the degrees of h)(p) will therefore be 
n--k, and will be attained. Let n—k=m, then since 


Mz, p) =E hpa, 
h(z, p) is expressible in the form 
m—1 
hlz, p)=S plp—1) « « - (p—m-+r+1)um— (2) +ta(2), 
where the coefficients w(z) are determined by the formula 
$1 u,(2)=[Ah(z, p)]p =o 


A(z, p)=h(z, p+1)—h(z, p), 
A*h(z, p)=Ah(z, p+1)—Ah(s, p), 


where 


Hence 
R (zP) =h(z, p)zP 
={[P]mU@m(2) +[P]m—1%m—1(2) + ahah +puy(2) +U(2)}2?, 
and therefore R; is the operator 
Mum) D” + . . . +zu(z)D +ug(2). 

Now /o(p) is of degree n—r in p and g(p) of degree k. Hence ho(p) is of 
degree n—r—k. Thus since ho(p)=0 is the indicial equation of R,(w)=0, 
the degree of this indicial equation is the number by which the degree of the 
indicial equation of L(w)=0 exceeds the number of regular solutions. In 
particular, if R,(w)=0 has no indicial equation, L(w)=0 has precisely n—r 
regular solutions.* 


17°3. Proof of the general Non-Existence of Regular Solutions.—In § 17:11 
it was shown by an example that even when the equation L(w)=0 possesses 
an indicial equation for the singularity z=0, the corresponding formal develop- 
ment of the solution may diverge for all values of |z|. This phenomenon 
is in no way exceptional, in fact the exceptional case is for a regular solution 
to exist at all. 

Consider, as before, the modified equation 


L,(w)=0, 
then, if there exists a regular solution 
W=2P(Co Hez +C927+ . . «), 
p will be determined by the indicial equation 


fo(p)=9. 


By equating to zero the coefficients of successive powers of z in 
Liw) =h Sof A+ Zef PHA +Seahp+2)er2+ « . $ 
the following set of recurrence-relations is obtained : 


cıfolp +1) +cof1(p) =9, 
C2 fo(p +2) +e1 fi(p +1) +¢0f2(p) =0, 


eyfo(p+v)+e,-ifi(p+ty—1l)+ ..- +eof(p)=9, 


and these recurrence-relations determine Cj, Co, . . -, Cy, - - - When ¢ is given 
(cf. § 16°11). 
* Floquet, Ann. Ec. Norm. (2), 8 (1879), suppl. p. 68. 
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Now the essential difference between the present case, and the case, 
treated in the preceding chapter, in which all solutions are regular at the 
origin, is that fo(p) is not of degree n but only of degree n—r in p. On the 
other hand, among the functions f,(p) there are some whose degree is n; the 
first of these is paR #4 

If the process of evaluating the coefficients c, terminates, so that the 
expression for w contains only a finite number of terms, then the expression 
so found is a solution regular at the origin. In general, however, the series 
does not terminate ; in this case it will be shown to diverge. 

For certain values of k, for example k=g—n, 


lim | fi(p+y—k) | _ 
ve! fp») | ~ 


for the numerator is of degree n, and the denominator of lower degree, in v. 
Thus, in order that the recurrence-relation 


Cy—1f1(p+v—1) Cy—afelpty—2) | ite al a Cof(p) _ 


eyfo(p+v) eyfo(p +) cyfo(p +») 
may be satisfied, it is necessary, in general, that 
lim | Ci- ve | —0: 
| ed Ee Rat 


the series therefore diverges. 


17:4. The Adjoint Equation.—When the indicial equation relative to an 
irregular singularity is of degree n —r, there cannot be more than n—r regular 
solutions. But since the number of regular solutions may fall short of the 
maximum, it is expedient to find a criterion for ascertaining whether or not 
the possible number of regular solutions is attained. This required criterion 
can be obtained by means of the adjoint equation.* 

Let L, be the differential operator adjoint to Z,. Inthe Lagrange identity 
(§ 5:3) 


= d 
oL,(u) —uLy(v) = z, Pu, v)}, 
let w=2?, v=z-P—»—1, where p is prbiirary, sy v an integer, then 
hai A 1L (2) —20Ly(2- p—-v—1) = se d prep, SEETI, 


Now PI STIT 1) is free from terms in 2°; from the assumption made 
concerning the coefficients of the operator L it follows that P has at the origin 
no singularity other than a pole. Consequently no term in z~! can exist in 


z=P-7-1L (29) — zy (2-P-¥1), 


2)=> falpertP, 


As before, let 


and now let 
L(x) =S$y(p)2**?. 
_ The coefficient of 2-1 in z-p-»-1L,(2") is f(p) and that of z~? in 
z Ly(z-P-¥-1) is ¢,(—p—v—1), hence 


fp) =$b.(—p—v—1) 
$,(p) =f(—p—v—1 ). 


* Thomé, J. für. Math. 75 (1873), p. 276); Frobenius, ibid. 80 (1875), p. 320. 


and similarly, 
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An immediate consequence is that the degrees of the two indicial equations 
fo(p)=0, relating to L,(w)=0, and ¢o(p)=0, relating to Z,(v)=0, are equal. 
Let this degree be n—r, then the class 7 is the same for both equations. In 
particular if one of Z,(w)=0 and £,(v)=0 has all or no solutions regular at a 
singular point, the same is true of the other. 

It will now be supposed that Z,(u)=0 actually has n —r solutions regular 
at the origin. Then 

L,=R,M,, 
where M,(u)=0 is the equation satisfied by the n—r regular solutions, and 
R, is an operator of order r. But if R} and M, are the adjoint operators of R, 
and M, respectively, 

Lı =M 1k 1° 
Now the indicial equations, relative to the origin, of both L, and M, are of 
degree n—r. Consequently the equation R,(w)=0 has no indicial equation. 
If, therefore, the equation Z(v)=0 has n—r regular solutions, it is necessary 
that the adjoint equation Z(w)=0 should be satisfied by all the solutions of an 
equation R(u)=0, of order r, which has no indicial equation. 

But this condition is also sufficient, for when it is satisfied the equation 
R,(u)=0, adjoint to R,(v)=0, has also no indicial equation. Consequently 
the order of the equation M,(w)=0 is equal to the degree of its indicial equa- 
tion relative to the singularity considered, and all the solutions of M,(u)=0 
are regular at the origin. The equation Z,(u)=0 therefore has n—r solutions 
regular at the origin. 

Thus a necessary and sufficient condition that an equation of order n should 
have n—r solutions regular at a singular point at which the indicial equation 
is of degree n—r, is that the adjoint equation should be satisfied by all the solutions 
of an equation of order r, which has no indicial equation at the singular point 
in question. 

When regular solutions exist, explicit expressions for them may be 
obtained by solving the set of recurrence-relations given in § 17:3. Any cases 
in which roots of the indicial equation are repeated, or differ from one another 
by integers, can be treated by applying the general method of § 16°3. 


17:5. Normal Solutions.—The next problem which arises is that of obtain- 
ing, if possible, developments to represent those solutions which are not 
regular at a singular point. The case of an equation of the first order for 
which the origin is an irregular singular point will serve as an introduction 
to the more general case. Consider, then, the equation 


dw 
ten =0, 
z s + p(z)w 
in which 
ma, , (m—1) 20m—1 


pase tear t H+ pH, 


where ¢(z) is analytic in the neighbourhood of the origin, and ¢(0)=0. 
The general solution is 


w = Ae) zPP(z), 
where A is an arbitrary constant, 
We: ay dy 


Q= ta Hn, 


Z 
and 


@(z)= exp feo dz. 
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If the solution is written as 
w=eC2)p(z), 


then v(z) is the solution (regular at the origin) of the equation 


The essential singularity of the solution is thus due to the presence of the 
factor e@), which is known as the determining factor of the solution. When 
a solution of this form exists it is known as a normal solution* ; the number 
p is the exponent. 


17°51. Equations in which the Point at Infinity is an Irregular Singularity.— 
—In equations arising out of physical problems, when a point is an irregular 
singularity, that point is almost invariably the point at infinity. It is 
therefore expedient to suppose that any particular singular point, say Zo 
has been transferred to infinity by the substitution 
1 
Ms E 


T Ro 


No loss in generality, and an appreciable gain in ease of manipulation results 
from this transformation. 
Consider, then, the equation 


dw d”— iw dw 
T + Pil®) Tai Ss e+ +Pn—il(2) dz T Pnl2)w=0, 


in which the coefficients are developable in series of descending integral powers 
of z, thus 


PAB) =28 (ays dy,2-1+4,,2-2+4 .. .). 

If, as is supposed, the point at infinity is an irregular singular point, 
K,>1-—+ for at least one value of v. Suppose that 

K,+v<K,-+r when v<r, 

K,+v<K,+r when v>œr, 
then the degree of the indicial equation relative to the point at infinity will 
be n—r, and r will be the class of the singularity. 

It will now be shown that a necessary condition for the existence of a 


normal solution is that K,>0 for at least one value of v. When a solution, 
normal at infinity, exists, it is of the form, 


w=e@u(z), 
where Q(z) is a determinate polynomial in z and u(z) is of the form 


zP(co e1271 +e 2+4 . . .) 


Let 
m 
a el —t me, 
so that 
to = LE ty =f)’ 


and, in general, 
bm+1 tm’ tm’. 
If Q(z) is a polynomial of degree s, then at infinity 
f= vier"—*), 


* Thomé, J. fiir Math. 95 (1883), p. 75. 
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Let the equation satisfied by u(z) be 

dru d”—iu du 

dz" + qı(2) dgn—1 + Aes: 1s se (2) 7 T qn(z)ju=0, 
then it may be verified that 

Jo =p +(n—v +1tPr-1tn-v+2C2 t2Py—2 + FEE, +,C, ty» 
and in particular 
Gn=PnthPn—-1ttepn—-oat - ++ +b 
Now if a normal solution exists, it will be possible to determine Q so that 
the equation in w has at least one solution regular at infinity. This con- 
dition limits the degree of the dominant term in q,. The degrees of the 
dominant terms of the components of qy are, in order 
K,, K,-1+8s—1, K,-2+2s—2, ..., wv(s—1) 

and therefore, when the polynomial Q is of degree s, but otherwise arbitrary, 
the degree of the leading term in q, exceeds that of the leading term in qy—1 
by at least s—1. In general, therefore, the dominant term in q, will not be 
less than the dominant term of any other coefficient g,. The equation in 
u will therefore have no indicial equation, and consequently no regular 
solution, at infinity. 

Thus when a normal solution exists, it must be possible, by a proper 
choice of the degree of Q(z) and of its coefficients, to make the degree of the 
dominant term in q, at least one unit lower than the degree of the dominant 
term in g,—;, in which case only can the equation in u have a solution regular 
at infinity. In order that this may be possible, it is necessary that no one of 
the numbers 

Kn» K,-1+8s—1, K,-2+2(s—1), ..., n(s—1) 

should exceed all the rest, that is, of the numbers 

K,—n(s—1), K,-1—(n—1)(s—1), ,K,~-2—(n—2)(s—1), . . ~ 0 
the two greatest should be equal. Let g be the greatest of the numbers 

Ry. She Weah Se 
then it is necessary that 
K,—v(s—1)>0 
for some value of v, from which it follows that 
g2s—l. 

But since the solution is normal, and not regular,* s>1, and therefore 
g>0. It follows that K,>0 for at least one value of v. 

For instance, the equation 

zw” +w +w=0 
has no solution, normal at infinity, because K, =K, = —1, and therefore g= —}3<0, 


17°52. Calculation of the Determining Factor.—The degree, s, of the 
polynomial Q(z) is thus limited by the inequality 
s<g+l. 


When g is a positive integer or zero, it is clearly admissible to take s=g +1, 
because, in that case, 


K,=v(s—1) 


* Note also that, when the point at infinity is an irregular singularity, 


1 1 
g> as K,> a =i 
for at least one value of v, so that g>—1. 


www.rcin.org.pl 


426 ORDINARY DIFFERENTIAL EQUATIONS 


for at least one value of y, and for all other values of v 
K,<v(s—1), 
and therefore, of the numbers 
Mins Ky-1+s-—1, Ky—2+2(s—1), elim n(s—1), 
the number n(s —1) is equal to at least one other, and greater than the 


remaining, numbers of the set. 
Now the class has been defined as the number r such that 


K,+v<K,+r when v<r, 

K,+v<K,+r whenv>r, 
and thus, when v>7, 

K,+(n—r)(s—1) >K,+(n—v)(s —1) +s(v —1) 
>K,+(n—v)(s—1). 

Consequently the equality 

K,+(n—v)(s —1)=n(s—1), 
or 

K,=v(s—1)=vg, 

which is certainly true for at least one value of v, namely r, can only hold 


when v<r, and therefore 
K,<vg when v<r, 


K,=vg when vsr, 
K,<vg whenv>r. 
Let m be the least value of yv for which K,=vg, then 
Kn+(n—m)(s —1)=K,+(n—r)(s—1)=ng, 
and 
K,+(n—v)(s—1)<ng when v<m or v>r. 
The terms of highest order in q,,(2) are therefore 


Tie bites (sees (Egg Dee 


But 
ty = Q'ty 1 +0{0-06-} 
=Q" +0{2—D6-D}, 
whereas 
t =O{@s— VD}, 
and therefore the dominant expression in q,,(z) is 
QPR -+ (ae +p,Q’" =f) 
Let 
Q(z) =A,2+4Ao2?+ ee + Ap, 
then since 


pz) =2%(a,9+-4,,2-1+... ), 
the condition for the vanishing of the term of highest order in q,,(z) is. 
Af +amA "+ . . . +A 9=0. 


There are therefore at most r distinct values of the constant Æ, When 
a value of A, has been obtained, the remaining constants A,_,, ..., Ay 
can be calculated in succession. ‘Thus, when s=g+1 the determining factor 
can be determined in one or more ways. 

The assumption that s=g-+1 is necessary when g=0, but when g is a 
positive fraction, and in general also when g is a positive integer, integral 
values of s less than g+1 will be admissible. To obtain the admissible 
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values of s, use is made of the Puiseux diagram * which is constructed as 
follows. The points whose Cartesian coordinates (a, y) are 
(0; 7), Rt EL oss, RO); 

are plotted, and a vector line is drawn through the point (0, r) in the first 
quadrant and parallel to the w-axis. This vector is rotated about (0, r) in 
the clockwise direction until it encounters one or more of the other points. 
It is then rotated in the same direction about that one of these points which 
is most remote from (0, 7) until it meets other points, and so on until it 
passes through the point (K,, 0). A polygonal line joining (0, r) to (K,, 0) 
is thus formed such that none of the points lie, in the ordinary sense, above 
or to the right of that line. 

Consider any one rectilinear segment of the line, and suppose, for instance, 
that it passes through the points 


(Ko, r—0), . . ~ (Kr, r—T), 
and let it make the angle 0 with the negative direction of the y-axis. If 
j1=tan 0, points on this segment satisfy the equation 
a-tpy=C, 
where C is constant, and therefore 
Ket+p(r—o)= .. . =K,+p(r—7), 
and if (K,, r—v) is a point not on the segment 
Kotp(r—o)>K,+p(r—v). 
If, therefore, w is a positive integer or zero, an admissible value of s will be 
s=p+l, 
and there will be as many admissible values of s as there are distinct recti- 
linear segments in the polygonal line, for which p is a positive integer or zero. 

When an admissible value of s has been obtained, the method of deriving 
the polynomial Q(z) proceeds on the same lines as before. The next step is 
to obtain the differential equation in u, and to ascertain whether or not it 
has solutions regular at infinity, for it is only when u(z) is regular at infinity 
that a normal solution w(z) can be said to exist. The existence of the de- 
termining factor e22) is not of itself sufficient for the existence of a normal 
solution ; the convergence of the series in u(z) is also necessary, and this, 
as has been seen, is exceptional. When, however, a normal solution exists, 
it is said to be of grade s, where s is the degree of the polynomial Q(z). The 
rank of an equation, relative to the singular point considered, is the number 
h where 

h=g+1. 
When % is an integer, h may be equal to s, but in general 
h>s. 

When the polynomial Q(z) has been determined, the next step is to 
obtain the indicial equation satisfied by p. When this equation has equal 
roots, or roots which differ from one another by integers, there may exist, 
in addition to a normal solution free from logarithmic terms, solutions of 


the form 
e%zP{bo(2) +h1(2) log z+ . - . +4m(2) (log z)”}, 
in which the functions ¢(z) are analytic at infinity. 


17°58. Subnormal Solutions.—For any rectilinear segment of the Puiseux 
diagram, the inclination yp is a rational fraction. In order to construct any 


* Cf. § 12°61. 
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normal solutions which may exist, any zero or positive integral values of u 
may be selected ; non-integral values have to be discarded. These, however, 
are not altogether useless, for they may lead to solutions of a new type, 
known as subnormal solutions.* 
Let the rational fraction p, expressed in its lowest terms, be l/k, and trans- 
form the equation by writing 
C=, 


Then the Puiseux diagram of the transformed equation will possess a recti- 
linear segment inclined at an angle 0’ to the negative direction of the y-axis, 
where 

tan 6’ =I. 


If l is a positive integer, the transformed equation may possess a normal 
solution ; if it does, the determining factor Q(¢) will be a polynomial in ¢ 
of degree s, where 

s=l +1. 


Thus the original equation may possess a solution of normal type in the 
variable z4/*; such a solution is said to be subnormal. Obviously, if one 
subnormal solution in z1/* exists, there will be k—1 other subnormal solutions 
of the same type. These solutions are said to form an aggregate of sub- 
normal solutions. 


For example, the equation 
ee. Se 
dz* dz (4 16z 
has two subnormal solutions. Its general solution is 
w= Aeve{z—t 2-1} + Be— vz{z—-4§+2-9}, 
where A and B are arbitrary constants. 


When the determining factor Q(z"/*) is of degree s in z'/*, the subnormal 
solution is said to be of grade s/k ; in this case 


h=g+1>-. 


Thus when a normal or subnormal solution exists, its grade does not exceed 
the rank of the equation. 


17°54. Rank of the Equation satisfied by a given Fundamental Set of 
Normal and Subnormal Functions.— Let 


Wy =E, Wa =E, . . ., Wy =E nP, 
be n functions of normal or subnormal type arranged so that, if their grades 
are respectively yj, yo, » - <» Yn, then 
Poy>ye> ... >Yn 
Then the differential equation of order n satisfied by these functions will be 
of rank h not exceeding J", with respect to the singular point at infinity.t Let 


a= | wy, Wo, oe 

+ + , 

1; Wo , ae 69 | Oy 
w”), w- I), EET w,a—) 


be the Wronskian of the n given functions; it is assumed that 4 is not 


* Fabry, Thése (Faculté des Sciences, Paris, 1885). 
t Poincaré, Acta Math. 8 (1886), p. 305. 
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identically zero. Let 4, be the determinant obtained from 4 by replacing 
wi” by 24, w”-7” by wo” and so on. Then, if 


Pr —A,|A ’ 
the differential equation satisfied by w1, W2, . . ., Wp will be 
drw d”—iw dw 
dz” + pi dz"—1 ek + Pn-179, + p,w=0. 


The rank of this equation depends upon the order of the coefficients p, at 
infinity. Now from 
Wy == Puy, 
it follows that 
wa” =g DelugPud y. 


where ¢,, is analytic, and not zero, at infinity. Now 


y= | On ee Up J TA E ee > © 8 0 Up soe oe 
Le. Yu Mpbyn , AMD ya 
Jo oy BUM“ un eae bed ep ag RTI HOn nara erat 
| . . . . . + . . . 
| 
| a up SAN O o 0-D-Dby gigs oes 


When the determinants are expanded according to the elements of the 
n—r-+1" row (which is the only row in which the determinants differ), 
p, takes the form 


inUth WPR Honn Unz tY) 
aN Pirn n—1U R+ PARS +Pa,n—2U na 
The functions U,, . . ., U, are analytic at infinity, and it will be supposed 
that the numbers a4, . . . @, have been so chosen that U1, . . ., Un are not 


zero at infinity. 

If, therefore, i 

Pr=O(z**), 
K, will be the greatest of the numbers 
tyi =t) Far Amr + + + 1(¥m—1), a ala T(Yn— 1) tan Am 
which are in turn not less than 
nyi —= I) s Ym L) . = + rya ~I) 

and of these the greatest is r(y,;—1). 

Thus, for all values of r, 


x lire 


and therefore 
h=g+1<T. 

When all of the given functions are normal functions, they are uniform 
in z, and consequently the coefficients p, are also uniform in z. Consider 
the case in which, among the functions w,(z), . . ., w,(z), there occurs an 
aggregate of subnormal functions. Thus suppose, for definiteness, that 
4 (z), . . „Wp (z) form an aggregate of subnormal solutions. Then if ¢=2* 
they may be written as 


W(t), WoC), - + +» Wild), 


where W,, Wz, . . W, are normal functions of ¢. But they may also be 
arranged in such an order that 


W(L)=Wy (wl), . - -» WilS)=Wi(w* 16), 


where w*=1. 
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From this it follows that the effect of replacing z!/* by wz!/4is to leave p, 
unaltered. That is to say, p, is uniform in z. The same is clearly also true 
when two or more aggregates of subnormal solutions are present. 

Consequently a set of n functions which are normal or subnormal and of 
grade equal to or less than I’ satisfies a differential equation of order n and rank 
h not greater than I’, with uniform coefficients, provided that when a subnormal 
function is present, the remaining members of the corresponding aggregate are 
likewise present. 

It follows from this theorem that when an equation L(w)=0, having 
uniform coefficients, possesses normal or subnormal solutions, it is reducible. 
For any number of the normal solutions, or of aggregates of the subnormal 
solutions will satisfy an equation 

M(w)=0, 
with uniform coefficients. If this equation has, as may be supposed, no 
solutions other than those which satisfy L(w)=0, the latter equation can be 
written in the form 

RM(w)=0 
and is therefore reducible. 


17°6. Hamburger Equations.—-No general set of explicit conditions is 
known which is sufficient to ensure that an equation of order n should admit 
of a normal solution. Only in one or two particular cases are explicit sets 
of conditions known ; of these cases the most important is that of an equation 
of order n which is such that 

(i) there are two and only two singular points, namely z=0 and v=, 

(ii) the origin is a regular singularity, 

(iii) the point at infinity is an essential singularity for every solution.* 

The equation may be written in the form 


drw d”—iw dw 
aT a -+ g-i pi dan- -+ ERNY +2P)n-1 Ae + Prw AN 
where pj, Po, - - » Pn are necessarily integral functions of z; for simplicity 


it will be assumed that they are polynomials in z. 

Now since the origin is a regular singular point, there exists at least one 

solution of the form 

w=z2V (2), 
where V (z) is a power series convergent within any arbitrarily large circle 
|z|=R, and V(0)+0. This solution can be obtained by the methods of 
Chapter XVI. 

A set of conditions will now be found sufficient to ensure that this solution 
is normal with respect to the singular point at infinity. Since any solution, 
normal at infinity is of the form 

w =e U(z), 
where Q(z) is the polynomial 
ay2°-1 
“oe hfe ate +. ++ +0,—12, 
and U(z) is analytic throughout any region which does not include the origin, 
and does not vanish at infinity, it follows that 


, 


w 


on =a 1 042-24... +a,-1-+02-1+U'/U, 
where, for large values of | z |, U’//U=O(z-2). But 
w 


= eer £ m 
= PELE IP, 


* Hamburger, J. fiir Math. 103 (1888), p. 238. 
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and therefore V’/V must be developable as a series of descending powers of 
z containing only a finite number of positive integral powers of z. In order 
that this may be possible it is necessary that V should have only a finite 
number of zeros within any circle |z|—R however large ; let V have k zeros 
apart from zeros at the essential singularity z=%. Then, by Weierstrass’ 
theorem, 


V (2) =P(z)e"®, 


where P(z) is a polynomial in z of degree k and g(z) is an integral function 
of z. Hence 


zeU (z) =2Pe2) P(z), 


and consequently g(z) on the one hand is a polynomial in z and U(z) on the 
other is a polynomial in z~!; also 


o=p +k. 
Now let 
2 =2°-1P,, 
w 
where 
P,=ag+a,2—1+ . . . +as—137 t1 +0(27°) 
=v+O0(z-8), 
then 
w” w’ 2 d w \ 
w =(") +3, z) 
= 228— 2P,2+(s—1)2°-2P, +2°-1P,’ 
=275—2P,, 
where 
Pa =v2+0(z7 °). 
In general 
w") =g“ -DP x, 
w 
where 


Pe =0" +0(2-°). 


Substitute for w’/w, w”/w, . . . w/w in the differential equation, then 
the resulting equation 


SP a ENAA Pat S Bae +2°p,—-1P1+p,=0 


is an identity. Now the positive integer s has not been restricted; let it 
be taken so large that each of the polynomials 2~**p, (k=1, 2, . . ., m—1) 
is at most of degree ns, and let 


K8 
P= > ark,v 2. 
v=0 
Now the determining factor is 
Q(z)= | >) 2°—1y(z)dz, 
0 
and since 
P,=0* +0(2-°), 
v(z) is obtained by taking the first s terms of a root of the equation 


(z°v)" +p (z*0)"—1+ oe HPn-180+p,=0. 
In particular the equation which determines ag, the leading term in v, is 
A(a) = ag” +a, sao” 1-+a2, gdo 2+ Ilalia +an, ns =0 ; 


it will be supposed that ag is a simple root of this equation. 
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17°61. Conditions for a Normal Solution.— Let 
wey, 


then if w is a normal solution, the equation satisfied by u will admit of at 
least one regular solution. Now 
K 
kal eal) —g2Kk(s—1)y e, 
dz“ 


where v, is identical with v% in the terms in z0, 2-1, .. .„ s7%+1. Conse- 
quently 


dv w y! d-u 
—_ = Q(z z) a NLE ee. 
dz re Mag (v—«)!~ an he i 


with v =1, ari and therefore the differential equation for u is 


A w (n—r)! E i | 
Èr Sato Ok ocr T 


or, as it may bi cule. 
n nr 


(n—r)! A. du 
> ` v!(n ae isin dv O 


The coefficient of u in the differential equation is 


n 
S Pay 
r=0 
But since v is obtained by taking the s leading terms of a root of the equation 


and since the s leading terms of v,_, and v"~" agree, it follows that the s 
highest terms in the coefficient of u, namely the terms in 2”, . . ., 2—st1 
must vanish, and therefore 


n 
D> Prey — p= A"— 1H +-O42-14+ . . .), 
r=0 
where, since v is known, bọ is a known constant. 


Likewise the coefficient of si in the differential equation is 


dz 
n—1 
H3 (n ai T ad 0, p15 
r=0 
but since ag is assumed to be a mele root of the equation 
Žo, rs Ag” = 
it follows that 
n—1 
J (n= ray, rs a0"-"-140. 
r=0 


Consequently the leading term in the coefficient of at that is to say the 


dz > 
term in 2("—-1s does not vanish identically, and therefore the coefficient of 
du . 
3 a, is of the form 
gn Denon 1+ . - -); 
where, since v is known, nọ is a known constant which is not zero. 
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Now if w=27U(z), where U(z) is a polynomial in z~—1, o must satisfy the 
indicial equation 
Nos +4 =0. 
But o=p-+k, where k is a positive integer or zero, and p satisfies the indicial 
equation 
I(p) = [eln +410 El- 1 + AETA +an—1,0 p+ano=0. 


It follows that a necessary condition for the existence of a normal solution is 
that the equation 


I(—k—8o/no) =0, 


regarded as an equation in k, should have at least one root which is a positive 
integer or zero. 

Let it be supposed that this condition is satisfied and that « is the corre- 
sponding value of k. Then 


U=27(Coteyz—-1+ ... +07") 
=2P(C Cp 18+ . . « +o"). 
When this expression is substituted in the differential equation for u, the set 
of recurrence-relations 
C1 (p) =0, 
Cx—<1(p +1) +¢,G,(p +1) =0, 
Ck- 21 (p +2) +x—1Gy(p +2) +¢,Go(p +2) =0, 


where Gi, Go, . . . are polynomials in their arguments, must be satisfied 
by the coefficients Ce, Cy 3, - . .. The first equation is satisfied indepen- 
dently of ck; when the value of cy is assigned the succeeding x equations 
determine cy—3, - - -, Cop In all there are s(m—1) recurrence-relations of 
which k+1 have been used; the remaining equations must now be satisfied 
identically in’ virtue of the determined values of cy, . . . Cj. When the 
aggregate of these relations is satisfied a normal solution exists. 
If the equation 
A(a)=0 


has more than one simple root, in respect to which all the requisite conditions 
are satisfied, there will be a corresponding number of normal solutions of 
the differential equation. The possibility of the existence of n normal 
solutions will now be investigated. Let 1, Bo, .. . Bn be the n distinct 
roots of A(ag)=0, and let 


Q =P. tye. 
Then if normal solutions exist, they will be of the form 
W,=e%r(2)g°rU, (2), 
where U,(z) is polynomial in 2—!; if x, is its degree, then 
Or=Pr TK, 
where p1, P2 + + +, Pn are the roots of I(p)=0. Now 


n n 
> (o,— «;) = py 
r=1 r=1 


=3n(n—1) — 410» 


and p2 can be evaluated as follows. 
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Let 4 be the Wronskian of the solutions w,, . . .. Wn then since there 
1s no loss of generality in writing 


w,=e%zr{1 +-O(2—1)}, 
w, =P e%rs%rt @—D{1 +0(271)}, 
w,” =P, 2e%rz%rt 28-1] +0O(2- 1)}, 
ME ATSAN 
the first approximation to Á is 
A= t --- ten | ZT ER 
| Baat-D , 2. Byztnte-D | 
| B22 t 2s—D, Bp227n+ 28-1) | 
| 


rS 


and more exactly 
A 620x307 + 9-18-14 B -+0(2-1)}, 


+0, 


where 
B= 1 Os S | 


Bı >>- Bn 


n—1 B n—1 
MER aw ty: Ba 
On the other hand, 
A =Ae-Se *p,(2)dz 
= Az toe- 4112-844 22*— bayaz? 


Thus it is found that 
9 1 
>,(2) = 441% haj . . . — alln?” 


Žo, +4$n(n—1)(s—1)= —4 
B+O(z—1)=A. 


| 
| 
| 
| 


Also 
Ik, sanity +449 We an(n RA. 1) 
= —}sn(n—1). 
But since k4, . . ., kp are positive integers, this equation is impossible. Thus 
if the numbers Bi, . . ., Bn are unequal and the numbers o, . . . , On are 


unequal, and if the numbers o are associated with n distinct roots of the 
equation I(p)=0, the differential equation cannot have n normal solutions. 

On the other hand, if the numbers o are not unequal, or if each ø is not 
associated with a distinct p, the equation 


> (o,—k,)= We Pr 
fæl 


r=1 
is no longer true, and the theorem is in default. It can in fact be shown by 
examples that in these cases n normal solutions may possibly exist. 
Now consider the case in which a is a multiple root of the equation 
x A(ao)=0, 
then ņo=0 ; since 
o= —bo mo 
must be finite, it is necessary for the existence of a normal solution that 
0o=0. When the factor x”—1)8-1 has been removed, the differential equation 
has the form 


R 
B1 +0- jutt +0e- E + Lof1 +O a E o 0 
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y. 
and in general the coefficient of v is O(z—-»s+1), Thus the indicial 
equation is 
6, +7 10+90(0 —1) =0 when s=1, 
or 
01 +10 =0 when s>1. 


A set of conditions sufficient to ensure the existence of a normal solution is 
obtained by continuing the investigation on the same lines as before.” 


It may happen that a zero value for v is obtained so that Q(z) disappears. 
This would happen if the solution under consideration were regular; when 
this is the case the solution is developed by the methods of Chapter XVI. If, 
however, the solution is found not to be regular, the possibility that it is of subnormal 
type (§ 17°53) must then be considered. 


17°62. The Hamburger Equation of the Second Order.—Consider the 


equation 


2 
pe —(a+2bz—1+cz—2)=0; 
the origin is a regular singular point relative to which the indicial equation is 


p(p—1) =e. 
It will be assumed that the regular solution has only a finite number of zeros 
in the finite part of the plane, and that the normal solution 


w=e)u(z) 
exists, where 


8 
Q(z) = oe +... a12 
Then the equation for u is 
u” +2Q’u' +(Q” +R —a—2b2-1 —c2z-2)u=0; 
in order that this equation may admit of the solution 
U=29(1+c,2z-1+co2-2+4+ ...) 

it is necessary that 

e=1,. ag?=4,,. aga=bd; 
The coefficients c, satisfy the recurrence-relations 

Zac; =o0(o—1)—e, 

2ragc, ={(o —r+1)(0—1r) —c}c,-4 iy i a Peery i 

if the series pE did not terminate, it would diverge for all values of |z | 
and the solution would be illusory. Let the series terminate with cz“ ; then 

(o—K)(o—K —1) =c. 
It is therefore necessary that the equation 


(«Petr 2) 


should, either for ag =-+-+/a or for ag = —4/a, have a root « which is a positive 
integer or zero, and this condition is manifestly sufficient for the existence of 
one normal solution. 

Additional conditions are necessary to ensure the existence of two normal 
solutions. If the two values of o, namely 


03=+b)/\/a, o2=—b//a, 
* Günther, J. fiir Math. 105 (1889), p. 1. 
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are not zero, and if they are associated with distinct values of p, thus 


oy=pit+*1, o2 =P2 F K2, 
then 


0=0;+02 7 


=Pitpetky+k,=1+Kk1+Kks, 
which is impossible since «x, and «g are positive integers or zero. 
If, on the other hand, 


o,=0,=—0, 
that is to say, if b=0, and if the equation 
K(k +1} =c 
has a positive integral root, there will exist two normal solutions 
evaite2z+ ... +e"), 
e-#V8(T—c,2-'+ .. . eT“). 


Again, if c} and og are unequal, but are associated with the same value 
pı of p so that 


1 O1=P1 +k}, O2=P1 +Ke, 
then since 


01 —02=K,—Kg, 
o1 +02=0, 
20; and 2o must be integers, that is 2b/4/a must be an integer. Also 
Ky +k2+2p,;=0, 
and therefore 2p, is a negative integer, not zero. But 
4c-+1 =4p;(p;—1)-+1 
=(2p,;—1)°, 


that is 4c+1 is the square of an integer, not zero. These conditions are 
necessary and sufficient for the existence of two normal solutions. 


MISCELLANEOUS EXAMPLES. 
1. Prove that the equation 


; d*w +21 dw 0 
— —2z)— —w= 
dz? ) dz 

has two solutions normal at infinity and obtain them. 


2. Prove that the equations 


(i) Eii + PP edad w=0 
dz? dg? Pon 
dw d*w dw 
ii) 2%(2°+6 $412)( 3z — — —2% )=0, 
(i) 2-46) Fe + C'HI) Be + 8” 2h )=0, 


dw d*w d 
(iii) z*(22-++1)—— +(22°+92+45)z— 4+(—22° 432246244) — +(—22*—52+43)zw=0 
dz dz? dz 


have each three solutions normal at infinity and obtain them. 


8. Prove that the equation 


d*w dw 
422 at + oa —(4z2+122+3)w=0 


has one solution normal at infinity. 


www.rcin.org.p 


EQUATIONS WITH IRREGULAR SINGULAR POINTS 487 


4. Prove that the equation 
d*w 4 a dw Py ter 
- at ee vwo = 
dz* 2 dz 


| has two solutions normal at infinity if a is an integer or zero. 


5. Prove that the equation 
d*w 
Tai — (az? + 2b + cz— ? jw =0 
z 


has a normal solution if the quadratic equation 


(«+4- Fett z= 


has a positive integral or zero root for either value of 4/a. Consider also the two cases: 
(i) both roots are integers for the same value of 4/a; (ii) the equation has a positive 
integral root for both values of ya. 


6. Prove that the equation 


9 


„Pw dw 
or + p E + Aw =0 


possesses two solutions of subnormal type at infinity if 2u is an odd integer. 
7. Prove that the equation 
a*w 
dz? 
has two solutions of subnormal type at infinity. Express them in terms of the solutions 
regular at the origin. 


= (2bz—1+-cz— *)w 


8. Prove that the equation 


p dw 
gZ — =W 
dz? 
possesses three solutions of subnormal type at infinity when 
j 1 
p=3( 1—3} 


\ 


and n is an integer not divisible by 3. Obtain them. [Halphen.] 


CHAPTER XVIII 


THE SOLUTION OF LINEAR DIFFERENTIAL EQUATIONS BY 
METHODS OF CONTOUR INTEGRATION 


181. Extension of the Scope of the Laplace Transformation—The general 
principle of the Laplace transformation was explained in an earlier section 


(§ 8:1) of this treatise. Let 
n 
L = > 5 ant D P 


r=0 s=0 
be a differential operator in z, whose coefficients are polynomials in z of degree 
mat most. Then the equation 

L(w)=0 
is satisfied by 


w(z)= [eoo 


where the function v (Z) and the contour of integration C are defined as follows. 
In the first place let M; be the differential operator 


n m 
a > Arg De, 


r=0 s=0 
and let M, be its adjoint. Then v(¢) must satisfy the differential equation 
M ¢(v) =0, 


whose order is equal to the degree of the polynomial coefficients in the operator 
L. Secondly, the contour C is to be so chosen that, if P{e*, v} is the bilinear 
concomitant of the transformation, then 


[Pie o| =0 
o 
identically. 

The advantage of replacing a definite integral by a contour integral lies 
partly in the increased liberty in the choice of a path of integration which 
is thereby gained. But this in itself would not justify a separate discussion 
of the expression of solutions of differential equations in terms of contour 
integrals. The real reason why this discussion is now taken up again is that 
the contour integral provides a powerful instrument for investigating those 
solutions which are irregular at infinity, and whose developments in series 
diverge, and are therefore illusory. ‘The nature of the coefficients in the 
equation L,(w)=0 shows that the point at infinity is an irregular singular 
point; by means of contour integral expressions for ‘the solutions of the equa- 
tion, the behaviour of the solutions in the neighbourhood of the singularity 
may be investigated. 


18°11. Equations whose Coefficients are of the First Degree.—In the case 
in which the coefficients of the given equation are of the first degree, the 
438 
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equation satisfied by v(f) is of the first degree, and therefore completely 
soluble. Let the given equation be 
dn qr-1 
(aobo) a + (matb) samy t -o Haye+b,)0= 


Then v(¢) will satisfy an equation of the form 
dv 
POK —Q(C)v=0, 


where P(Z) and Q(Z) are polynomials of degree n;* this equation may be 
written as 


dv Ay A 
-1_ = pampe oe) © 2 , 
E ee T 
where aj, . . . a, are the zeros of P(¢), and are supposed, for the moment, 


to be distinct. Then 
v(t) =t —a;)u . . . (S—ay)>n. 


The bilinear concomitant is found to be 


(aot +a16” -14 . . . +a,6+4,)o(L)e*, 


and therefore the contour integral 


| olde 


will satisfy the given differential equation provided that the contour C (which 
must be independent of z) is so chosen that 


[60t t Wee (Canji t Aeta] =0 
o 


identically with respect to z. 
Let the real parts of À; and À be greater than —1, then ` 


shill * exto( Za 


will be a solution of the equation if the integration is taken over any simple 
curve of finite length joining a, to ag, but remaining always at a finite distance 
from any point a, for which the real part of the index 1-++A, is negative or 
zero. 

If the real parts of A,, . . ., A, are all greater than —1, there will be n—1, 
but no more, distinct integrals of the above type, each of which satisfies the 
given equation. 

Now consider the case in which the numbers A are unrestricted. For 
simplicity, each of the points a3, ..., a, Will be considered to be at a finite 
distance from the origin. Then the contour will be that formed by the 
aggregate of four loops described in succession such that each loop begins 
and ends at the origin and encloses one and only one singular point. For 
instance, let the first loop pass round a, in the positive direction, the second 
round ag in the positive direction, the third round a, in the negative direction, 
and the fourth round ag in the negative direction. The function 


(€—a,)! ss ee: (—a,,)b telk +z) 
returns to its initial value after this circuit has been described and therefore 


the contour is appropriate. In this way n—1 distinct integrals may be 
formed, which satisfy the given equation. 


* Note that P(¢) is a constant multiple of a,f%+a,@"—1+ ... +an—1ıč+an ; in order 


that P(¢) may not be of lower degree than n» it will be supposed that a, F0. The point at 
infinity is then an irregular singularity for w of rank unity. 
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Let the equation be 
n n— 
Boos +P, Sn eK» ey MN oi +P,0=0, 
in which the coefficients are polynomials in z; let P, be of degree K,. Then 
if the equation possesses solutions which are normal and of grade s at infinity, 
K, <Ko +r(s =L) 
and ar sign of equality holds at least once for r>1. 


Wy(%), WelZ), - + -» Walz) 
be n independent normal solutions and let 
2i 
w=es° 
Form all possible products, each of s factors, such as 
U=W,(2)wW,e(w2) ; - - Wy(w* iz), 
where the suffixes a, 8, . . ., p may assume any of the values 1, 2,. . ., n. 


The number N of distinct products is n*, and the products satisfy a differ- 
ential equation of the type 
N—ly 


aN d d 
Qo Saw +81 yi a +Qy 15 +Qyo=0, 


whose coefficients are polynomials in z. Now v is a normal solution of grade 
s, and therefore, if 6, is the degree of Q,, 
0, <80 +r(s—1). 
If z is replaced by wz, w?z, . . ., or w*—1z, the products v are permuted 


among themselves and therefore the equation remains unaltered. 
Thus a number m can be found such that 


Q(z) =2"—"G-(2*) (r=0,1,..., N), 
where ,(z*) is a polynomial in z*. The equation in v may therefore be written 
dv dv 
qo(2*)2" TaN T R +an-il) 7 +qy(2*)v=0. 
Now let 2°=@, then z” 


dg 8 linear expression in 


with constant coefficients. The equation therefore becomes 
N N—1 dv ; 
Ro Gen +R, J-i e Ag WS terag +Ryv=0, 
where the coefficients are polynomials in ¢. 


If n, is the degree of q, in 2°, 
6,=m —T-+87;5 
and therefore 
Nr <Not: 
Now the degree of R, is the degree of the highest term in 
CNqo(L), S¥—1gi(E), <- >» S*~"Gr(E), 

and in general is the greatest of the numbers 

N +o; N—1 +71; oF) 89 N—r-+», 
that is N +7. Consequently the degree of each of the coefficients Ry, . . ., Ry 


www.rcin.org.pl 


SOLUTION BY CONTOUR INTEGRALS 44.7 


is at most equal to the degree of Ro, and therefore the equation is of unit 
rank, and v can be expressed in the form of a Laplace integral. 
It remains to deduce w from v. Let 


w= (2) 
be the solution aimed at and write 
$,(2) =$;(2w"—*) GS 2, q et pay 8), 


then the equation in v is satisfied by the product 
v=$1(2)ol2) . - . $4(2). 


Form the first N derivatives of v ; since ¢4)(z) and higher derivatives are 


expressible in terms of the first N—1 derivatives, there will be in all N+1 
equations of the form 


d” d db dë 
g avg WAP dp, Pd. digs 


dg! B E” TET 
(r=0, 1,. . . N), where the coefficients Z are rational functions of z. When 
the N products 
dep, Poe dh, 
ae“ dP dae 


are eliminated determinantally from these equations, the differential equation 
of order N in v is obtained. 

Now consider only the first N equations, in which r has in succession the . 
values 0,1, ..., N—1. From these equations any of the N products may, 


in general, be expressed in terms of v, v’, ..., v¥—-). In particular 
$1(2)P2(2) - . - p(z) =v, $1'(2)Po(2) . - - O:(2) =O, 
where @ is a linear expression in v, v',. . ., vY—1) whose coefficients are 
rational functions of z.* Hence 
$1(2) _® 
p(z) v 


and thus when v is known w=¢,(z) is obtained by a quadrature. 


18:301. An Example of the Reduction to Unit Rank.—Consider the equation 
d’w 
z de —(z3+1)w=0, 


which is of rank 2 with respect to the point at infinity. If w=¢(z) is a solution, 
w,=¢(—2z) satisfies the equation 


Let 0=ww,, then 
v =w Ww] HWW’, 
v” =w" w +2w w +ww,” 
=22°ww,+2w’w,’, 


ttr + 2 ’, 
0 —denow, +} 402+ = feo, Ha Ruw, 
2 
4 2 A 2 ,, f ARY , 


* The case in which the determinant of the coefficients Z vanishes is dealt with 
by Poincaré in the memoir quoted. In this case ® is not rational but algebraic in 
2,0, 0’, . . ., of4—D, 
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By eliminating ww,, w’w,, ww,’ and w’w,’ it is found that the equation satisfied by 
v is 

dèv d?o dv 

—— +z —4z4—__ —16z3 — —(8z4—4)o=0 

dz‘ ‘A dz? dz? dz ( ) ; 

and is of rank 2. But when it is transformed by the substitution z*={ it becomes 


dv do d?v 
dti +140? G8 —(40°+ 80) Fa wa 


g2 


4t3 pE —(2t—1)o=0, 


and is of rank 1. 


18°31. Equations of Rank greater than Unity : Direct Treatment.— When 
an equation is of rank p, greater than unity, the integral representation of 
solutions which replaces the Laplace integral is of the form * 


w=f Ay et [enerints +H iPZdl, . . . ip, 


where Z is a function of %1, . . ., Cp. The problem of this representation will 
now be studied in the case of p=2; the more general case presents much 
complexity but no additional difficulty. 

Let the equation be 


g” d™—1 d 
L(w) =po(2) sm +P) gai + - - - Haile) ge + Pale) =0, 


where the coefficients are polynomials in z and the degree of p,(z) exceeds that 
of po(z) by r. Let po(z) be of even degree A } and let A+2n=2m. 

Now consider the possibility of satisfying the equation by a double integral 
of the form 


fides | j ez+1?Ududt, 


in which U is a function, to be determined, of u and t, and the u- and t- 
contours are independent of z. Then 


z g Í j etz+ 4ue"(t + uz) Ududl, 


. : 
TR = | ferri (t-tue)? +0} Ududt, 
and, in general, 
T, 
= an | | ete + tue" Ududt, 


where 


It will be observed that w, is a polynomial of the form 


(t+uzg)" HED tpu- PAI ID aiunt eT. 


in general the coefficient of (t-+-wz)’-” is 0 when v is odd, and a constant 
multiple of u? when v is even. 
Thus i 
2"L(w) = | f ez + 42" TT (t, u, z)Ududt, 
where é 
I(t, u, z) =w po twn- Pı + » - - +O1Pn—1+Dy}- 
* Cunningham, Proc. London Math. Soc. (2), 4 (1906), p.374. It should be noted that 


Cunningham’s definition of rank differs from that now accepted. 
t If p,(z) is of odd degree, multiply the left-hand member of the equation by z. 
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Now JI is a polynomial in z of degree 2m=A+2n. Let a,, be the coefficient 
of z\+7—8 in p, and let B, be the coefficient of z22"—* in JJ. Then 


Bo =a" +ayqu"—14+- . . « Hano, 
By =t{nagu"—1-+(n—1)ayqu"—2+ .. . +ay-1, 0} 
+{do1u" tarul o. o . Hanh 


and in general 


T 
B, =f nC Aqgt"”—"+n—-1C,ayqu"—*—1 Toni j+ > t’-§B,.(u), 
s=1 
where B,,(w) is a polynomial in u of degree n—r--s at most. 
Thus 
"ae. Sane? Pg 
seals T Al Rau: 


Now single integrations with respect to u and ¢ give 


| | ez + tuz U dudt = | ef [aetwtar- 2 u] dt —2 f J elz + duztgr—2 rt dudt 
u pt 


ae | eket e310] du—2 f f etetductgr—1 a dudt, 
t 


where the brackets denote the difference between the final and initial values 
after description of the u- or t- contour as the case may be. The single 
integrals containing these brackets will be referred to as the semi-integrated 
terms. 


This reduction is repeatedly applied to z"Z(w) so that the latter is reduced 
finally into the form 


Í J ez+12M(U, u, t)dudt-+{R, 


where |R] denotes an aggregate of semi-integrated terms. Thus in order that 
the integral considered may satisfy the differential equation, it is necessary 
firstly, that U(u, t) should satisfy the partial differential equation 


M(U, u, t)=0, 


and secondly, that the contours be so chosen that [R] vanishes identically. 
When these conditions are satisfied and the integral exists, it furnishes a 
solution of the given equation. 

The highest power of z in I(t, u, z) is 22", and this may be reduced by m 
successive integrations with respect to u, thus contributing to M(U, u, t) the 
term 


In the same way the term in 22”~-1 is reduced by m—1 integrations with 
respect to u and one integration with respect to ¢ and contributes the term 
om(B,U) 

du™— lat 

The remaining terms may be reduced in the same manner; if a sufficient 


number of integrations with respect to u is made, no partial differential 
coefficient need be of order exceeding m.* 


—(—2)"-1 


* It may be observed that the equation M(U, u, t)=0 is not uniquely determined, for 
in reducing the later terms there is a certain freedom of choice as to when integrations are 
made with respect to u and when with respect to t. 


26 
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The partial differential equation satisfied by U is therefore of the form 
omU PU 
Bum = Dre urde 


where the coefficients A,, are polynomials in u and t. Let w=a be a non- 
repeated root * of the equation By=0. Then as in the case of an ordinary 
linear equation, the point u=a is in general a singularity of the solution of the 
partial differential equation. It will now be shown that this equation admits 
of a solution expressible as a convergent double series. 


Bo (r=0, 1, .. .. m—1; r+8<qm), 


18:32. Determination of the Function U.—Since u=a is a simple root of 


aoU” Hau” 71+ . . . An—19U+Ay9=0, 
it follows that if 
naoa” +(N—1)ay9a"~ 1+ ... +an-1,0 =f; 
then B+0. Let 
Qa" tarna” 14+ .. . +a =y, 


and write 
v=u—a, s=t+y/B, 


then the term in B, which does not involve v is Bs. 
Now 


L(w) —etaz*—yz/B | Jasus, v, 2)dvds, 


where 
D(8, v, 2) = LI(t, u, 2). 


A term in 2“v^s" is reduced to a term independent of z by p or p-+1 integrations 
with respect to s together with }(«—y) or }(x—y—1) integrations with 
respect to v according as the integer k— is even or odd. It will be observed 
that since Ø contains the factor z, xis at least n; pis at most n and therefore 
k—p is a positive integer or zero. 

Let (s, v),,, denote a polynomial of degree r in s and n in v. Then the 
differential equation in U is of the form 


(—2)" 7 {Bo} —(—2)"-1 2" {BU +0(s, 0). n-1U} 


om 
+( cd, Le 5 ðm- 2952 {(s, V)on U} = —2)"- $ a {(s 2)3,nU} 


-H peda =0, 
or, when expanded, 
amy om U 
2Bo om + {Bs +-v(s, Ojia} 3m -1as 
n+1 m 
om—B+vU 
v1 re Dym—Hoev 
+È 3 (or o), +- vh) Foe =o 


where the expressions (1, v),, denote polynomials in v of degree n. Assume 
a solution of the form 


U=v {fo(s) +2f1(s)+v2fo(s)+ . - .}3 


* The case of a repeated root involves a somewhat tedious analysis, and does not present 
any points of special interest. 
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then if [p],=p(e—1) - . . (ep —m-+1), the functions f satisfy the recurrence- 
relations 


2LplmBfo+[Plm—188 2° +[pIm—s4afo=0. 
2+ 1 mPa HPH m—sB8 P HoH- (ars? +58) 52° 


+ (cos +d) is dfo ° + eofo, 


where dp, @1, b1, Co - . . are constants which occur in the differential equation. 
The first recurrence-relation reduces to 


d 
iS +42(p—m-+1)+ A \fo=0 
and is satisfied by 


fo en oy 
where 


o=2(p—m-+1)+ 3 ) 
The second recurrence-relation then takes the form 
d 
S a +(o +2)f; =A,s—*+Aos—9- 1 


where A, and Ag are definite constants (dependent upon ø). Consequently, 
fi=s— ($4, +4287 1) 


Ír =877g,(s7 ), 

where g,(s~—1) is a polynomial in s~! of degree r. 
It will now be proved that the formal solution 
U=vPs— {1 +0gi(s-1)+ ... +0%,(s-1)+ . . 4} 

is convergent within any finite circle | v | =y for all values of | s | greater than 
a fixed positive number sọ There will be no loss of generality in assuming 
that p=0, a=0, for the form of the series > £,(s) is the same in all cases. 
For tne let s-1=t, then the we a differential equation for U becomes 


gm aii ee 
aa —{Bt-+ vt(t, vin a 13 +> >0(1, Vat PEIL °) a} am — mop Kow 


Its solution may be developed as the series 
U=1+vg,(t)+ ... +0g,(t)+.- » 
whose coefficients g,(t) are atia determined by relations of the form 


=t- ei ; Teer = a 7 ' (ant + Daath) Ue 


(h) k=0 


and, in general, 


py: lla 


where ap, and bp, are constants. 
If polynomials ¢,(t) are defined Py the relations 


1G tagy b (lan |+ | Ban 12+ SH 


with ġo =o =1, the coefficients of PTA will be the moduli of the corresponding 
coefficients of g(t ) and therefore 


| 8™(t) | < | Ge) | 
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for all values of t. Consider also the sequence of functions y,(¢)=c,t”, where 


d 7 r—1 di 
Os +21, = > > (| ane | +] bar [et ti; 
dt (h) k=0 dt 


the coefficients c, are positive if cg=1. If|t| > 1 and if 
Ppr 


——— 


dt* 


|% > [$r]. 


Therefore, by induction, for all values of r and for |t| > 1, 
|r| >| br] > lg l. 
But 4%, =c,1" and ¢, is a polynomial of degree r with positive coefficients and 
therefore 
CANG 
| ath dt’ 
for h=1, 2, . . ., r, and therefore 


a's, 
dt 


d'o, w 
cape? | (esl. E 


then 


> 


> 


ie, 
d | 


=a 


Now consider the expression 
V =1 opi pop... 
=1-+¢,vt-+cov7t?+ ...; 
it satisfies a partial differential equation of the form 


ony omy qm —k+hy 
pom aypm—194 — Ep ni?) aum—Faph? 


in which P;,(v) is a power series in v which converges within the circle 
| v |=8, where ô is the modulus of the zero of Bo(v) nearest the origin. Con- 
sequently, if vi=f, V (¢) satisfies an ordinary differential equation of the form 


VY << "i 
p dtm =2 Q(¢, t) atm" > 
where Q, is developable as a power series in £ which converges for |¢ |<ôt 
and therefore the series V converges for |¢|<8t, that is for | v | <ô. 

It follows that the series 

1-+0gy(t)+v%go(t)-+ . . « 
converges absolutely andjuniformly if |v|<ô and if | t| is finite and greater than 
unity. But since the coefficients g,(¢) are polynomials in ¢, the series converges 
also when |¢|<1. 

The function U(v, s) is thus represented by a double series which converges 
for all non-zero values of s, including s=% , and for|v|<é. It remains to 
prove that contours in the s- and v-planes can be assigned such that the 
double integral exists and the semi-integrated part [R] vanishes. 


18°38. Completion of the Proof.—'The series for V satisfies a linear partial 
differential equation whose coefficients P}¿(v) can be developed as power 
series in (v—c), where c is not a zero of Bo(v). Its solutions may similarly be 
developed and will converge within the circle |v—c|=y, where y is the 
distance from c of the nearest zero of Bp(v). From this remark it follows that 
V admits of an analytic continuation throughout any closed region in the: 
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v-plane which contains no zero of Bo(v). The same is true of the differential 
coefficients of V with respect to v and t.* 

But when |¢|>1, the coefficients in the development of V are dominant 
functions for those in the development of U and therefore U and its derivatives 
admit in the same way of an analytic continuation. 

Now by considering the source of the coefficients P;,(v) in the partial 
differential equation for V it will be seen that these coefficients, and 
therefore also the coefficients Q,(¢, t) in the ordinary equation for V are 
bounded for v=. It follows that, if |¢|>1, a number A can be found 
such that as v tends to infinity in a definite direction, 

e- Mty ->00 
and therefore 
eAXU-50. 

Thus if 1<|¢|<7 and if v tends to infinity in such a manner that R(vz?) 

is positive, 
e- w? U->0. 
But since U is an absolutely convergent series of positive powers of t, the 


restriction 1<t can be removed and the result is true for O0<t<7. Under the 
same conditions 


oh +k U 
as 40w22 k AER ah 
arg >O 


Consequently if |s|>so=771, as |v |->% 


and similarly as | s |->% 


provided that ultimately, 
R(vz2)>0, R(sz)->0. 


Thus it is always possible to find contours in the v- and s-planes, encircling 
the points v=0 and s=0 and extending to infinity in appropriate directions 
such that the double integral 


| | e+ U duds 


exists and such that the semi-integrated term [R] vanishes at the infinite 
limits of integration. 
The double integral 


w=eiat- Bair | | e+ ie yes— of) -++0g;(s—1)+v2g.(s—1)+ . . .}dods 


is therefore a solution of the given differential equation of rank 2. Setting 
aside the exponential factor, the integral solution consists of terms such as 


| [+u +iis-e-t+1dods 


=2p tigr tk-2p +h | |eë+ngp+h-iy-e-t+1dëdy (h=1,2,...3 k<h): 


Let the contours in the é- and -planes be loops each encircling the origin 
and proceeding to infinity along the negative real axis. Then the term 
considered is seen to be a constant multiple of 


gr tk—2p—2h To + h) IY —o—k), 


* The proof would be on the lines of § 12:3. 
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By eliminating ww,, Ww, ww,’ and w’w,’ it is found that the equation satisfied by i 
v is 
d% E i> dw dv 
2? Ti +8 a — 4a T — 162° | —(8z4—4)o=0, 
and is of rank 2. But when it is transformed by the substitution z?={ it becomes 
d‘v do dv 

af*—_ 4+. taae —(a7? 4-67) —_ — 

and is of rank 1. 


18°31. Equations of Rank greater than Unity : Direct Treatment.— When 
an equation is of rank p, greater than unity, the integral representation of 
solutions which replaces the Laplace integral is of the form * 


w= | Roan | eerie... +42"Zdt, . . . dLyy 


where Z is a function of ģ1, . . ., Cp. The problem of this representation will 
now be studied in the case of p=2; the more general case presents much 
complexity but no additional difficulty. 

Let the equation be 


dr dr-1 d 
L(w)=pol2) ga HP Gaa + o Hal) T + Palz}o=0, 


where the coefficients are polynomials in z and the degree of p,(z) exceeds that 
of po(z) by r. Let po(z) be of even degree A + and let A+2n=2m. 

Now consider the possibility of satisfying the equation by a double integral 
of the form 


1077 —(2¢—1)o=0, 


an | f ez + 4ue"U dudt, 


in which U is a function, to be determined, of u and t, and the u- and t- 
contours are independent of z. Then 


= AS | [e+e (t+uz)Uduas, 


a ae | feetiet((t-puay? +u}Ududt, 
and, in general, 

= | | ez +w, Ududt, 
where 


Ow n 
er 
oO, = Əz + 4,4. 


It will be observed that w, is a polynomial of the form 
r(r—1) (r—1)(r—2)(r —8) 


(t+uz)" ne da daaa a Ot puny PE 


in general the coefficient of (¢+-uwz)’—” is 0 when v is odd, and a constant 
multiple of u? when v is even. 
Thus 
2" L(w) = J | ele +iue[1(t, u, 2)Ududl, 
where 
IIt, u, z) =z {wn po tHwn- Pit - - - +@1Pn—1tPn}- 
* Cunningham, Proc. London Math. Soc. (2), 4 (1906), p. 374. It should be noted that 


Cunningham’s definition of rank differs from that now accepted. 
t Ifp (2) is of odd degree, multiply the left-hand member of the equation by z. 
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Now IT is a polynomial in z of degree 2m=A+2n. Let a,, be the coefficient 
of z\+"—s in p, and let B, be the coefficient of 22”-* in JJ. Then 


Bo =a" +0104” 71+ « sie Fanos 
B, =t{nayu"—1+(n—1)ayqu"—?2+ . . . +4y~1; 0} 
Hau" Hanu” . . . Hanh 


and in general 
r 
B, =t" p Crau" "+n 1C raU" A 1 be es 3 ve > t-*B,(u), 
s=1 


where B,,,(w) is a polynomial in u of degree n—r--s at most. 
Thus 
C.F: Gr. 
B,= > our + 2 t’*B,.(w). 


Now single integrations with respect to u and t give 


f [esti Uduat—[ee[zerre-20] dt—2 f ferree- L dudt 
u r 


= i eine! eat 1U] du—2 | | etz +łuz?zr—1 =d dudt, 
t 
where the brackets denote the difference between the final and initial values 
after description of the u- or t- contour as the case may be. The single 
integrals containing these brackets will be referred to as the semi-integrated 
terms. 


This reduction is repeatedly applied to z"L(w) so that the latter is reduced 
finally into the form 


| | e+e M(U, u, t)dudt-+[R], 


where |R] denotes an aggregate of semi-integrated terms. Thus in order that 
the integral considered may satisfy the differential equation, it is necessary 
firstly, that U(u, t) should satisfy the partial differential equation 


M(U, u, t)=0, 


and secondly, that the contours be so chosen that [R] vanishes identically. 
When these conditions are satisfied and the integral exists, it furnishes a 
solution of the given equation. 

The highest power of z in I(t, u, z) is 22”, and this may be reduced by m 
successive integrations with respect to u, thus contributing to M(U, u, t) the 
term 

me(BoU) 
( 2) ður ` 


In the same way the term in z2™—1 is reduced by m—1 integrations with 
respect to u and one integration with respect to ¢ and contributes the term 
=a IY) | 
ou™— oat 
The remaining terms may be reduced in the same manner; if a sufficient 


number of integrations with respect to u is made, no partial differential 
coefficient need be of order exceeding m.* 


—(—2)" 


* It may be observed that the equation M(U, u, t)=0 is not uniquely determined, for 
in reducing the later terms there is a certain freedom of choice as to when integrations are 
made with respect to u and when with respect to t. 


2G 
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The partial differential equation satisfied by U is therefore of the form 


o™U arsUu 
Bo Gym = DA urde 


where the coefficients A,, are polynomials in u and t. Let w=a be a non- 
repeated root * of the equation By=0. Then as in the case of an ordinary 
linear equation, the point u=a is in general a singularity of the solution of the 
partial differential equation. It will now be shown that this equation admits 
of a solution expressible as a convergent double series. 


(r=0, 1, . . .,. m—1; r+s<m), 


18°32. Determination of the Function U.—Since u=a is a simple root of 


Ago” +AU" . . . an—1,0 +a =0, 
it follows that if 
naya” +(n—1)aya"-14+ . . . +a,-19=f, 
then B=+-0. Let 
Ma" +a330"-14+ ... +a =Y, 


and write 
v=u—a, s=t-+y/B, 


then the term in B, which does not involve v is Bs. 
Now 


L(w) =e892*—v2lB d farre U®(s, v, z)dvds, 


where 


(s, v, z) =E II(t, u, 2). 


A term in 2v's" is reduced to a term independent of z by p or p-+1 integrations 
with respect to s together with }(«—) or 4(k—u—1) integrations with 
respect to v according as the integer k—p is even or odd. It will be observed 
that since Ø contains the factor z, xis at least n ; uis at most n and therefore 
k—p is a positive integer or zero. 

Let (s, v),,, denote a polynomial of degree r in s and nin v. Then the 
differential equation in U is of the form 


(—2)" 2 (ByU}—(—2)0-1 "(Bo +-0(s, v)1.n-10} 


ges om 
H2- caga (8 Dan U} —(—2)"- 5 sgaile. osal} 
AT 


or, when expanded, 


amu ati 
2Bo Som t {Ps +ols, 0)1.n—1} a mia 
n+1 m 
om—B+vU 
(1, "AL al Sapa = 
+ v)n +9711, v) Gam Hage —°> 


where the expressions (1, v),, denote polynomials in v of degree n. Assume 
a solution of the form 


U=v t fo(s)+0f1(s) +vfo(s)+ . . .}3 


* The case of a repeated root involves a somewhat tedious analysis, and does not present 
any points of special interest. 
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then if [p],=p(p—1) . . . (p—m-+1), the functions f satisfy the recurrence- 
relations 


2LplmBfo-+LPlm—rB8 4° +[plm—14afo=0, 
ApH Umbfi+Le+m—sBe? HoH] staf =m +18) 52 


ie tfh 


where ao, 41, b1, Cop » . . are constants which occur in the differential equation. 
The first recurrence-relation reduces to 


4 
fo ilo ila —m-+1) +24 fo=0 
and is satisfied by 


fo =877, 
where 


o=2(p—m-+1)+ 7 ) 
The second recurrence-relation then takes the form 
d 
S i +(0 +2) fa =A 18~%+Ags—o- 1 


where A, and Ag are definite constants (dependent upon ø). Consequently, 
fr=s— ($A, +4287!) 


Íe =s~ °g,(s— ty, 

where g,(s—1) is a polynomial in s~1 of degree r. 
It will now be proved that the formal solution 
U =0Ps—*{1+0g;(s—1)+ ... +0%(s—1)4+ .. 3 

is convergent within any finite circle | v | =y for all values of la | greater than _ 
a fixed positive number sọ. There will be no loss of generality in assuming 
that p=0, a=0, for the form of the series > 2,(s) is the same in all cases. 
For simplicity let s-1=t, then the partial differential equation for U becomes 


omU amy gm—B+vUJ 
2Bo zm —{Bt+ vt(t, v)in- U pmi +> >(e(1, 0) n +e +1(1, DIN eer ry =0. 
Its solution may be developed as the series 


U=1+0g,(t)+ ... +v%,(t)+ .. 5 


whose coefficients g,(t) are hy get determined by ere of the form 


DP, 
He org, =I S (antut) 2 
(h) k=0 
where a), and bhy are constants. 
If polynomials ¢,(t) are defined te the relations 


i d 
tr Lorg, = SS dalt al "hi, 


with ġo =g =1, the E TAA of PIA will be the moduli of the corresponding 
coefficients of g,(t) and therefore 


| Be (t) | < |$, ™6) | 


and, in general, 
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for all values of t. Consider also the sequence of functions y,(t)=c¢,t", where 


d r—1 dh 
—~f a +r, = 2 2 (l anr |+| brg [t+ ahs 
the coefficients c, are positive ifcg=1. If|t| > 1 and if 


dpr) _ | d'or ip 
aE = | (iii, 1) EGE, 


then 
| tr |> |$]. 
Therefore, by induction, for all values of r and for |t| > 1, 
| br | > lor] > ls l- 


But %,=c,t’ and ¢, is a polynomial of degree r with positive coefficients and 
therefore 
ia. | ad 
| ath dt? 
for h=1, 2, . . ., r, and therefore 
a, 
dt? 


> 


> 


ag, | 
diè | 


a 


Now consider the expression 
V =) +o, Hopa a ew 
=1+¢,vt-+cov#?+ ...; 
it satisfies a partial differential equation of the form 


(id anv gm —k+hy 
Bam H amro T DP Phalo) Smeg 


in which P}¿(v) is a power series in v which converges within the circle 
| v |=8, where 6 is the modulus of the zero of Bo(v) nearest the origin. Con- 
sequently, if vt =, V(¢) satisfies an ordinary differential equation of the form 


nO os P-E 
t dtm =a Q,(¢, t) dm=" ? 


where Q, is developable as a power series in ¢ which converges for | ¢ |<8t 
and therefore the series V converges for |¢|<8t, that is for | v |<ô. 
It follows that the series 


1+-2g;(t) +02 go(t) + «se 
converges absolutely andjuniformly if |v|<6 and if |t| is finite and greater than 
unity. But since the coefficients g,(¢) are polynomials in ¢, the series converges 
also when |t|<1. 

The function U(v, s) is thus represented by a double series which converges 
for all non-zero values of s, including s=% , and for|v|<6. It remains to 
prove that contours in the s- and v-planes can be assigned such that the 
double integral exists and the semi-integrated part |R] vanishes. 


18°38. Completion of the Proof.—The series for V satisfies a linear partial 
differential equation whose coefficients P,,(v) can be developed as power 
series in (v—c), where c is not a zero of By(v). Its solutions may similarly be 
developed and will converge within the circle |v—c|=y, where 7 is the 
distance from c of the nearest zero of Bo(v). From this remark it follows that 
V admits of an analytic continuation throughout any closed region in the’ 
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v-plane which contains no zero of Bo(v). The same is true of the differential 
coefficients of V with respect to v and t.* 

But when |¢|>1, the coefficients in the development of V are dominant 
functions for those in the development of U and therefore U and its derivatives 
admit in the same way of an analytic continuation. 

Now by considering the source of the coefficients P,,(v) in the partial 
differential equation for V it will be seen that these coefficients, and 
therefore also the coefficients Q,(¢, t) in the ordinary equation for V are 
bounded for v=. It follows that, if |¢|>1, a number A can be found 
such that as v tends to infinity in a definite direction, 

ew V—>0 
and therefore 
e-MtU->0. 

Thus if 1<|t|<7r and if v tends to infinity in such a manner that R(vz?) 

is positive, 
e71? U->0. 
But since U is an absolutely convergent series of positive powers of t, the 


restriction 1<t can be removed and the result is true for 0<t<r. Under the 
same conditions 


Consequently if |s|>sg=7-1, as |v |->% 
Ch+kU 
— 4v2? ETIEK s, 
j avast > 
and similarly as | s |->% 
Atty 


oe Jois —>0, 


provided that ultimately, 
R(vz?)>0, R(sz)->0. 


Thus it is always possible to find contours in the v- and s-planes, encircling 
the points v=0 and s=0 and extending to infinity in appropriate directions 
such that the double integral 


| [Udas 
exists and such that the semi-integrated term [R] vanishes at the infinite 


limits of integration. 
The double integral 


w melt pair | f+ ure ef +0gi(s—1)+02go(s~1)+ . . -}duds 


is therefore a solution of the given differential equation of rank 2. Setting 
aside the exponential factor, the integral solution consists of terms such as 


| [e+ op +i-is-0-t+1dods 


=2P thee th—Bp +i) | et+ngpti-Iy-0-t+idédy (A152, 6 «os Ga 


Let the contours in the é- and 7-planes be loops each encircling the origin 
and proceeding to infinity along the negative real axis. Then the term 
considered is seen to be a constant multiple of 


g7+k-2p~2hT(p +h) I(—o—k), 


* The proof would be on the lines of § 12°3. 
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that is of 


T'(e+k-+1)* 

w =eba2"— Belyz—2m+a9/B+1P(z—1), 
where P(z—1) may formally be developed as an ascending series in z711. But 
since an infinite number of the coefficients 

I(p-+-h) 
T(o Fk-+1) 
increase without limit as h->0, the series will in general diverge. Thus 
unless P(z-1) terminates, the development will not furnish a valid solution 


of the equation. It may, however, be proved that it does furnish an 
asymptotic representation of the solution. 


Np-+h) g— 2m +a/B—2h+k+2 (lee oy) (oon te) 


Hence 


18°4, Integrals of Jordan and Pochhammer.—The Euler transformation 
(§ 8°31) furnishes a riidan method p discussing equations of the type 
d"— 2w 


Lo) = S pge) a ETD Pera 


—Re) + (WD) Ee i eel 


where Q(z) and R(z) are polynomials such that one of Q(z) and 2R(z) is of 
degree n, whilst the degree of the other does not exceed n. 

The complete discussion of the contour integrals which arise out of this 
transformation is due to Jordan and Pochhammer;* by considering the 
various possible contours of integration it is possible, in general, to obtain 
n distinct particular solutions which together compose the general solution. 

The integral to be considered is 


Wa)=| (é+ 1U, 


where U is a function of £ ae determined by the Euler-transform 


{QU} =ROU 


namely, 
RC) 
Ue J o E, 
Then ; 
L{W(z)}= | dV, 
o 
where 


Ro) g 


V =Z(L)Q(E)(E 2)" = (Late! HO 


and the contour C has to be so chosen that 


| av —0 
Cc 


independently of z. This condition will be satisfied if either 
(i) C is a closed contour such that the initial and final values of V are the 
same, 
or (ii) C is a curvilinear arc such that V vanishes at its end-points. 


a 


* Jordan, Cours d’ Analyse, 3 (8rd ed. 1915), p. 251; Pochhammer, Math. Ann. 35 
(1889), pp. 470, 495 ; 87 (1890), p. 500. Further applications of the method were made 
by Hobson, Phil. Trans. Roy. Soc. (A) 187 (1896), p. 493. 
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As a general principle it may be stated that when Q(z) is a polynomial of 
degree n with unequal zeros, there are n contours of the first kind, one 
corresponding to each zero of Q(z), which give rise to n distinct contour 
integral solutions. When, on the other hand, Q(z) is of degree n but with 
repeated zeros, or of degree less than n the number of possible distinct contours 
of the first type falls short of n and the deficit is made up by contours of the 
second type. 


18°41. Contours associated with zeros of (z).—Let the zeros of Q(z) be 
Ai o o +» an (mM<n); then 


R(¢) © a, 

i. el, S(ĉ), 

a +) 

where, in the most general case, S(¢) consists of a polynomial in ¢ with terms 
in (C—a,)—2, (C—a,)—3, ete. Consequently 


V =KeP0(t —2)"Ti(£ —a,)*, 
r=1 
where K is a constant and 
PO=| SO 


is meromorphic throughout the plane. Thus as ¢ describes a simple closed 
contour in the positive direction around the point a,, V returns to its initial 
value multiplied by e?7ia,, 

Let O be any point in the plane, and let A, denote the loop beginning 
and ending at O and encircling the point a,in the positive direction. A,~! 
will signify the same loop described in the reverse direction. Now consider 
the composite or double-circuit contour A,A,4,—1A,—1 consisting of the loop 
A, followed in succession by the loop A,, the loop A, reversed and the loop 
A, reversed. When ¢ describes this contour, V evidently returns to O with 
its initial value. If Ọ is taken on the line (a,, as) the double-circuit contour 
is as shown diagrammatically (Fig. 18); the four parallel lines, drawn 
separately for clearness really coincide in the line (a,, a;).* 


0, === K) 


Fie. 18. 


Let W, denote the value of the integral 


| (Gaye 10s, 


where m 
aus (¢ —a,)*r 
=Keh('= 
fate a ae 
for the contour A, and for a definite initial determination Jp of the integrand. 
Also let W,,; be the value for the composite contour 4,4,4,-14,-1. Then 
W,,; is a solution of the differential equation. 


Consider now the contribution of each of the four loops to the value of 
W,;. The contribution of A, is W, and after A, has been described the 


* It is assumed that no other singular point lies on this line. 


www.rcin.org.pl 


456 ORDINARY DIFFERENTIAL EQUATIONS 


final value of the integrand is e27'¢,J,. This is the initial value for the loop 
A, which therefore contributes the amount e27'¢,W, to the value of W,, and 
leaves the integrand with the value e?7(4,+¢,)J,. Now if the loop A,—1 were 
described with the initial value e27'¢,J, assigned to the integrand, the con- 
tribution would be —W, and the final value of the integrand would be Io. 
But actually the integrand has, with regard to this loop, the initial value 
e27i(a,+4,)J,; the contribution to the value of W,, is therefore —e27'+.W, 
and the final value of the integrand is e27ia,Jọ. Lastly, the loop A,~! con- 
tributes the amount —W, to the value of W,, and the integrand returns to 
its initial value Jp. 
The four loops together therefore give 
Wii = —e2Tia,) W, —( 1 —e27ia,) W;. 
Thus 
Wr=—We, 


and it may readily be verified that 
(1 —e274,) W,,=(1 —e27%4,) W p+ (1 —e27'2,) Wp. 
A similar contour with respect to the points a, z may be constructed ; 
let W,, be the value of the integral for this contour. Then 
(1 —e27in) ARS —e27ia,) W,2+(1 —e2mia,) W i 


and therefore all integrals of the type W,, may be expressed linearly in 
terms of the integrals W,, Consequently there are not more than m 
linearly distinct integrals of the type in question. 


18°42. The Case of Integral Residues——When any of the residues a, in 
R(f)/Q(C) is an integer, the method fails. Thus let 
a=k, 
where k is an integer. Then in the relation 
W „=(1 a aii. W, FAL res) W, ? 


e27ia,_] is zero and W, is identically zero since the integrand is analytic 
throughout the contour A, Consequently W, is identically zero, and the 
number of distinct integrals of the type considered falls short of m. In this 
case the missing integral is supplied by the following device. 

In the integral W,, replace a, by k+e, where e is a small quantity ; then 
the integral W,, will not vanish. It is clearly legitimate to expand the 
integrand in powers of e, and since [W,,]..9=0 the development is 


W =E [Fr] tore?) 


The differential equation is satisfied by 


Wrz wid te 
€ de de =0 
=(1 —e27it) W, +27rie27ikW , > 


where W, is the form which the integral W, takes when the term ({—a,)*, 
is replaced by 


lim 


d i 
[t-apa], _ =(C—a,)# log (¢—a,). 
d Ja 
When, for any reason the number of distinct integrals falls below m, 


this method may be employed to furnish integrals to bring the total number 
up to m. 
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18:43. Contours associated with Multiple Zeros of Q(z).—Let a be a zero 
of Q(z) of multiplicity k. Then the preceding methods furnish one and only 
one integral-solution relative to this point. By choosing a contour such that 
V vanishes at its end-points an additional set of k—1 distinct integrals may 
be obtained. 

Let the principal part of R(Z)/Q(¢) relative to =a be 


Pr Ba 
(ga Fema 
and write 
C—a=p (cos ¢-+ sin ¢), 
= Pe =r (cos ¢+7 sin t). 
Then 
a . area 
V =V(o—a)Pie™ -ixr 
=V op*s(cos Bip +i sin Bip)erP T "(cos w+isin w)+..., 
where 


w=t—(k—1)¢ (k>1), 
and V4 is finite (non-zero) in the neighbourhood of €=a. The exponential 
term 

erp'—" cos {t—(k—1)9} 


dominates the function V, which tends to zero or infinity as p tends to zero 
according as cos {t—(k—1)d} is negative or positive. 

The equation 

cos {t—(k—1)¢}=0 

gives rise to 2(k—1) equally-spaced values of ¢ in the interval 0<¢<2z. 
If through the point a rays are drawn in the corresponding directions, these 
rays divide the plane into 2(k—1) sectors of equal angle. As ¢ tends to ain 
the various sectors V tends alternately to zero and to infinity. Let any 
sector in which V tends to zero be termed the first sector, and number the 
remaining sectors consecutively. 

Consider a simple curve C issuing from a in the first sector, crossing the 
second sector at a finite distance from a and returning to a within the third 
sector (Fig. 14). Then, since V vanishes at the end-point of C, this curve 


Fie. 14. 


may be taken as the contour of integration. Without any loss in generality 
it may be assumed that the contour C is sufficiently small not to include any 
singular point of the equation. Another integral may be obtained by 
drawing another contour from the third sector to the fifth and so on and 
thus k—1 new integrals are finally obtained. Thus to a root of Q(z) of 
multiplicity k there correspond k contour-integral solutions of the equation.* 


* It is left to the reader to prove that the k integrals are linearly distinct. 
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18°44. Q(z) of degree less than n.—The preceding discussion leads to 
distinct contour-integrals equal in number to the degree of Q(z). When 
the degree is n the discussion is complete; when the degree is less than n 
further integrals must be sought to raise the total number to n. Let the 
degree of Q be n—à; then since R is of degree n—1, 


R n Oy 
QE) MITT PBC +E po +O AI) 


when € is large. Let 
€=p(cos ġ +i sin ¢), BA-1=r(cos t+i sin t), 


then 
m 
parga: i-a) 
r=1 
=Vop%(cos ad +i sin ad)erP (cos w+isinw)+ .. , 
where 


a=a,;+ao+ ... Ham w=t+dAd, 


and MV is finite at infinity. 

V therefore tends to zero or to infinity as p tends to infinity according 
as cos (t-+-A¢) is negative or positive. If therefore the plane is divided into 
2A sectors by rays drawn from any convenient point in the directions 

cos (t+àġ)=0, 

V will tend to zero and to infinity in alternate segments as p tends to infinity. 
A suitable contour of integration is therefore a curve starting from infinity 
in a segment in which the limiting value of V is zero, crossing a consecutive 
segment, and then returning to infinity in the next segment following. 
There are A possible distinct curves of this character which do not enclose 
any singular points of the equation, and which give rise to the A integrals 
necessary to make up the full complement of n contour-integral solutions. 


18:45. The Group of the Equation.—For any fixed values of z the 
contours may be deformed in any continuous manner without altering the 
value of the integrals, provided that they do not encounter any of the 
points a), . . ., Am Z. Inthe same way, if z varies continuously the integrals 
will likewise vary continuously provided that the deformation of the contours 
consequent to the movement of the point z does not involve passage through 
any of the singular points. 

Consider the resultant effect of a simple circulation in the positive direction 
around the singular point a, As before let A, denote a loop proceeding 
from an arbitrary point O and encircling the point a,; let Z be the loop 
encircling the point z. Then the loops A, (sr) will be unaffected by the 
circulation, but the loops A, and Z will, in order to avoid encountering the 
points z and a,, be deformed into A,’ and Z’ (Fig. 15). 

The new loop Z’ is equivalent to the loop Z followed by a double-circuit 
contour encircling a, and z, that is, to ZA,ZA,—1Z—1, and the new loop 
A,’ to a double-circuit encircling z and a, followed by the loop 4,, that is to 
ZA,Z-1A,-1A,, or ZA,Z7}, 

Let W; and W, be the respective contributions of Z’ and A,’ to the 
value of the integral taken round the corresponding double-circuit. Then 


W,=W,+e274+W,,, We =W pW p 
and consequently the integral W,, whose value for the undeformed contour is 
(1 —e2min) W, —(1 —e2ria,) W, 
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is transformed into 
(1 —e27) W, —(1 —e2z7%2,) W; 
cal —e27ir) W, po (1 —e2m"a,;) W,—(1 —e2mi(H + ay) W z 
—e27U( + a;) W ge 
On the other hand, since the loop A, is unaffected, the integral W, is 
transformed into 
(1 —e27") W, —(1 —e27"*r)W’ 
= W z —e2min(] —e2T7ia,) en 
Now consider the effect on the integrals of § 18°43 of a circulation around 
the multiple zero a. The contours are simple closed curves beginning and 
ending at a and may be made arbitrarily small. Consequently a circulation 
of z around a has no effect upon this contour. The only effect is that which 


is due to the presence of the factor (€—z)¥ in the integrand, for as z encircles 
the point a it also encircles the point ¢ on the contour. The effect of the 


Fre: 15. 


circulation therefore is to multiply the integral by the factor e27'*". The 
integrals of this type relative to multiple zeros other than a are unaffected 
by a circulation around a. 

Finally, the effect of a circulation in the positive direction including all 
the singular points is to multiply the integrals of § 18°44 by the same factor 
emie, 

Thus the fundamental substitutions of the group of the equation are 
known and therefore the group itself is known. 


18:46. Recurrence-Relations and Contiguous Functions.—In order to 
emphasise the dependence of the integral-solution upon the parameters 
ai + + +5 Gm, Wit may be written in the form 

PGs ss ois eee he 


In particular, let Q(z) be of degree n and let the roots of Q(z)=0 be unequal, 
then 


Way, . 5 aw H; 2)= | (f—ay)%~-1 . . . (C—a,)®n-1(6 2) +" 1d, 
c 
where C is such that the initial and final values of the integrand are equal. 
By differentiation under the integral sign it is found that 


ox naf fh =(—1)"(ut+n—1)...(u+tn—K)W(ay,...,an, P—K; z). 


By substituting this expression, with «k=1, 2, .. ., n, in the differential 
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equation a linear relation with polynomial coefficients between the n-+-1 
functions 
Wigs, s Gas (ts Ry (Gy. - 5, G,, P—1; 2), .. a Way, ... -» Gas pt—; 2) 
is obtained. 

Again, since 
(¢—a)=(¢—2)-+(z—a), 
it follows that 

W(a,+1, dg, . . +5 Gp, 3 3)—W(aj, ae, . . ., Gy, p+1; 38) 
+(z—a)W (a1, ag, . . +» am H3; 2) 

By considering all possible formulæ of these types it may be seen that all 

the functions 
W (a1 +p1, .. On+Pns +g; 2) 5 
where pı, - - +; Pn» q are integers or zero, may be expressed as linear com- 
binations, with polynomial coefficients, in terms of any n of these functions, 
as for instance, 
Fay cs vg ns eG a), sy Wlan =- -, Og, png R) 


These relations are the recurrence-relations between the functions. 

When one of the parameters i is increased by unity and another diminished 
by unity a contiguous function * is produced. The relations which involve 
contiguous functions are particularly simple, thus by eliminating the function 
W(a, . . +, Gn, #—1; z) between 


W(a,+1, dg, . . ., Og B—1; 2)=W(ay, ag, >.. am H3 3) 


He a;)W(ay, ss ty Ans p—1; 2) 
and 


Way, d+], . . -, Guy p—1; 2)=W(a4, ao, Ama 2) 


+(2—a )W (a y ea 49 Ope R 2), 
it is found that i z ghi 


(z—a>)W (a; +1, Gg, . + +» Ans p—l1; z)—(z—aı)W (a, a+ l, + e e Ons pl; z) 


=(aı—a2)W (a1, ag, . . Am H5 2). 
Other sets of recurrence-relations may be derived from formulæ similar to 
ow ow 


(un) 5 (a1) Ge =) age 
where W=W(ay, . . ., an, 3 R): 
18°47. Contour-Integral Solutions of the Riemann P-Equation.—If, in 
the equation of the Riemann P-function (§ 15°93) the transformation 
w =(z—a)%(z—b)P(z—c) Yu 
is made, the resulting equation is 
Qe) Te HQ) +R} SY Hulu HRE) +u HR (e)ju=0, 

where 

ACRUS DEE UAT RTA 

K \=(z—a)(z—b)(z—c), 
R(z) =$ (a' +8 +y)(2—b)(z—c). 
* Riemann, Gött. Abh. 7 (1857) ; [Math. Werke, p. 67]. 
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In this case ae 
( 
TiD = aed wo 
QG) 


=(ț—a)” +B+Y-1(¢ —b)a+B'+y-1(¢ —e)a+B+y'-1, 
If, therefore, C is a double-loop contour encircling any two of the points 
a, b, c, the integral 


| Uee—2)-2- Brat 


multiplied by the factor (z—a)%(z—b)A(z—c)” represents a Riemann P- 
function. 

In particular, let the double-loop contour encircle the points b and c. 
Let z lie in a circle I” whose centre is a and which does not include either of 
the points b and c, then the contour C may be deformed, if necessary, so as 
to be wholly outside T. Then, for all points on C 

|z—a|<|f—a]. 
Let 
| arg (z—a) |<, 
also let arg (a—b) and arg (a—c) have their principal values, and let arg (6 —a), 
arg({—b) and arg({—c) be similarly made definite when ¢ is at the initial 
point O. Then if arg(z—b), arg(z—c) and arg({—z) are so defined that 
they reduce respectively to arg(a—b), arg(a—c), arg(¢—a) when z->a, 


(21h —=(a—vyhr+p2— +... 
(2—0)”=(a—e"}1 y= + ans $ 


(¢—2)-0-8-7=(¢—a) -0-6-71 —(atB+) p= + - - j 


and the series on the right converge absolutely and uniformly for all z in 
and on J‘ and for all Z on C. 

If, therefore, P% is that Riemann P-function which admits of the develop- 
ment 


(z—a)*{1 +¢(2—a)+¢.(z—a)?+ . . .}, 


then the integral solution * 


(z —a)%(z—b)P(z—c)Y | 


represents P(@) multiplied by the factor 
(b+, c+, b—, e—) 


(a—b)P(a —e)”| (€—a)2’-4-1(f —b)¥+a+B'-1(f —c)a+B+7'-1Z, 


0 
In the same way the solutions P*), P(®), Pb), PY, PY may be 
expressed as double-circuit integrals. t 


18:471. The Periods of an Abelian Integral.— When the indices a,, . . ., ap, v 
are rational real numbers, the indefinite integral 
ftaa! . . . (t —an)tn {g —2)”-1d¢ 


is an Abelian integral. Its value for a closed contour such that the integrand returns 


U(E —z)-2-P -Yd 


(6+, c+, b—, c—) 
0 


* The manner of writing this integral indicates the order and sense in which the loops 
composing the contour are described. 

+ The exceptional cases in which a—a’, B—f’ or y—y’ are integers or zero require 
the special treatment of § 18°42. 
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to its initial value is a period of the integral. From what has gone before it is not 
difficult to deduce the fact that the periods, which are functions of z, satisfy a 
linear differential equation with coefficients which are polynomial in z. 

Consider in particular the elliptic integral 


JOEN — kt") at 
and let J be one of its periods. Then if: 
k*=2, @={, kI=w, 
w=t/e-*(¢—1)—*(¢—2)— tax, 
and in the notation of the previous sections, 


Q(A=C(f—-1), n=2, p=, 
1 1 
R = - + +;\e = C—3; 
O= + teost- 
and therefore w satisfies the hypergeometric equation 
d*w dw 
2(z—1) Tz? +(2z—1) a +łw=0. 
In fact, if K and K’ are the quarter-periods of the Jacobian elliptic function 
then * 
K=4nrF(4,4; 1; k?), K’=40F(4,$; 1; 1—k?). 


18:5. The Legendre Function P,,(z)—A result obtained in an earlier 
section (§ 8°311) may now be restated in the following terms. The contour 
integral 


feaa 
furnishes a solution of the T EEr 
(1 a —— A o +n(n+1)w= 


provided that the contour C is such that the expression 
({—2)-"-2(f2 1) 
resumes its initial value after the contour has been described. 
Let A be a point on the real axis to the right of €=1 t and at A let 


arg (€—1)=arg(€+1)=0; | arg (€—z) | <r. 
Now if ¢ starts from A, describes a positive loop around the point ¢=1 and 
returns to A, the expression (€—z)~"~*(¢2—1)"*1 assumes its initial value 
multiplied by e27i(n+1) ; if a similar loop is made round =z, the expression 
returns to its initial value multiplied by e27(-"-2), If therefore the two 
loops are described, or what is the same thing if the contour of integration 
begins and ends at A and encircles €=1 and ¢=z in the positive direction, 
but does not encircle = —1, the contour integral is a solution of the Legendre 
equation for all values of n. 
Thus the contour integral f 


A ae, 24) (¢2—1)" d 
al s 2n({—z)n+1 £ 
is a Legendre function, and since when n 1s a positive integer and z=1 it 


reduces to unity, it may consistently be represented by the symbol P,(z) 
which, when n is a positive integer, represents the Legendre polynomials. 


* Whittaker and Watson, Modern Analysis, § 22:3, et seq. 


+ If z is real and greater than unity, 4 must be to the right of (=z. 
t Schläfli, Uber die zwei Heine’schen Kugelfunctionen, Bern, 1881. 
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The contours C and C’ (Fig. 16) both satisfy the requisite conditions, but 
the one cannot be transformed into the other without encountering the 
singular point €=—1. Thus when n is not an integer, P,(z) will not be a 


single-valued function of z. To render the function single-valued a cut 
along the real axis from —1 to —o must be made in both the ¢- and the 
z-planes. Throughout the cut z-plane the function P,(z) is analytic. 


18:51. The Legendre Function Q,(z).—The contour which leads to the 
Legendre function of the second kind Q,(z) is described as follows.* Let 
z be not a real number lying in the interval (—1, +1) and describe an ellipse 
with the points +1 as foci such that z lies outside the ellipse. Then from 4, 
the right-hand extremity of the major axis, describe a figure-of-eight contour 
C encircling the point +1 clockwise and the point —1 counter-clockwise, and 
lying within the ellipse (Fig. 17). Then the expression (€ —z)—"~*(€2—1)"*1 


returns to its initial value as ¢ returns to the starting point A after having 
described the contour. 

Let | arg z | <7, let | arg(z—€)|—> argz as €->0 on the contour, and at 
A let arg (C—1)=arg (€+1)=0. Then 


1 p= 
Qnl2) = 4i sin uf oza grt% 

is a solution of the Legendre equation valid when n is not an integer, and is 
analytic throughout the z-plane cut along the real axis from 1 to — œ. 

Now let R (n+1)>0 and consider the contour as composed of : 

(i) a small circle described around +1 in the negative direction, 

(ii) a small circle described around —1 in the positive direction, 

(iii) the lines (+1, —1) and (—1, +1). 
Since R (n+1)>0 the contributions of (i) and (ii) tend to zero as the dimensions 
of the circles diminish. 

The contribution of the line (+1, —1) is 


e- rmi ie 1 2 ng 
wa hhe ans OR — 
Fann) a e a, 


* Whittaker and Watson, Modern Analysis, § 15°3. 
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and that of the line (—1, +1) is 


ermi fi 1 ° d 
een d Lik dda == es n 
2n+2 sin nm) —ı A il Mae 
and the two contributions taken wer gives 
+1 
Q,,(2) = sH m (s—t)—"-1(1 —t2)"dt. 


This formula is valid when R(n+1)>0 and covers the case in which n is a 
positive integer or zero (cf. § 8'311). Ifthe integrand is expanded as a power- 
series in z—1 the series for Q,(z) is obtained (§ 7). 


18:6. The Confluent Hypergeometric Functions.—The equation of the 
confluent hypergeometric functions of Whittaker * is derived from the 
Riemann P-equation, which is effectively the hypergeometric equation, by 
the following limiting process. In the equation of the P-function 

0 © c 
4+m —c c—k z 
4—m 0 k 
let c->% , then the equation becomes 


dw dw asec, 
de dz +}: and 22 ‘iai 


w=P 


The substitution 


w=e tW 
reduces this equation to its normal aja theconfluent hypergeometric equation 
dW He = m2 = 
W=0. 
dx 


The limiting form of the contour eee which represent the above 
P-function suggests that this equation is satisfied by an integral of the form 


Weit (14E) "T -mezeg 


for a proper choice of the contour C. 
It is readily found that this integral is a solution of the confluent hyper- 


geometric equation if 
d$ (1 4 Eẹjetm-ig-r+m+te-tldt — 
E eA aa 


and this condition is satisfied if the contour is a simple loop proceeding from 
infinity in a direction asymptotic to the positive real axis, encircling the origin 
in the positive direction but not encircling the point = —z, and returning to 
infinity on the positive real axis. 

Thestandard solution of the confluent hypergeometric equation is defined as 


Wr, n(2)=— -= T(k—m+4)e- tat J G \e+m-i(—¢)-t+m-te-tdt, 


where, to make matters perfectly definite, it is supposed that arg z has its 
principal value, that | arg (—¢)|<mr and that arg (1 +¢/z)->0 as ģ¢->0 along 
a simple path inside the contour. The confluent hypergeometric function 
Wx, m(z) is then analytic throughout the plane, cut along the negative real 
axis. 

The above definition of W}, ,,(z) ceases to be valid when, and only when 


* Whittaker and Watson, Modern Analysis, Chap. XVI. 
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m—k-+4is a positive integer. But when R(m—k--})>0 the contour integral 
may be transformed, as was done in the last paragraph, into the definite 
integral i 
e— iz e A 
1 ban Dan — \kk+m—tym—k—tp—-t 
Ws, nld = TFD |g (14-i tm-im-r-ie-tdt, 

which is also valid when m—k-+} is a positive integer. 

The function W_;, »(—z) is also a solution of the given equation valid 
when | arg(—z)|<. But since, in their respective regions of validity, 

We, m(z) =e- #2*{1 +O(2-1)}, 
W — 1, m( —2) =e —2){1 +0(2-})}, 

the ratio of these two solutions is nota constant and therefore, taken together 
they form a fundamental set. 


18°61. The Asymptotic Expansion of W, m(z)—In order to derive the 
asymptotic expansion from the contour integral for Wz, ,,(z) use is made of 
the formula * 


waist is 
(by nea NS ce eee 


R(t, =A) T ao) a a Mund +n)=-1du, 


n! 
and A=k-+m—4. 
Then by substituting this series in the contour integral for Wz, m(2) and 
integrating ioraa os it is found that the (r+1) term in the expansion is 


(iae 40= 1). » (A—#-F 1): D(k—M +4) izt t-r ("gyre t teed, 


r! 2i 
and since 


a HRa(6, 2); 


where 


sof. (brett = 
2at To) 


_— Tik+m+i)I(k-m+}) 
r! (k-++-m—r+43)I(k—m—r +4) 


this reduces to 
(—1)* em tek r 
that is to 


{m? man om a en ER - km? —(k—1+4)?} ae k—r, 
rs 


When n is so large that R(n—k-+m—})>0, the remainder term may be 
expressed as the definite integral 


1 ji TEE b 
Teeth, t k +R, (t, ze tdi. 


Now suppose that A=k-+m—} is real, that |z|>1 and that | arg2|<7—a, 
where a>0. Then 


1<|1+éz-1|<1+¢ when R(z)>0, 
|1+#z-1|>sina when R(z)<0, 
and consequently, in either case, if p=|A| and r= |tz—1|, 


| R(t, ni| e= = : om IEY (una tu) Pdu 
Eiei 
In a’ n 


* See Jacobi (Diss. Berlin, 1825), Ges. Werke, 3, pp. 1—44. 
2H 
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Therefore when |z|>1 the remainder term is in absolute magnitude less than 
ao 
A cosecPa |z |-”-1 I (1-)2Ptm-k+n+te—tdt |, 
0 


where A is independent of z, and since the integral converges, the remainder 
term is of the order of 
cosec’a z—-"-1, 
and in particular, when a>ag>0, it is of the order of z~”~1. 
Therefore for |z|>1 and |argz|<a7—a<z, 
2, {m2 —(k—4)2}{m2 —(k —3)2} . . . {m?—(k— 2 
W, mlz)~e -iai p3 {m ( $) H ( 2) } i ( r+3) K 
Rms n!z 
If k—4 +m is a positive integer, the series terminates and therefore furnishes 
an exact representation of the function. 


18-7. The Bessel Functions.—The Bessel functions of integral order n 
may be defined * (cf. § 822) as the coefficient of 6” in the Laurent expansion 
of et(t-*"), Consequently 


J 5 B ir- —n-1g 
n(2)= 5 e C L, 


where the contour is any simple closed curve encircling the origin in the 


positive direction. A i 
The substitution č =2t/z transforms the integral into 


it Zz n (0+) g2 
naz hG [e ea 


the contour is again any closed curve encircling the origin in the positive 
direction, and may conveniently be taken to be the circle |t|=1 described 
counter-clockwise. 

Now consider how the contour must be modified in order that the integral 
for J,(z) may, for any value of n, satisfy the Bessel equation 


dw dw 
g2 pas +z a +(22—n?)w =0. 
It is an easy matter to verify that the contour C must be such that 


I. Plim exp(t— =) {ato 


identically in z. When n is an integer, the function ¢~"—1! exp (f—z?/4t) 
resumes its initial value after ¢ has described the circle |t|=1, but when n 
is not an integer, this function is not one-valued on the circle. A suitable 
contour is one in which ¢-”~1 exp (¢—z2/4t) vanishes at the end-points and 
this is furnished by a loop beginning at a great distance along the negative 
real axis, encircling the origin positively, and returning to its starting point. 
Thus for all values of n, J,,(z) is defined by the integral 
1 ay ci ee í a 
Po bi rt ane 

where arg z has its principal value and | arg ¢|<7 on the contour. 

The function thus defined is analytic for all values of z and admits of the 
series development 

(32)" +?" 


Yale) BW TT at) 


* Schlémilch, Z. Math. Phys, 2 (1857), p. 137. 
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The contour integral may, for all values of n, be transformed into a definite 
integral where |argz|<}$7.* The formula 
J ,(2)= A i, t-m -n-d 
nl?) = 5 | Hae 4 C 


holds for all values of n when |arg z|<4a. Let the contour be taken to be 
the circle |¢|=1 joined to the point at infinity by a double line lying along the 
negative real axis. 

“The contribution of the circle is (writing ¢ =e'?) 


X 

2T 
and the contribution of the lines (—œ, —1) and (—1, — œ% ) together give, 
when ¢ is replaced by te~7+ in the first and by te”t in the second, 


1 —__p—(n+l1 
jen mi —e— (n Af pes tty need 


e—nið+iz sin edO, 


2i 
In the latter integral write t=et0, and then, taking the two integrals together, 


J,(2)= i J. cos (nð —z sin Haa E fe —n9—z sinh 0qQ, 
0 


When n is a positive integer the second integral disappears and the result 
reduces to that of § 8:22. 


MISCELLANEOUS EXAMPLES. 


1. Transform the Schlafli integral (§ 18:5) into the Laplace integral 


P»(z)= a {z+(z2—1)* cos p}"dd. 


[Whittaker and Watson, Modern Analysis, § 15°23.] 
Transform the corresponding integral for Q,(z) into 


TON {z-+(z?—1)? cosh 6}—"—1d0, 


[Ibid. § 15°33.] 
2, Prove that the associated Legendre equation 


1—2? ca Baca n(n-+-1) vs w= 
( ek) dz i at FA 


is satisfied by 


P (z) = y" F(—n, n+1; 1—m; 4—42) 


ra— mwl 
TEN” im ((1+,2z+) 
OF WOS) oo OL M) T ERT d (Ot a ce att wae 
PAT a) A 
and transform the last expression into 


(n+1)(n+2)... NEW Patani cos ¢}” cos m¢d¢. 
0 


T 


3. Show that the Weber-Hermite equation 


d?w 
<a +in+4—J24}w=0 
is satisfied by the function 
—gintt,—4 bl- 
Dp(2)=2" "2 "Wy 4 (— 42"), 
that 


(0+) 
Da(2)=— oe ett | eB HY_ 8 rMay, 


* Schläfli, Math. Ann. 3 (1871), p.148. A similar result which holds when $7<|argz|<7 
was given by Sonine, ibid. 16 (1880), p. 14. 
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and that when n is a positive integer 


2 dn er 22 
Dp(2) =(—1)"e¥* rae ; ) 
[Whittaker and Watson, Modern Analysis, § 16°5.] 
4. Prove that 
EEIN AND, ay NSPE w a. a 
K| IT(t+y) —— (—3) df= T(y) F(a, 8; Y> z), 


provided that | arg (—z)|<7m and the contour is in general parallel to the imaginary axis 
but is curved where necessary to ensure that the poles of T'({+a)T({+8) lie to the left and 
the poles of I'(—Z) lie to the right of the path. 

[Barnes, Proc. London Math. Soc. (2), 6 (1908), p. 141.] 


5. Prove that when | argz| <7 


-0t (tk m+) (thm) t 
Wr, m= "a | —~T(—k—m+H)T(—k-+m+4) win 


—ot 


— We 


and that this expression is a definition of Wx, m(z) when 7< | argz| <7. 
[Barnes.] 


6. From the last result deduce that, when | arg z | < gz, 


T(—2m) (2m) 
Wk, m(z)= Ta-a—i p) m(%)+ TG+m—h) Mk, m(2); 
h 
BAe “dpa tme Gm htm) a, 
ae eam Ct t ieee 2! (2m+1)(2m+2) "°° R. 


[Whittaker and Watson, Modern Analysis, § 16°41.] 


7. Prove that P 
z 
In(2) = gant tint Drrip(n +1) Mo, a(t) 


and deduce the asymptotic expansion for Jn(2). 


8. Prove that 
T'(4—n) 2 
= gear -n —1)n—4 
Inl®)= eang] 2 608 eoat, 
where C is a figure-of-eight contour encircling ¢=1 in the positive and (=—1 in the 
negative directions. Deduce that when R(n+4)>0, 


J e | Pi anG cos (z cos 0)dé 
= s ; 
= -ITET o 
[Hankel], Math. Ann. 1 (1869), p. 467.] 


9. Prove that when n is an integer, 
Yn(z)=lim e—1{Jn+<(z) —(—1)"Jn—(2)} 
e>0 
m A {Ltn eth, (Bia) + 6 G9 + De, of — 2iz) } 
2z i 


is a second solution of the Bessel equation, and deduce its asymptotic expansion. 
[Hankel ; Whittaker and Watson, Modern Analysis, § 17°6.] 
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SYSTEMS OF LINEAR EQUATIONS OF THE FIRST ORDER 


19:1. Equivalent Singular Points.—In the system of n linear differential 
equations of the first order 


n 
4 > Prsl 2) (eek, BON, Wh 
s=1 
it will be supposed that the coefficients p,,(z) are analytic functions of the 
independent variable z, and have no singularities but poles even at infinity. 
Any finite point is an ordinary point of the system if the coefficients are 
analytic at that point ; the point at infinity is an ordinary point if 
Pr(2) =O(2-?) 

as z->0. In studying the behaviour of the solutions at a singular point, it 
is a convenience, and no restriction, to transfer that point to infinity. 

Outside a circle |z|=R, which includes all the finite singular points of the 
equation, the coefficients may be expanded in series of descending powers 
ofz. If çq is the greatest exponent of the leading term in any of these expan- 
sions, the number q-+1 is, consistently with the previous definition, termed 
the rank of the singular point at infinity. Thus when g<—2, the point 
at infinity is an ordinary point; when g=—1 it is a regular singular point. 

Let g>0 and consider the possibility of satisfying the system of equations 
by a set of formal solutions of the normal type 

w,=e%2)u,(z), 
where 
azg@+1 Bzt 

qti @q 

Prs(2) =a rs321 +0(21-1), 


a is determined by the characteristic equation 
| Arg —Òrsa |=0, 


6,,.=1, | a . (rare). 
When q= —1, this same equation determines the exponent a in the regular 


solution 
w, =2*{1 +O(2—1)}. 
The nature of the formal solutions depends upon whether the roots 


Q(z) . +Az. 


Then if 


where 


Qis Gag, & 8 oa, | ey 
of the characteristic equation are equal or unequal and, when q= —1, differ 


or do not differ by integers. But in any case, the fundamental existence 
theorem implies that there exists a set of n linearly independent solutions 


w,=—w,, Wow, 2... Wye? (91, Fj). 5th 
469 
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such that each element w,‘ is analytic for |z|>R, and the general solution 
may be expressed as a linear combination of these solutions, thus 


1 =C;0,") +9, + . . . +c,01™, 
Wy=Cy0,)+cow,2+ ... +c,w,(™. 
Now by any linear transformation of the form 
n 
a > RESP (=h 2) 4.5 Gee 
s=1 


where the coefficients a,,(z) are analytic at infinity and such that the deter- 
minant 


A =| ars(2) | 


is not zero for z=% , the given linear differential system is transformed into 
a system of the same form, namely 


dw, S ui 
T = 2 Prile)is (r==1, 25h/a ene 
e= 


The coefficients of this transformed equation are explicitly given by the 
formula 


Pr(2)= 5 Arx(3)P x2) Q1s(2) — > arle) Ž anla) (r, s=1,2,.. ., ), 
k,l=1 k=1 


where {@,,(z)} is the matrix of functions inverse to the matrix {a,,(z)}, that ) 
is to say such that 
| 


> Ayx(2) Ax 5(2) =8,5. 
k=1 


When the transformation is such that the coefficients are not only analytic ; 
at infinity but also satisfy the relations | 
a At)=0,, for z=, 
the original and the transformed systems are said to have an equivalent 
singular point at infinity. Since the inverse transformation has also this 
special property at infinity, the relation of equivalence is reciprocal. More- 
over, since the product of two such transformations is also of this special 

form, the relation is transitive. 

It is clear from the formulz which express the coefficients p,,(z) in terms 
of the coefficients p,,(z) that the rank of the transformed system cannot 
exceed that of the original system. But since the relation of equivalence 
is reciprocal, the converse is also true, and therefore the rank of all systems 
having an equivalent singular point is the same. 

The conception of equivalent singular points suggests the problem of deter- 
mining the simplest possible system which is equivalent, at infinity, to the 
given system. This problem is solved in the general case by a theorem 
which will be proved in the following section, namely that every system of 
n linear differential equations, with a singular point of rank q+1 at infinity 
is equivalent at infinity to a canonical system of the form 

d 


Wea 
r = ini ESL RS ee 


in which the coefficients P,(2z) are polynomials of degree not exceeding q+1.* 


* This theorem is due to Birkhoff, Trans. Am. Math. Soc. 10 (1909), p. 436. The 
simpler and more general proof here reproduced is also due to Birkhoff, Math. Ann. 74 
(1913), p. 184. 
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Consider, for a moment, the implication of this theorem when the point 
at infinity is regular, and the roots a1, ag, . . ., a, of the characteristic equa- 
tion are unequal and do not differ by integers. The canonical system is then, 
in its simplest form, 


se R EA SOA oo =a. ; 
It is soluble and has the fundamental set of n solutions 
Wian, Wo=0, ..., W,%=0, 
W,™=0, Wo=0, ..., Wy™=2n. 
Consequently the original equation has the fundamental set of solutions 
hd eN E RE EA A 3) 5 3) Rs 


where X 
w, =F az) W 
t=1 
=2% a,,(2). 

This is, in fact, the fundamental existence theorem for a regular singular 
point ; in the same way the solutions of the canonical system lead to solu- 
tions of the original system when the point at infinity is an irregular 
singularity. 


19:2. Reduction to a Canonical System.—The proof of the theorem 
enunciated in the preceding section depends upon a lemma in the theory of 
analytic functions which will be stated, without proof, in the following 
terms : * 

Let {1,.(z)} be any matria of functions, single-valued and analytic for |z|>R, 
but not necessarily analytic for z=% , and such that the determinant of this matria 
does not vanish for |z|>R. Then there exists a matrix {a,,(z)} of functions 
analytic at infinity and reducing at infinity to the unit matrix (8,5), and also a 
matrix {e,.(2)} of integral functions, whose determinant is nowhere zero in the 


finite plane, such that 
{lzs(2)} ={ay9(2)}{r4(2)2" s}, 
where kı, ko, . . . ky are integers. 


The significance of the lemma may be illustrated by considering a single function 
l(z) and taking R so large that l(z) does not vanish for |z | >R. Then log l(z) is 
analytic for |z | >R, but not single-valued. But after a positive circuit around 
z=% , log l(z) becomes 

log l(z)—2rki, 
where k is an integer. Consequently 
log U(z)—k log z 
is both analytic and single-valued for | z | >R, and its expansion as a Laurent series 
shows it to be of the form 
A(z) +E(2), 


where A(z) is analytic at infinity and A(# )=0, and E(z) is an integral function. Let 
a(z)= exp A(z), e(z)=exp E(z), 


U(z) =a(z)e(z)z—*, 


* For a proof based upon the theory of linear integral equations see Birkhoff, Bull. 
Am. Math. Soc. 18 (1911), p. 64 ; Math. Ann. 74 (19138), p. 122. A proof in matrix notation 
of an equivalent theorem is given by Birkhoff in Trans. Am. Math. Soc. 10 (1909), p. 438, 
and generalised in Proc. Am. Acad. 49 (1913), p. 521. These theorems are included in 
more general theorems by Hilbert, Gött. Nach. 1905, p. 307, and Plemelj, Monatsh. Math. 
Phys. 19 (1908), p. 211. 


then 
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where a(z) is analytic at infinity and a(% )=1, e(z) is an integral function and k is 
an integer. 


Now let z describe in the negative sense a simple closed curve C, enclosing 
the circle |z|=R within which lie all the finite singularities of the system. 
This curve is equivalent to a circuit described in the positive sense about 
the point at infinity. Since every finite point outside the circle |z|=R is 
an ordinary point of the system, there exists at any point of the curve C, a 
fundamental set of n solutions 


(wy), a WaD), . . 2, (aD, ©. 5 Wal”), 


each element of which is analytic at all points of C. The elements of these 
solutions are not, however, single-valued, and thus when z has described a 
complete circuit along the curve C, the solutions are transformed into a new 
fundamental set 


ee, 6 (™,- . Wa) 
The two sets of solutions are connected by linear relations 
DO =w, ... +e,(w,(), 


or in matrix notation 
B,) =(w,)(c,), 


where (c,‘*)) is a matrix of constants of non-zero determinant. 
In the general case, that is to say, when the roots p1, po, . - -, Pn of the 
equation 
[c, —8,sp |=0 


are unequal,* the initial fundamental set of solutions may be so chosen 
that the matrix (c,‘*)) has the simple form (8,,p,). Thus the substitution 
relative to a circuit in the positive direction around z= is 


TD =pw0 V, .. ., ©,V=pyw,, 
w =p, . . a Wy, =p,w,™. 
Now let Àj, Ag, . . ., A, be numbers which satisfy the equations 


—1 
As= zpi log Ps (a=1, AN e ai n). 


These equations leave A, Ag, . . ., A, undetermined to the extent of additive 
integers. For any chosen determination of A, let 


w,{*)(z) =2A0l,,(z), 
then each function l,,(z) is single-valued and analytic for |z|>R and the 
determinant of these functions has the value 


| U,4(2) |=2-Ait -- - +An) | w,()(z) | 
=cz—(it . . . +n) exp } | pul) +poo(2)+ -- - +Pan(2)]dz}, 


where c is a constant, and is not zero for |z|>R. 
The matrix of functions {1,,(z)} thus satisfies the conditions of the lemma 
and can therefore be decomposed into the product of matrices 


{L,s(2)} ={are(2)}ers(2)2"5}. 


Wa =€,,(2)2 sts =€,5(2)2"8, 


Let 


* Strictly speaking, it is not necessary to assume the inequality Of, py. Apse 
the correct assumption to make is that the elementary divisors of the matrix (6,089 
are distinct. Vide Kowalewski, Determinantentheorie, Chap. XIII. 
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then with the functions a,,(z) so defined, the transformation 


{wo,(9)} ={ays(2)}{ W {9} 
connects each particular set 


w,"), ere ay Wp) 
of solutions of the original equation 
dw = 
yo È pr(z)ws (r=1, 2, . . ., n) 
=1 


with the corresponding set 
W a a Wa 
of solutions of the transformed equation 


aW, 2 
= i > Prs(2)Ws w=, 2, o 8 8 n). 
s=1 


The n? equations satisfied by the elements W, may be combined into 
the matrix equation 


dW ,{s) 
| dz lpn HW), 
whence, if {W,(*)}—1 is the matrix inverse to {W9}, 


O =| LV 0} 


Now 
{W,} ={€,9(2)2~ 4s} ={e,,(2)} {5,245}, 
{W}-1={8 42s} Herl) t. 
{Oat Fert) +m enla) 


={ frs (2) } ={frs(2) Hrs}, 
where the functions f,,(z) are integral functions. Consequently 
{Prs(2)} ={ frs(2) èrs HE27 Ys} {Ep9(2)} + 
=2—h{ fra(2)}{Crs(2)}1- 
Since the determinant |/,,(z)| is nowhere zero in the finite plane, the matrix 
{éys(z)}~1 is a matrix of integral functions. Consequently each function 


3 Prs(2) 


and therefore 


Also 


is an integral function. 
But since the rank of the singular point at infinity is q+1, 


Prs(2) =O(2*) 

as 2->%. Thus 2p,,(z) is an integral function which has a pole of order 
q+1 at most at infinity and is therefore a polynomial of degree not greater 
than qg+1. 

The given system is therefore equivalent at infinity to the canonical system 

Oe me 
a = 3 Prle)Ws (r=1, 2.» on), 

where the coefficients P,,(z) are polynomials of degree q+-1 at most. 

The canonical system may be still further simplified by a substitution of 
the form 


z 


n 
Wi= > crnW, (r=1, 2, ..., n): 
s=1 


www.rcin.org.pl 


' 


474 ORDINARY DIFFERENTIAL EQUATIONS 


In particular, when the roots aj, a2, . . ., a, of the characteristic equation 
| ars —ôrsa | =0 


are unequal, the constants c,, may be so chosen that the polynomials P,,(z) 
are of the form * 


Pis =p OF pes zt o o o Apex? (r+s), 
Pir =Pr ppp 3+ - -o HPO +Hazt. 


When the polynomials P,,(z) are thus simplified the system is said to be 
in the standard canonical form. 


19:21. Modification of the Proof in the Degenerate Case.—To illustrate 
how the argument is modified in the degenerate case in which two or more 
of the multipliers p, corresponding to a positive circuit around the point at 
infinity, are equal, consider the particular case pı =p. If, as in the general 
case, there is a fundamental set of solutions such that 


2, (9) =p,w,(*), 


for s=1, 2, . . . n, no modification is necessary. When this is not the 
case,} a fundamental set of solutions exists such that (cf. § 15°22) for r=1, 
ee Ta 

T, =p1w, V, 

wW, 2 =prw, 2 +w,), 


w8) = ppw) (s =B A a sna 
As before, let 
—1 
A= log Ps GSL D'a . n), 


and write 
w, D =2l,1(2), 


: 
(2) —gA LOTA 
20,2) =a bal) + ginh) log zf, 


w8) =2sl, (2) CETE MANE BY) 
In this way there is defined a matrix {l,;(z)} of functions which are single- 
valued and analytic for |z | >R and whose determinant 
g—2—A— -o —An| wo, (*) | 
is not zero for |z|>R. 
Then, as before, the transformation 
{wp} ={ars(2) {W} 


changes the given system into an equivalent canonical system 


ae a 
z- "=> P,(2)W, (P=, Byes danii 
N = i 

in which the coefficients P,,(z) are polynomials of maximum degree q+1, 
and which has the fundamental set of solutions 

(We), 2... W,™) (r=1, 2,'. . . %), 

* The coefficients crs are such that the operations 
new col. r=cy, (col. 1)+ ... +¢m(col.n) (r=1,2,..., n) 

transforms the determinant | ays—8,sa| into | 8,s(ay—a)|. The corresponding theorem 
when aj, as, - - ., am are not all distinct may be supplied by the reader. 


+ That is to say, when the elementary divisors of the matrix (¢;(s) — rsp) corresponding 
to pı=p are equal. 
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where 
WY =zki +e, (2) =2e,(2), 


iati 
W,® =f ahe,a(2) + gap ze,1(2) log al, 


W,,(8) = gks +Ase (2) =2Fse,s(2) CET AE NENE y F 


As before {l,;(z)} is a matrix of integral functions whose determinant does 
not vanish anywhere in the finite plane and kı, . . . k, are integers. 
The standard canonical form is reached as before. 

Cases of further degeneracy may be disposed of in the same manner ; and 
thus the possibility of reduction to the canonical form is established in all 
cases. 


19:22. A simple Example of the Reduction to Standard Canonical Form.— 


Consider the linear differential equation of the second order * 
d?w dw 
de +p(2) Pe +9(2)w=0, 
in which p(z) and (2) are analytic for |z| > and, at infinity, 
P(2)=Pot+O(2-1),  9(2)=Go + O(z-*). 
In the most general case the point at infinity is an irregular singularity of 
rank unity. If b; and b; are the roots of the quadratic equation 


b®-+-pyb+qo=0, 


and are distinct, and if the constant c is properly chosen, the change of 
variables 


2=(bo—b,)z, w=es?%2°— 
will transform the given equation into an equation of the same form but with 
p(2)=—1+py2-1+O(z-?),  g(z) =O(2-?). 
It will therefore be supposed that p(z) and q(z) are of these forms. 
Now if v=, the single equation of the second order may be replaced 


by the pair of equations of the first order 
dw v dv _ J 
Fie ahaa adaa Baw 34) ated Ya 


A pair of solutions w,, wə of the original equation can always be found such 
that if the point z describes a positive circuit about the point at infinity, then 
either 


W1=p1W;, W2 =P2W2 
or 
W1 =p1W; Wz =p1W2 HW. 
The first case will be dealt with in detail; the modifications which the 
second case involves will be indicated subsequently. 
Thus the linear system admits of the solutions 


wi=2l; (2), wg =z2l;(2), 
vı =2w; =% (2), Vg =zwz =2"al29(2), 
where the exponents Aj, Àg satisfy the equations 
=l —1 
À= Oni log pı, Ag= ann log pe; 
and are thus arbitrary as to additive integers, and the functions l41(2), l12(2), 


* Birkhoff, Trans. Am. Math. Soc. 14 (1913), p. 462. 
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Io;(z) and Jy9(z) are single-valued and analytic for |z|>R. Moreover the 
determinant has the value 
li1(2)l22(2) —ly9(2)lo1(2) =21— Ar A(w rw —wowy’) 
=21—A,—Are— f(z)dz, 
and is not zero for |z| >R. 

In order to carry out explicitly the reduction to canonical form, it is 
convenient to restate the lemma of § 19-2 for the particular case n=2, as 
follows : Let 1;3(2), lyo(z), lo1(2), loo(z) be functions single-valued and analytic 
for |z|>R (but not necessarily analytic at infinity), and such that their deter- 
minant 1,;(2)loo(z) —ly2(z)le1(z) does not vanish for |z|>R. Then there exist 
a set of functions a43(2), aio(2), a21(2), Ago(z) analytic at infinity and reducing 
respectively to 1, 0, 0, 1 at infinity, and a set of integral functions €11(z), e12(2), 
€21(2), €29(2) whose determinant does not vanish at any point in the finite plane, 


such that 
133 (2) ={441(2)€11(2) +41 9(2)€21(2)}2, 
1y0(2) ={441(2)€12(2) +€19(2)e22(2)}2*, 
1o3(2) ={@o1(2)€11(2) +a22(2)e21(2)}2*1, 
Iy9(2) ={A21(2)€19(2) +@20(2)e29(z)}2*, 
where kı and kg are integers. 


Now four functions /,;(2), l2(2), l21(2), l22(2), satisfying these conditions, 
have been defined by means of the relations 
1 =waly3(z),  We=z2ly9(2), 
01 =ilyi(z), Vg=z%ely9(z), 
and their definition depends upon the actual choice of Aj and à. By properly 
choosing these exponents, the integers kı and k can be made zero, and it will 
be supposed that this definite choice of A, and A, has been made. 
Now make the transformation 
w=a;(2)W +a49(2)V, v=az1(2)W +a22(2)V ; 
then the transformed system is 


dw dV 
g Pul2)W+Pil2V, g =Poalz)W+-Papl2)V, 
where 
1 : r 
P= A [aes “2 —a 11}—ars) — 29411 +( Sn a E = Jagr TU atl, 
a $ 1 , 
Pj= A Di —a 12} —ay.) —2qaj9 + =p z )az2—a 22 tI, 
a 1 
Po = a [an ine nt—an} — 8g} +( per hae = azı ili a} |, 
—l ; 1 , 
Pa = E [a —a 12} —ay,) —29aj2 + wre = Jazz —a oat. 


and the determinant 
A =441422—A42021 
is not identically zero. 
Since, at infinity, 
A414 =Ag2=1, aj2=a2,=0, 


these expressions admit of developments of the form 
P,=O(2-*), Pj.=1r2—1+O(2-2), 
Po, =s2-1+O(2-?), Pog=1+(1+p1)2-1+0(2-2), 
where r and s are constants whose values will be determined later. 
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The solutions of the transformed system are 
W,=21e1:(2), We=242€12(2), 
Vy=2e91(2), Vg=22€9(z) ; 


on substituting these expressions in the first equation of the transformed 
system it is found that 


© exx(2)-+ ‘1 613(2)=P 11(%)€11(2) +P12(2)e21(23), 


d A 
qf) + a €y9(2) =P31(2)€19(2) + Pis(2)e20(2)- 
Since ¢€1;(z), €9(2), €21(2), €99(2) are integral functions and their determinant 


€11(2)€29(2) —€10(2)e21(2) 

is not zero for any finite value of z, the functions P,(z) and P9(z) are analytic 
throughout the finite plane except for a possible simple pole at the origin. 
By considering the second equation of the transformed system it may be 
proved that the same is true with regard to the functions P»2;(z) and P9(z). 
But the four functions P,,(z) are analytic at infinity; they are therefore 
linear in z—1, Thus the terms O(z~2) in the developments of these functions 
disappear and the transformed system has the simple canonical form * 

„W dV 

a SFE p =s W +(z+1—p,)V. 


This leads to the theorem : If w(z) is a solution of the equation 


dew dw 
qa TPC) g Tew =0, 
where 
p(z)=—1+p12—1+O(z-?), q(2) =0(z-?), 
then w(z) and zw'(z) may be represented in the forms 


we) 23,2) Hanae) E, aE an (aW +a): 


where W is a particular solution F 
d2 W foi eae ne | 
et Sa a 
and tl), aıo(ž), a21(2), a2g(2) are analytic at infinity and reduce when z=% 
to 1, 0, 0, 1 respectively.t 
The constants r and s will now be identified. The origin is a regular 
singular point of the transformed equation with exponents A, and dg. 
But the indicial equation relative to this singularity is 
A2 +(py —1)A —rs=0, 
and therefore 
Ay t+Ag=1—pi, AAg=—7s. 
In the exceptional case when 
W1=P1W1, We=pyW2+Wy, 


* The system is integrable by quadratures when either r ors is zero. 


+ When r=0 it is necessary to replace 
%,.dW py jim 7.40 
tr dz r—>or de” 
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the functions L11(2), Uie(z), 1e1(z), lyo(z) are defined, so as to satisfy the 
conditions of the lemma, by means of the relations 


1 
Wy =2ul,4(z), We =a} h(a) + Qrpyi li1(2) log zl, 


+ , J: 
vi =20,'=zilo;(z), vo =zw2 =h Iy9(%) + rpi l>1(2) log z}, 
where 


—l1 
À= | > 
“ae Pi 


and À; is so determined that, in the lemma, k;—0. The argument then 


proceeds on the main lines as before, and ends with precisely the same 
theorem. 


19°3. Formal Solutions.—It will now be supposed that all the roots, 
a4, -. +, @, of the characteristic equation of the given system are unequal 
and that g>0. The equivalent standard canonical system is therefore 


ri 
set ET EP eW., (r= 2a ah 
where Ag 
Pps(2)=Pr +p PZH - -© Hprs 82 (r+s), 
P45(%)=Pse tps Vat . 2. +pgsV2t+a,2tt1, 
Then for each value of s there will arise a formal solution 
W, =T',*), BY este |a aN A 


of the normal type in which 
T, =e%s)zsB,,(2), 
where 
atti pat 
R= EEE st. FHAR 
B,s(2)=B,s +B, 271+ . . ., 
and pusis so chosen that the constant B,, is not zero. To make the formal 
solutions definite, B,, will be given the value unity. 
By direct substitution it may be verified that 


By =0 (rs); 

and that 3 + 
B= rr® : (q>0), 
Hs=Ps9 (q=0). 


The remaining coefficients are then determined in the order 
By), Ve By, . . u Ag, Brg, Bs: 
The determinant of the formal solutions is 
| (8) | =e@(2) + ve FQn@ght .-- ten{D+DOg-14 ...}, 
where 
B=} RB, |=1. 

The formal determinant therefore does not vanish identically. 

Since solutions of the original system 


n 


dz T 2 Prle s (s=1, 2, . . n) 


=1 
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are connected with the solutions of the canonical system by the relations 
n 
w= > Ar(2)WY, 
t=1 


where each function a,,(z) is analytic at infinity and reduces to 6,, for z=% , 
it follows that the system admits of precisely n formal solutions 
SN eg Nia ng A er ee Ee i kale, 
in which 
S,(8) =e A (2), 


where Q,(z) is the same polynomial as for the canonical system, and 4,,(2) 
is a series of descending powers of z and has the value 6,, for z= 


19:4. Solution of the Standard Canonical System of Rank Unity by Laplace 
Integrals.— When q=0 the standard canonical system is of the form 


aW 
ž oo = {p11 +a} W1 +p W+ «~~ +PinW,, 
pr 
na =P OW +{p2 V +a} Wo + -© +HP2n VW n, 
aw. 
oo =P Wt Pa Wat» « o HPna tans}. 
The formal solutions 


W, =T, 
are given by expressions such as 
Te) =e%?2"sB,,(2), 


5 WTO. (83) 05 0) 


where 
Hs =P e” 


B,(2)=B,s +B, 271+ . 


Now consider the possibility of satisfying the Eisa by the set of Laplace 
integrals 


and 


W r= feto, (C)dZ (r=-1, 2,..). i.) 


By direct substitution in the differential system it is found that the condition 
to be satisfied is 


S ps [eto (Odg = zett -aod 


s=1 


=el- Jere) +E —a,) 2A ag (ra, 2. . n). 


Consequently the functions v,(Z), vo(Z), . . ., v,(¢) must satisfy the Laplace 
transformed nenge 


-6a F ={p11 +1}0y +p 0+ -© +Pinv,, 


dv 
—(¢—az) a =p v1 +{po2 +1}ve+ . ~~ +Pen 0g, 


dv, 
ban) Fe SPm + Png -o +Paa +109, 
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and the corresponding contour of integration must be such that every one 
of the terms 


[e*(C —a,)v,(f) | (r=1, 2, .. ., n) 
vanishes identically in z. 
Now the Laplace transformed system has regular singular points at 
C=a,, ag, ..., a, and at infinity. The exponents relative to €=a, are 


all zero except one which has the value 
~Pa —1= —p, —1. 


It will, for the moment, be supposed that this exponent is not a negative 
integer. Then the corresponding solutions of the transformed system, 
namely 


v =(C—ag) Ms 1h (E—as), » - oy Un =(C —ag) sh, (E —aag), 


where the functions ¢,‘°(€—a,) are analytic in the neighbourhood of =a, 

lead to a set of integral solutions if the corresponding contour is a loop C, 

from infinity in the ¢-plane along a suitable ray, encircling the point a, in 

the negative direction, and returning to infinity along the ray. The con- 

ditions which must be imposed upon the ray are that it does not meet any 

singular point other than as, and that R{z(€—a,)} is negative along the ray. 
Then a set of solutions is represented by the formule 


W= ie et(L—a,)—s-16,((L—a,)dl (r=1, 2, . . ., n). 


To each finite singular point a, corresponds a set of solutions, that is n sets 
in all. 

When —p;—1 is a positive integer, the contour degenerates into a 
rectilinear path extending in an appropriate direction from a, to infinity. 
When —p;—1 is a negative integer or zero, the logarithmic case arises but 
does not present any special difficulty. Thus each set of integrals 


WY, 2. Wf) 


represents a solution of the standard canonical system of rank unity, which is 
valid in certain sectors of the z-plane. 


19°41. Solution of the System of Rank Two.—It will now be shown that 
the foregoing process may be modified and extended so as to cover systems 
of rank greater than unity. Consider first of all the system of rank two 


(q=1): 


W, 
gE (py +p at a,22}W 1+ (p12 + pia} Wot . {Pin + pin PIW n 

Wo 
ae =p +po1V'2}Wy + {p220 + poo PZ +a} Wat ... +{pon O+ Pon DIW n, 

W, 

Me (+ Dai V2}Wy + {Pro +pnoz} Wat.. „+ (Pnn + Pan VE+An27} W n 
The formal solutions are 
W, =T', “), E Sle W =F) (s=1, Dein alas n), 
where 
T (8) e852" + Bzh B, +B, P271... } 
and 
Be=Des CaA 
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Now in this case the Laplace integral is replaced by an integral of more - 
general form, namely 


ss Wf tiO aol  (r=1, 2). ah 


When this expression for W, is substituted in the system of equations it is 
found that 


= {prs + pra} | toal) +201(6)34% 
s=1 
= | 22e (2 —a,){040(L) Hor (EA + | zeton (Edk, 


or, transferring the terms which involve z2 from the left-hand to the right- 
hand member, 


{Drs + PriP2} |e (tdg + 2 priz ergy de 
s=1 


IM 
m 


= |22 -onoo Hon (OAE zeton (Od — È pa [stoop (Cal 
=[ e" (2% —a,) {vro (t) +20,1(L)} —€°% > pr vs1(6)] 
— ferf zoot Heta 0) at — feron O Heta a 


PETS gra ag E R EPEA E 
s=1 


The integrals on the two sides of this equation cancel one another if the 
2n functions 0,9() and v,;(Z) satisfy the 2n simultaneous equations 


d n 
(240r) ge =P + D Pr! + PAM}, 


dv dv, 5 
—(26 —a,) Gp + > Pri Gp =o D Pri 


Cz! ae Serene n). 
The finite singular points of this system are C=}a;, jas, . . ., dan; 
they are not regular but irregular singularities of rank unity. The point 
at infinity is a regular singularity. If, in the original system, the trans- 
formation A 
W „=e Bn W , Ct) | ere 
were made, the effect would be to replace p, by p,,“—B,, throughout ; 
in particular P mm” would be reduced to zero. 
Now the system of equations by which v,9(f) and v,;(¢) are defined may 
be written 


dv —1 
7 lings 20 —a, sth hae T x }Pri Pe HP rs P00 (1, 
diy _ —l 


a re [20+ 3 2 Prs V9 + 2g Pritt 2+ 3 = (Pst + pat?) | 


uid: P eae) 
The singularity ¢=}4a,, is irregular when poles of the second order at 
=4a,, occur in the coefficients of the system, and this can only happen if 
Pmm +0. But since by the transformation just mentioned p,,_,{!) may 
21 
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be reduced to zero, that transformation renders the singularity at “= lam 
regular. It will be supposed that this transformation has been effected. 
The exponents relative to the regular singularity €=}a,, are all zero 


except two, which are 
— (Am t1 ’ a Hm +2). 


Hence there exists a solution of the system in v,9(¢) and v,;(¢) which is of 


the form 
vro™ (6) =(¢ —fa,,) ~ Em t Dd ,.o(™(C — fan) 
vra ™(E)=(E— $a m) Fmt Dh, E — Zam) 


where ¢,9™(C—4a,,) and $, ™(C—}am) are analytic in the neighbourhood 
of €=}a,,. 

Each individual singularity €¢=4a, is dealt with separately, and is made 
regular by the appropriate transformation. To each singularity ¢=}a, 
corresponds the set of 2n functions 


eee Peete), C NC); ...., 0,1(f). 


The corresponding contour C, is a loop-circuit encircling the point ¢=}a, 
in the negative sense and proceeding to infinity along a ray such that 
R{z2(€ —4a,)} is negative. Then each set of integrals 


Woe bE] Ea) D ME— Bay) Heer ME —o,)}0l 


T= 2 ae Oe 


(r=l, 2, . . . n) represents a solution of the standard canonical system of 
rank two. 

The case in which the exponent —}(u, +1) is an integer is easily disposed 
of; the other exponent —4(u,+2), which is then not an integer, simply 
takes its place. 


19-42. Solution of the System of general Rank q+1.—In the general 
case the formal solutions are given by 


TO =e%@zo(B,,+B,Vs-1+ .. .), 


where 
ga +1 gf 


Q(z) =, q+1 +B eG 


The generalised Laplace integrals 


+... FÀ. 


W,= | exp (Ettol) Healt) o  . Hode (r=1, 2.» n) 
satisfy the system of rank q+1 if 


q 
J exp + S lattjo at 
j=1 


n q q 
= J fapt] $ puat S oola 
s=1 k=1 l=1 
q 
ta fexp (tnan S aote  (r=1, 2,- . n n). 
l=1 
All integral powers of z up to 2%+1 are involved. By equating to zero the 


aggregate of terms in z and 2+4+1 for y=0, 1, .. ., q, a set of q+1 
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equations in the q+1 unknown functions v,(f), 0,:(f), . » +» Upq(S)_ is 
obtained. The typical equation is (after the factor z has been suppressed) : 


| exp (C2+1){(q +1)2%+ 1f +v}v,,(6)dl 
= f exp Ger} 


+a, | exp (Let*I)et +0 (C)dé, 
But since, by integration by parts, 


J exp Get" attu(d)dg = exp (Cet O] | exp Cet *2ydu(t), 


each of the q+1 equations is found to be satisfied, for an appropriate choice 
of the contour, if the functions 


OD) MalOiow - - ‘veld (r=1, 2, .. ., n) 


satisfy the set of n(q+1) transformed equations 


p3 Pre Val) “eget po poate) tat 


k--l=v ktl=q+v+1 


dv 2 „dv + 
—{(q +1) —a,} ria AF > p3 Pr ™ at =(q+1—v)o,+ > Prs™ a1, 
s=1k+l=qt+vt+l s=1k+l=v 
where #==1,.2, ies 2 Bee, kes G 
Thus, taking in succession v=q, g—I, . . ., 0, the complete set of trans- 


formed equations may be written : 


d n 
=T E —a,} - = Urg t 2 > Prs 0g), 


i s=1 k+l=q 
dv,, a1 is dUsq 2 (k) 
—{(q+1)¢ —a,} dt > Prs ® at =20,, ea > bA Prs Ust 
s=1 s=1k+l=q—1 
don Ue dv G dv 
— — A e tal (q) 2S1 So OLN 
{(q P1) Oy} dý a È Pr q dt + be r a, Pes dý 


=(q+1)vro + p Prs Vso: 
s=1 


In each equation r=1, 2, .. ., n. 
The finite singularities of this system are 
gao A tear.” 
Ce Pea” eee 
and are irregular singularities of rank g at most. The point at infinity is 
regular. The transformation 


rbd. zí 24-1 
i exp | Pm = Ym gl — i 'e « SE 
has, for fixed m, the effect of changing 


Dee, pD, i Dry 
respectively into 
Pr —Bms Pret) —Y ms mMer Pr — Àm 
for r=1, 2, . . .,.m. The equations for v,9, v,1, - = «> Urg then have a regular 


singular point * at {=a +1), relative to which all n(q+1) exponents are 
£ p ml \ 
* For a proof of this fact see Birkhoff, Trans. Am. Math. Soc. 10, p. 460. The statement 


concerning the exponents admits of an indirect proof by the principle of continuity ; no 
direct proof appears to be known. 
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zero except g+1, namely, 


—(Hm+1)(9G+1), —(Mm+2)/(q+1), -~-~ —(Hm+4+1)/(q+1), 


and a solution of the form 


Hm+1 
on™ —( ENE A ie Sa cm Pe Maks, 1 ) r==1,2,...,%; #=0,1,... 
a ghil Prk t gH (1 L; > nN; k > 1, » 9) 


exists, where the functions ¢,,™ are analytic near €=a,,/(q¢-+1). 
Thus if C, is a loop-cireuit about €=a,/(q+-1) such that R[z4*1{¢ —a,/(¢+-1)}] 
is negative along its ray, each set of re 


We) =eBs= + Aee A etl an Ti 1 ch yO 
j O; ( qi a 


represents a solution of the standard canonical system of rank q. 

If (us+1)/(q+1) is an integer, it may be replaced by any one of the other 
(non-integer) exponents. The sectors in which this integral representation 
of the solution is valid will be specified more particularly in the following 
section. 


19-5. Asymptotic Representations.—In the integral representation of W,{*) 
make, for each s, the substitution 


taatta)t— wat ? 


then 
ps+1 Et T eg 


Ps 


where I’, is a loop-circuit enlacing the ieee t=0. Then by a suitable 
modification of the reasoning of § 18°21 it may be proved, on expanding the 
integrand, that if arg z=¢ is a ray for which 


R[21+1{—as/(q +1)}]<0, 
there will be a sector for which arg z=¢ is an interior ray, and for which 


B„® BVA ee 
Wea) By, -- rer + s Ley ti +- aT +. at 


where e,,->0 for all m as z->a. So far as the first m-+1 terms are concerned, 
this development coincides with the formal solution 7,. Thus W,® is 
asymptotically represented by T°) along the ray arg z=¢ or symbolically 
W’ ~ T (arg z=¢). 

The ray in the ¢-plane along which the loop-circuit C, proceeds to infinity 
is such that Rz1+1{{—a,/|(q+1)} is negative; subject to this condition it 
may vary so EY as it does not pass through any finite singular point other 
than €=a,/(qg+1). It is not difficult to determine the exact sectors in the 
z-plane for which the corresponding formule are valid, and this is the question 
which will now be considered. 

In all there are N=n(n—1)(q+1) rays for which 


Ri{(a,—a;,)22+ 1} =0 (t=), 
and these rays are given by the formula 
tan (¢-+1)¢=cot arg (a,—a,). 
Assuming that these rays are distinct, let them be denoted, in increasing 
angular order, by 
arg 2=7T1, T2, rage y's TN: 
let ty 41=71 +27. 
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As the point z passes from any sector (7,,—3, Tm) iuto the consecutive 
sector (Tm, Tm+1), the real part of a particular one of the differences (a, —a,)z¢+1 
changes from positive to negative. Let this particular difference be denoted 
by 


(as —ay 21+. 


Consider any one of the q+1 values of m for which 7,,=s, and let Tm’ 
be the ray next in increasing angular order to 7,, on which the real part of 
another difference, say 

(as, —O4 24 TE 


for which tw=s, changes from positive to negative. Then the argument of 
the loop circuit C, is intermediate between the consecutive pair of arguments 
arg (a; —a,), arg (a, ,—ds) 
and R[z¢+1{f—a,/(q¢+1)}] remains negative for 
T 
Tm < arg oe TaN 
wie, we, .. 4, E 


furnish a set of q+1 solutions of the canonical system, fixed by assigning the 
sector in which the ray of the loop circuit C, is to lie. Each set is valid for any 
one of the q+1 corresponding sections 


The integrals 


mT 
mLarg Z3LTm H. 
T 8 ZKT PE 


For every ray arg z= which lies within any one of these sectors, there exists 
a fundamental set of solutions 


W,=W,, W =W, giel v. o3 W,=W,, (s=1, a, pas n) 

such that 
WO ~T,, WT, n 2, WONT O. 
The corresponding theorem for the original system * is that there exist 
solutions wi, Wz, . . ., Wp such that 
Wp ~ S, CE AROE) 
within any given sector 
Tm LATE 2<Tm+27/(q+1). 


19:6. Characterisation of the Solutions in the Neighbourhood of Infinity.— 
The solutions of the canonical system are characterised by the following 
theorem: There exist N=n(n—1)(q+1) fundamental sets of solutions of the 
standard canonical system, namely 


Win”, Wia”, a. Ey u 
ie ee (m=1, 2, .. ., N) 
Win, Wom™, diaa: Wan”, 
such that 
Wom® ~ T,), Tm arg Z<Tm+1;, 
and such that 
Ka m+1") =W rm") (SFS m); 
W, m+1%m) a Wym n) +A W emt 
and finally 


W, y+ =e niks W a 0. 


* This theorem generalises a result given by Horn, J. fiir Math. 133 (1907), p. 19. 
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The present section will be devoted to a proof of this theorem. * 

By virtue of the theorem in the preceding section it is possible to divide 
the z-plane into a finite number of closed abutting sectors ø in each of which 
there exists a fundamental set of solutions 


oe eee as, =.) (s=, 2, oe 
such that, in the sector considered, 
W, ~ T,©). 


The sectors may be chosen so that the rays arg z=7,, are internal rays 
and so that at most one ray lies within each sector. Nowif o is a sector not 
containing any ray 7, every solution of the canonical system of equations 
will have a definite asymptotic representation throughout o. For the general 
solution is 


W,=cW,) +e,.W,2+ 2... +¢,W™ (r=1, 2... 
and this leads to the asymptotic relationship 
W, ~ OT, +eeT,O+ 2 2. +e,T™. 


For large values of |z| the relative magnitudes of the terms of this 
expression are respectively the relative magnitudes of 
R(a,27+1), Riapz?t!), ..., R(a,2?+1), 
and the relative order of magnitude does not change except at the rays 
Steet, Fe < ss Ts 
and therefore does not alter in any sector ø not containing a ray 7. Let it 
be supposed that, for the sector under consideration, the suffixes 1, 2, . . n 
are so chosen that 
R(a,22+!)>R(agztt!)>. . .>R(a,27t!) 
and let 
Cy =g = ss =C,—1=—0, cho: 
Then for the sector o 
W, ~ c,T,®. 

But since consecutive sectors abut on one another, every solution W4, 
W, . . ., Wn has the same asymptotic representation in successive sectors 
until a sector which contains a ray 7 is reached. Thus if the sector ø and 
consecutive sectors up to and including that which contains the ray Tm+1 
are amalgamated into a single sector om it follows that there exists a funda- 
mental set of solutions 

Wy, W,®), e e BS W,,) (s=1, ee aes n) 
such that throughout the sector om 


Mea Lye, 
Now consider the character of the general solution 
WER: . We 


in the sector om. As the point z crosses the ray arg z=7,,, the order of 
magnitude of R{Q, (z)} and R{Q, (z)} is inverted, and moreover 


Ri(a,,, — a, 22+} >0 (arg 2<Tm); 
<0 (arg 2>T m): 
Suppose that on the initial bounding ray of the sector om 
R(a,27+1), R(agz?t4), . . ., R(a,z¢t1) 


* The solutions referred to in this theorem are not, in general, the integral solutions 
of §§ 19°4-19°42; the Laplace integral solutions retain their asymptotic form throughout 
maximum sectors ; the sectors of the present theorem are minimum sectors. 
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are in descending order of magnitude. Then as z crosses the ray arg 2=7m, 
two particular consecutive terms say 


R{arz1+1}, Riag 122+} 
will change their relative order. But the general solution 
W,=c WY +eW P+... +6, (r=1, 2. + n) 
will nevertheless preserve its asymptotic form unless 
C4 ==0g== . . . Cp =0, 050, © Cg 41-0 
When this is the case the solution is of the asymptotic form 
W, ~ cT 
on the initial bounding ray, and of the asymptotic form 
W, ~ Cy41T,*t} 
on the terminal boundary ray of the sector om. 


If, however, two particular solutions W, and W, can be found such that, 
on the initial bounding ray of om 


W ~ot, W, wea TOt o (r=1,2, ~~ 0 Ws 


then a linear combination W,--AW,,’ of these solutions can be chosen which 
will preserve its asymptotic form throughout the sector om. For since 


Wr =W Her WED 2... +epW™, 
We =t W EtOH .. o He WM, 


it is only necessary to assign to A the value —cp41/Ck+1 
Now let 


Wy, Was. 3 Wg (s=1, 2, .. . n) 
be any fundamental set of solutions such that, in the sector c4, 
Wy ~ T,. 


Each of the n distinct solutions of the set will preserve its asymptotic form 
throughout the consecutive sector oz except possibly the solution 


Wy, Wan, eat nr W aih, 


but when this exceptional case does arise,” a constant 4, can be so chosen 
that the solution 


Wa HAW, Wa HA W, 
preserves its asymptotic form 
L, (eer, «dg ge 
throughout the sector og. Therefore the new fundamental set of solutions 
Wi), Woo), ee Oe 


29 Wi?) AW ntt 


where 
Wr =W ph (s+s1), 
Wi) =W pD HAW nt, 


preserves its asymptotic form throughout the sector ov. 
In the same way fundamental sets of solutions 


W39, W ag, 4g W,,3) 

4 ; ; ‘ (s=1, 2; 2. 4 8) 
Win, Won, +» Wry 

are determined in succession, which respectively preserve their asymptotic 


* It is important to note that this exceptional case arises only when R(as,27* 1) changes 
its order relative to the other expressions R(a;z7+1) and goes into a lower rank. 
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forms throughout the sectors o3, . . .. ox. From the last set the same 
process leads to a new set 
Wy wi, We, wii Were g Wn, w+ (s=1, 2, R ETT n) 


which preserves its asymptotic character throughout the sector o}. It now 
remains to prove that a choice of the initial fundamental set of solutions 
made be made so that 


W, y 41 =e W 9) s=, e Soe 
The first step is to show that the final fundamental set of solutions is 
entirely independent of the choice of the initial set 
Wii, Wo, Bias es Wy (=I, 2, sa n). 
Let 
U, U1, AART Un (s=l, 2, oe ey n) 
be a new initial set of fundamental solutions ; let 
ree eee) (82, 2... ., 2s ma=2, Bade) 
be the successive fundamental sets derived therefrom, and let the constant 
which corresponds to 4,, be denoted by Bm- 
In the sector (T1, 72) let 
R(aj;24+1) < R(ajz?t}) < Rapt) < . -a 
then since R(a;z4+1) is the expression of lowest order there can be but one 
‘solution asymptotic in (T1, T2) to 
Pa ER a a TaD, 
and therefore i i 
UO =W, C O EE 


Now every two of the expressions R(a,z1+1) become equal 2(q+1) times 
as z describes a complete circuit about the origin ; if they become equal on 
the ray arg z=7’, they also become equal on the rays 


(x=1, 2, . . ., 2g+1), 


arg z=r' +. 
=y =e 
8 UFES 
and nowhere else. Consequently in the sector 
mT 
< — = 
MENEE aN ToT Ty 


where v=łn(n—1), every two of the expressions R(a,22+1) become equal 
on one and only one ray. In particular, as arg z increases from 7, tO Tp, 
R(a;z1+1) steadily increases and finally surpasses all the remaining expres- 
sions R(a,z4+1), and therefore 

Wp O =W, p= ... =W,,\, 

Uat =U =... = UÀ, 


Thus since 
U,.=W,,, 
it follows that 
Uren) =W om (=L oan 
for m<v. 
Now since, in (71, Te), R(ajz1+1) is second in increasing order of magni- 
tude, there will be a relation of the form 
U,,9=W,49+ceW CSL 2, ES n), 
and from this there follows the relation * 
Urm =W pm +W on, 


* Note that R(ajz?+1) cannot fall below R(asz%+1) except for s=7. 
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for m=2, 8, . . ., 0, where 0 is the value of m for which the magnitude of 
R(a;z4+1) falls below that of R(a;z1+1). Now since 

W, 041 =W DHAWA, We, 9119=W 9, 

U, 9419 =U +B, U, 9419 =U 9, 
the relation } 

O49 =W +W gÙ 
may be written 
U,, 9419 —BaU,, 94.1 =W, 94.19 —(4o—e)W,, 94.1. 

In the sector (79, 79+1), R(ajz2+1)>R(aj;24+1), and since it has been proved 
that 


U; 9419%=W,, 941, 
it follows that 


Bg=Ag—e, 
and consequently that k 
U, 0+1 =W, 941%. 
But for m=0 +1, 0+2, . . . v, the order of R(a;z1+1) does not fall below 
that of any other expression R(as21+1) and therefore 
Oy = W rm (rt, Sue 


for m=0-+-1, 0+2, ..., v. 
In the same way a relation of the form 

Dem =W pm HOW pO HAW ou 
holds for successive values of m. The constants c and d in this relation 
alter their values only for values of m such that the relative order of the 
three expressions 

R(ajz4+1), Ratt), R(azz2+1) 
is changed at the ray arg z=7,,. If the first expression, which is initially 
lowest in order, increases over the second, the value of d may change; when 
the second increases over the third, c becomes zero ; when the first increases 


over the third, d becomes zero. Thus if 6’ is the value of m for which the 
first expression increases over the third, 


Urn =W pm ® a Oe TRTE 
for m=0' +1, 0°12, ..., v. 

By continuing the argument on these lines it may be proved that on 
and after a fixed value of m <v, the relation 


U3 =h ee ESED e A) 
holds for every value of s. In particular the final fundamental system 
Ulna h Us, yti . - a Unnt (8=1, 2, n) 
is identical with the system 
Wi, wii, Wo wii, -o Wa, y+1® (8=1, 2, .. ~ n). 


The final fundamental system is therefore independent of the choice of 
the initial fundamental system, provided, of course, that the initial choice 
is consistent with the conditions of the theorem. Let the initial system be 
defined in terms of the invariant final system by the relations 


Wye W, 41 (ry @=aly Dy os! 


This definition is self-consistent for, since T,® is multiplied by the factor 


e’™'¥s when the point z has described a complete positive circuit about the 
point at infinity, the asymptotic relationship 


Wi N 41% A e2tit'sT (8) 
holds for the sector (7, 72). 
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Thus the theorem proposed has been completely proved. Its extension 
to the original system is immediate and may be formulated as follows: 
There exist N=n(n—1)(q+1) fundamental solutions of the system 


dw £ 
A Dd Prl2)ws, (t=, 2, . (3 Mae n) 
s=1 
whose rank at infinity is q, namely 
Wim”, Wam”, ee) eg Wnm, ) 
š š Š y 4 | iiss, Bs) .c N) 
Wim”, Wim, E E Wam ™, 


such that if the formal fundamental solutión is 


a, so; 
S, S$, on, Sa, 
then 
Wem) mf S,@), Tm KATE 2<Tm+1- 


The N fundamental solutions are linked up by the relations 


Wr, m+ 1) =Wym'*) (S#Sm)» 
Wr, m+ 16m) i P +4 morm'™), 
where, for m=N, 


Qari 
Wy, wi) =e wy, 


Any set of functions w,,,“°) which satisfies all these conditions furnishes 
a solution of the differential system. The theorem is therefore said to give a 
complete characterisation of the solutions of the system with reference to the 
point at infinity. 

The constants which determine the nature of the standard canonical 
system are known as the characteristic constants and fall into two classes. 
The exponential constants are the q+1 constants as, ps, ..., Às of each 
polynomial Q,(z) and the exponents uş; altogether they are n(q-+2) in 
number and are independent of one another. The transformation constants 
A,, Ao, . . ., Ay are not all independent, for n—1 of them may be disposed 
of by the transformation aa 

WaN, EER oe 


where the constants c, are properly chosen. The number of essential cha- 
racteristic constants is therefore 


m(q-+2)+-n(n—1)(q +1) —(n—1) =n2(q+1) +1. 


The coefficients in the standard canonical system involve, in all, 
n?(q+1)+n constants which may be reduced to n2(q-++-1)+1 by multiplying 
Wi, We, . . .. Wn by suitable constants. In the general case the number 
of constants in the equation cannot further be reduced ; these constants are 
therefore said to be the irreducible constants of the system. Since the 
number of characteristic constants and the number of irreducible constants 
is the same, it follows that the characteristic constants are not connected by any 
necessary relation. 


19:7. The Generalised Riemann Problem.— The Riemann problem which, 
in its original form (§ 15°92), referred to three singular points, all of which 
were regular, has been generalised by Birkhoff in the following terms: To 
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construct a system of n linear differential equations with prescribed singular 
points 
Ži Z% + © o Zm Zm+1 =F 
of respective rank 
qis l2 >- o Im Imt+1 
and with a given monodromic group, the characteristic constants being assigned 
for each singular point. 
To show that the problem thus postulated is self-consistent consider the 
simultaneous system of equations 


n m 2+4 
B $í £ Šg $ 2 Bran (r=1, 2, . . n), 


sm1 ` k=l i=l (z—zz;) 


which is the most general equation Ais singular points 23, 2g, = = Bm: © 
are of the prescribed ranks q1, gz, - - - ms m41- The number of arbitrary 
constants A,,,; and B,,, to be disposed of is 

m+1 

ne) bx q+2m+1 È 
1=1 
Now let 
w, Wal), ote) s Ww, (g=s], 2, ddeg n) 


be a fundamental set of solutions fixed by assigning the condition that at 
some particular ordinary point a, 


w9) SOME > 


the group of this particular fundamental set will be regarded as assigned. 
Now the monodromic*group possesses m fundamental substitutions, one 
corresponding to each finite singular point.* Each substitution is defined 
by a matrix of n? constants, and therefore the group involves, altogether, 
mn? arbitrary constants. 
The characteristic constants relative to the singularity z, are n?(q,-+1)+1 
in number, in all there are 


Žž {n2(q +1) +1} 


characteristic constants. But the exponents u are determined both by the 
group and by the characteristic constants, and are n(m--1) in number. 
Thus between the constants of the group and the characteristic constants 
there are n(m-+1) relations. 

Finally a correspondence must be set up, at each singular point, between 
the chosen fundamental set of solutions and the canonical fundamental sets 
defined by the theorem of § 19°6. This correspondence is determined by 
the group (which fixes the exponents at each singularity) except for n multi- 
plicative constants. Thus n—1 additional conditions are imposed at each 
singularity ; in all (n—1)(m-+1) further conditions. 

The total number of conditions to be satisfied is therefore 

m+1 


nm? + > {n?(gz+1) +1} —n(m +1) +(n—1)(m+1) 
k=1 


=n T q +2m-+1 i 


* If Si, So ..., Sm are these substitutions, and Sm+1 is the substitution corre- 
sponding to z=% , then 


Sm+1Sm e r S, S= 
where / is the identical substitution. 
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and is equal to the number of constants to be disposed of. The problem is 
therefore self-consistent. 

The problem thus formulated was virtually solved by Birkhoff (Proc. 
Am. Acad. 49 (1913), p. 536). When obvious conditions of consistency are 
satisfied, either a solution of the problem as stated, or a solution of the 
problem modified by replacing the exponents p1, . . ., Hn relative to any 
one of the singular points by pı +kı, . . .. Un+k,, where ky, .. ., kp are 
integers, will exist. 


MISCELLANEOUS EXAMPLES. 


[These examples are all taken from Birkhoff, Trans. Am. Math. Soc. 14 (1913), pp. 
462-476.] 


1. The system 
aad =rF, $ =sW+(z+1—p,)V 
has the formal solutions 
2dS,(z) 
W=S,(2), Eiger male 
zdS,(z) 
W =S,(z), Eers rae 
where, if A, +A,=1—p,, A,A,= —TS, 
y()—]1— Say AQArt+YACAst2) 2 R, 
1 1.2 
— —1 A, —1)(A, —2)(A.—1)(A, —2 
Sy) eam) aD T PY a aca Wis, ae Se Sree iE ai As ) y-a. . 4 


2. Let i 
pı=¢€—2riň, po=e—2ridg, 


then if p41, p.=-1 neither r nor s is zero and the formal solutions diverge. If py=1 
either r or s may be taken to be zero and at least one of the formal solutions terminates. 
The two formal solutions are, when r=0 


| —2)(p,—8 À 
W=1, v=- h4 E a an aw yy ud hy 
z £ 2 


W=0, V=! n, 
and when s=0 
W=1, V=0, 
PiPr +1) . h V =e7z!—-?1. 
g2 
When both the formal series terminate both r and s may be taken to be zero. 


W=rez {1 -+ = + 


3. By determining the formal solutions s,(z) and s,(z) of the equation 
d*w dw 
Bs THe tea =8, 
where 
Pı , Ps ee, ae 
i eae ei a a e.” ROS at toy 


and using the formal solutions S,(z), S,(z), show that the coefficients in the transformation 
w=a,,(z)W +4,,(2)V, 
v=4a,,(z)W +4,,(z)V, 

can be developed in power series in z when r40. 
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4. Two linearly independent solutions of the equation of Ex. 3 may be represented 
in the form 


wief Aita) | 3 e1) dg + Bie) J ; Epua- each (i=1, 2), 


where A,(z) and B;(z) are analytic at infinity and reduce to 1 and 0 respectively for z= œ. 
This representation breaks down when one or other of p, and p, reduces to zero, when it 
may be replaced by one of the following : 

w,=A(z)+B(z)e2!—P1f e—*zP1 di, w,=B(z)e*2'— 1 


w = A(z)fe?z-?ıdz+ B(z)e"z! =P; w, =4(2). 


5. If the multipliers p, and p, are distinct from one another and from unity the 
coefficients in the Laurent series 


wW 2) 
W, =A > 1,2”, Ws ach S 1,2, 


v=— 0 =— 0 


in which two particular linearly independent solutions of the equation of Ex. 3 may be 
expanded have the form 


LO SLY) Ha, Hb (Atv H ILOHO + faq +b tv +2 nnn (i=1, 2), 
where 
A(Ai+1) . . . (r+¥—1) 
pitti ao. S F 
Lem OAD + Oat) 
ESEE E TLAN 
and a and by are numbers such that | ay | 1/”, | by | 1/” are finite for all values of v. 


T ™ 


6. If p, and p, are distinct from one another and from unity and if (z) is analytic at 
infinity, then for every solution W(z) of the equation 


aw Pp, jaqW ts 
—— —1+— »>— ——W=0, 
dz? +) i z ? 5. Y 

there is a relation of the form 


dW(2) 
W{z+ Y(z)} =a(z)W(z)+0(2) rat 


where a(z) and b(z) are analytic at infinity. 
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CHAPTER XX 


CLASSIFICATION OF LINEAR DIFFERENTIAL EQUATIONS OF THE 
SECOND ORDER WITH RATIONAL COEFFICIENTS 


20°1. The Necessity for a Systematic Classification—The foundations of the 
abstract theory of ordinary linear differential equations are firmly placed 
upon the classical theorems which assert the existence and specify the 
nature of solutions in the neighbourhood of an ordinary point. The nature 
of the solutions in the neighbourhood of a regular singularity is known with 
equal exactitude, and the behaviour of solutions with regard to irregular 
singular points has been revealed. On the other hand, the information 
available regarding the functions defined by particular equations or classes 
of equations is very scanty. Apart from simple equations, whose solutions 
are elementary functions, the only equation which has been exhaustively 
studied is the hypergeometric equation in its general form or under a particular 
guise such as the Legendre equation, that of Bessel or that of Weber or the 
equation of the confluent hypergeometric functions. The equations of 
Mathieu and of Lamé have been studied to some extent, but the knowledge 
of the functions defined by these equations is, even now, far from complete. 

It would thus seem desirable that the study of linear differential equations 
should be resumed from a point of view intermediate between the most 
general on the one hand and the highly particularised on the other. In this 
intermediate aspect, any given equation appears as the common member of 
a number of specific classes whose salient properties it possesses. Thus what 
is inherent and essential in any given equation is readily discriminated from 
what is purely accidental. 

In the present chapter a systematic classification of linear differential 
equations with rational coefficients is carried out by grouping the equations 
into types according to the number and the nature of their singular points. 
This classification is of value in that it not only indicates those properties 
which are common to the members of a particular class, but also suggests 
the existence of relationships between the individual members of one class 
and the corresponding members of another. 

This systematisation was suggested by the discovery of Klein and Bécher * 
that the chief linear differential equations which arise out of problems of 
mathematical physics can be derived from a single equation with five distinct 
regular singular points in which the difference between the two exponents 
relative to each singular point is 4. The coalescence of two such singular 
points produces a regular singularity whose exponent-difference is arbitrary ; 
the coalescence of three or more in one point generates an irregular singularity. 

Every linear differential equation of the second order with rational 
coefficients has associated with it a definite number of regular and irregular 


* Klein, Vorlesungen über lineare Differentialgleichungen der zweiten Ordnung (1894), 
p. 40; Bôcher, Uber die Reihenentwickelungen der Potentialtheorie (1894), p. 193. 
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singular points. By regarding each of these singularities as generated by 
the confluence of the appropriate number of regular singularities with 
exponent-difference 4, it is possible to consider the equation as derived, 
by definite processes, from one of a standard set of equations. The whole 
ground can be covered in this way, and those characteristic features which 
may be attributed to the presence of certain singularities of a certain definite 
type may be brought to light. 


20°2. The Confluence of Singular Points.—It is convenient to introduce 
a term signifying a regular singular point with exponent-difference 4; such 
a singular point will be called elementary. When a regular singular point 
is not so qualified, it is to be assumed that the exponent-difference is arbitrary. 

The most general equation which has p elementary singularities, situated 
at the points 


: Qis Gg, + + + Ap— 1, 
is (§ 15:4) 


= d Ay+A Ay—32?-8 

w +S ele EPM o+ a : tho 
Z—Q, 

1 


where the exponents relative to a, are a, and a,+4. Since the exponents 
relative to the singular point at oe also differ by 4, 


p—1 
4s- =] Z arf — Sat p— PES o, + OM —2)(p—4) 


The constant Áp—3 is PA a definite; the remaining p—3 constants 
Ao, Ay, . . ., Ap—4 are, on the other hand, entirely arbitrary. 

Now suppose that two of the elementary singularities are caused to 
coalesce ; thus let ag=a,. Then the indicial equation relative to the singular 
point z=a, becomes 


p? —2(a1 +a2)p+a3(a +4) +a9(a2+4)+A =0, 


yo Ao +4141 + Gp ies +Ap—34,?—8 i 
(a1 —az)(a1—44) . . . (dı —ap-—3) 
The exponent-difference relative to the singularity z=a; is now dependent 
upon Á, that is upon the arbitrary constants Ao, . . ., Ap—4, and is therefore 
arbitrary if p>4. The singularity, however, remains regular. 
If the coalescence is not between a, and ag but between say ap—ı and œ, 


where 


let the arbitrary constants Ap, . . ., Ap—4 be such that 
lim Ao =A... «5 lim ra m. E. P E 
Ap—1 Ap-1 


where A'o, . . ., A’p—4 are finite but otherwise arbitrary ; since A,_3 is neces- 
sarily finite, 


Then the Pala takes the form 
dw 43 >t *}— a + ‘> "alar +8) At+A'yz+ ... tandi 
da T ; (z—a,)2 poa 

H (z—a,) 


and the singular point at infinity is regular but, since 4’,_4 is arbitrary, with 
arbitrary exponent-difference. 
Again, suppose that any q elementary singular points coalesce, then if 


w=—0, 
r=1 
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q>2, the resulting singularity does not admit of an indicial equation and is 
consequently an irregular singularity. 

The nature of an irregular singular point depends entirely upon the 
number of elementary singularities by whose coalescence it was generated. 
An irregular singularity generated by the coalescence of three elementary 
singularities will be said to be of the first species, and in general an irregular 
singularity of the r-th species will be defined as one which arises out of the 
coalescence of r+2 elementary singularities. It is evident that the order 
in which the singularities coalesce has no influence upon the nature of the 
resulting singularity. 


20°21. Standard Forms: Transformations——By multiplying the depen- 
dent variable by an appropriate factor it is possible, without altering the 
exponent-difference, to give to one exponent at any regular singular point 
any chosen value. Thus if the equation with dependent variable u has an 
elementary singularity a, with exponents a, and a,-+-4 the transformation 


u=(z—a,)*"v 


gives rise to an equation in v with a singularity at a, with exponents 0 and }. 
More generally if the equation in wu is defined by the scheme 


ay də se o: Oy eo 
u=P a, ag ET rs 
Qjt+e Ot} ©. aati * 


where the asterisks denote that the point at infinity is any singularity, regular 
or irregular, the transformation 


m 
u= TI (—a,)” 
r=1 


leads to the equation 


iy Gag «-+ Am & 
eer Te Oy)... O re 
Oe ee as 


in which the nature of the singularity at infinity has not been altered. 
Thus there is no loss in generality in taking as the standard equation 


with p elementary singularities a4, dg, . . ., ap—1, ©% the following 
d2w Hy 4 pa Ay+A 42+ eee +A T 8 
Ja 1S a oc aa MET 2-37 — w=0, 


II (2—4,) 
1 


T= 
where, since the point at infinity is also elementary, 
(p—2)(p —4) 
Ay a= 27200, 
This equation is known as the generalised Lamé equation. There is 


occasionally an advantage in taking the exponents at the finite singularities 
to be } and 3, for then the equation assumes its normal form 


dw ee | Andalite.) 5 bbe gem? 
dz 3 2 Gaj t or Bs j jw=o, 


IT (z—a,) 


where 
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There are two algebraic transformations in the independent variable 
which will occasionally be made. The projective transformation 


1__ Aj — Ay B—A; 


= 
a;—A, %—dy 


transforms the singular points a;, aj, and a, into 0, 1 and © respectively, 
without altering the exponents relative to these points.* Thus there is no 
loss in generality in fixing three singularities at the three points 0, 1, œ ; if 
there are more than three singularities the distribution of the remainder is 
arbitrary. 

Next in importance is the quadratic transformation 

2 %=z 
with two fixed points 0 and «. An elementary singularity at either of these 
two points becomes an ordinary point, a regular singularity remains regular, 
and an irregular singularity has its species doubled. A singularity at any 
other point z=a is replaced by two precisely similar singularities at 2’= +.+/a 
and thus in general complicates the equation. 

Finally, transcendental transformations are used to reduce the equation 
to a known form, e.g. to the Mathieu equation. Their general effect is to 
replace a number of elementary singularities by an irregular singularity of 
transfinite species. 


20°22. The Formula of an Equation: the Irreducible Constants. 
given equation is, in the first place, characterised by 


(a) the number a of its elementary singularities, 
(8) the number b of its non-elementary regular singularities, 
(y) the number c of its essential singularities of all species. 


In the second place the c irregular singularities may be subdivided into 
(i) cı singularities of the first species, 


(il) cə 2 uaa. er AERA 
(iii) C3 29 29 third 23 , 
and so on. The equation will then be said to have the formula + 
OE E ERT EN e AS 


Equations which have the same formula may differ from one another 
firstly as to the actual location of the singular points, secondly as to the 
actual exponents relative to the regular singularities, and thirdly as to certain 
arbitrary constants. An equation, whose fòrmula is given, is determinate 
except as to these three variants, the arbitrary nature of which introduces 
three categories of constants into the equation. Of the constants in the 
first category, which determine the position of the singularities, all but three 
must be regarded as arbitrary. Secondly, to each non-elementary regular 
singularity corresponds an arbitrary constant which represents the exponent- 
difference. These arbitrary constants, together with the constants of the 
third category, are the irreducible constants of the general equation with the 
given formula. Thus the first equation of § 20-2 whose formula is [p, 0, 0] 
has p—1 constants of the first category (a1, d2,. . ., @p— 1), Which are reducible 
to p—38; it has p—1 constants of the second category (a1, ae, . . ., ap—1) 
all of which are removable, and p—3 arbitrary constants of the third 
category (do, 4;,..., Ap—4). It has thus in all 2p—6 irreducible constants. 

The coalescence of singularities is a process affecting the constants of the 


* Alternatively a transformation inte +1, —1, © is occasionally used. 
+ When c=0 the formula [a, b, 0] is used. When there is only one irregular singularity 
the formula is shortened to [a, b, 1s], where s is the species. 


2K 
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first category alone; each individual coalescence of two singular points 
diminishes the number of irreducible constants by one and only one provided 
that at least three singularities remain. When, however, the number of 
distinct singularities is reduced to two (0 and œ ), a transformation 2’=Cz, 
where C is a constant properly chosen, can be applied which reduces one of 
the constants in the third category to a predetermined numerical value. If 
now further coalescence takes place, and but one singularity (at % ) remains, 
a linear transformation can be applied which again diminishes the number 
of constants in the third category by unity. Hence the equation [p, 0, 0] 
and all others derived from it by coalescence have at most 2p—6 and at 
least p —5 irreducible constants. 


20°221. The Number of Distinct Types of Equation which can be derived 
from the Equation [p, 0, 0|.— It may easily be verified that the number of distinct 
types of equation, having only regular singularities, which can be derived from the 
equation [p, 0, 0] is 4p or 4(p —1) according as p is even or odd. Any such equation 
is in fact of type [p —2r, r, 0]. 

Similarly the number of types of equation possessing one irregular singularity 
of the first species is 4p —1 or }(p—1) according as p is even or odd. More generally 
the total number of types of equation having one irregular singular point of any 
possible species is 


(4p—1)+(4p —1) +(4p —2) +(4p—2)+ . . . +2+2+1+1=fp(p—2) 
when p is even, or 
p—1)+Hp—3)+H(p—38) +... +24+2+1+1=}(p—1)? 
when p is odd. The typical equations having two or more irregular singularities 
may be enumerated in the same way. 

If each regular singularity is counted once or twice according as the exponent- 
difference is } or arbitrary, and each irregular singularity of the rth species is counted 
r+2 times, the sum of the numbers thus obtained will be p. Conversely the 
number N of distinct types of equations which may be derived from the equation 
[p, 0, 0] is the same as the number of partitions of the integer p into any number 
of integral parts each less than p. The results are summarised, for particular 
values of p, in the following table in which N, denotes the number of distinct types 
of equation with r irregular singularities and N the total number theoretically 
possible. The equation [p, 0, 0] itself is not included. 


p= 4 5 6 t 8 9 10 11 12 
| 
No 2 2 3 3 4 4 5 5 6 
N, 2 4 6 9 12 16 20 25 30 
N, —| — 1 2 5 8 14 20 30 
Ns — | — | — — — 1 2 5 9 
Ng =e EON — ae ee ees z 1 
N 4 6 10 ‘14 | 21 | 29 41 55 76 


20°3. Equations derived from the Equation with four Elementary Singu- 
larities——The equations which have two or three elementary, and no 
other singularities are trivial; the present section deals with the equation 
having four elementary singularities and its coalescent cases. 

Let the four elementary singularities be z=a,, do, dg, ©; since the sum 
of the eight exponents is 2, the exponents relative to each singularity can be 
chosen to be 0 and 4. A, is then zero and the standard form of [4, 0, 0] can 
therefore be taken as 

d?w 4 
dz? +} 


4+ —s— 4 | w=—0. 


S i 4 4 oe Ay 
Z—Q, %—Ag 2—Ag)dz (z—aı)(ž—a)(z—agş) 
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There are two irreducible constants, namely = a and Ay. The equation is 
amfi 

a particular case of the Lamé equation and is of no importance in itself. 

Now let the singular point z=a coalesce with the singular point at 
infinity, and let 

lim Ap/ag=n?. 
If the points a; and a are transferred to —l and +1 respectively, the 
equation becomes [2, 1, 0] : 
d2w j 

$ dz + +1 ds 22—1 ete 
and contains one irreducible ae n. Itis the equation of the Gegenbauer 
function * C,,°(z). 

If ag -> © and also as —> a -> 0, and n? is as before, the equation becomes 
[0, 2, O]: 


a a eai n? 


dw idw nè o 

d2 zd 2 
with one irreducible constant, n. Multiplication of the dependent variable 
by 2” reduces the equation to its standard form : 


dw 1—2n dw 
IL TE + — rane ky =0. 


The equation [1, 0, 1] is obtained by the coalescence of az and ag with œ , 
producing at infinity an irregular singularity of the first species. Let a;—>0. 
Since Ap is arbitrary, it may be so chosen that 

lim Ap/a,a3 = — 
where m is finite. This gives rise to the equation : 
dw dw mè 6 
az T ee E aE 
The constant m? is not irreducible ; if the independent variable is multiplied 
by m~? the equation reduces to its standard form : 


II. de s g o g 


Finally let 


dg => dg —> 41 > DH 
and let 
lim Ap/a,a,a3=m2?, 
then the equation has an irregular singularity of the second species at 
infinity and is 
d?w Di 
de —mw 
The constant m? is removable, and therefore the standard form of [0, 0, 0, 1] 
or [0, 0, 1g] is 
dw 
IV. = —w=0. 
mw” 0 
Thus there can be derived from [4, 0, 0] the four types : 
I. [2, 1, 0] with one irreducible constant, 


II. [0, 2,0] ,, one Ms 99 ’ 
me. 11, 0.3) o 99 , 
IV. [0,0,0,1], no i. %3 


It may be noted that the quadratic A A EAS changes III. into IV. in 
accordance with § 20°21. 


* Whittaker and Watson, Modern Analysis, $ 15:8. 
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20°31. Equations derived from the Equation with Five Elementary Singu- 
larities—The standard form of [5, 0, 0] is 


SSE astern 


and contains four irreducible constants. 
Let a,—> 0 and let 


lim Ao/ag= fh, lim A,/a,=}n(n-+1). 
Then the equation which arises is [8, 1, 0] : 
d2w } + 4 A M ee _ h+n(n-+1)z 


La Sda — 4(e—a,)(2—az)(2—a3) 07 


a3 +a, handn. Itis the Lamé equation 
—ay 


2—aA, z —ado 


and has three irreducible constants, 


in its algebraic form.* 
Now in I. let ag —> ag > 1, a, —> 0, then equation [1, 2, 0] arises in the form : 


dw 4 1 ea h+n(n+1)z 
om d tle t dz  4g(z—1)2 EAA 
and contains two irreducible constants. 


It is transformed by the quadratic substitution z=&? into the Associated 
Legendre equation : 


Ila. (1-22) oe a0 +) n(n-+1)—5 hw =o. 


Equation IIa. has ths formula [0, 3, 0] but is particularised in that the exponents 
at z=—1 are the same as those at z=-+1. It has only two irreducible constants 
whereas the general equation of type [0, 3, 0] has three (Equation III. of the following 
section). 


The first of the two possible equations having the point at infinity as an 
irregular singularity of the first species is obtained by the process : 
a4>0, a4°>1, &OY>e, 
lim Ap/agag=ta, lim A,/agay—> tk?. 
Thus the typical equation [2, 0, 1] is: 
dw dw a-+k?z 
aki dz? +} Air- rey 


and contains two irreducible constants. By means of the transcendental] 
substitution z=cos2z it is transformed into the Mathieu equation 


w=0, 


Ul Co ee ie 
a. daž +(a+k2 cos?x)w=0. 
Now let 

a, -> a42 —> 0, dg >l, > YD, 


lim Ao/aza, =ł4n?, lim Aı/aza},=+4k2, 
then there arises the equation 
dw 1 dw _ n2 +k2z 


dz "zdz 422 aii 


* Whittaker and Watson, Modern Analysis, § 23°4. 
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The constant k is removable by multiplying the independent variable by 
—k-2; thus the typical equation [0, 1, 1] is 
dw _1ldw ,2—n 
IV. i lh ic oi 
dz? zdz a a 
and involves one irreducible constant. The quadratic transformation z =g? 
reduces it to the Bessel equation : 


IVa. oT ae 


The Bessel equation is a particular case of [0, 1, 0, 1], the general case of which 
involves two arbitrary constants (Equation VIII. of the following section). 


An irregular singularity at infinity of the second species is obtained by the 
operations 
dg > Ag Fag, a,—> 0. 
The equation [1, 0, 0, 1] or [1, 0, 12] thus generated reduces to 


d?w dw 
ys 2 T2 +4 T +3(n+4—}2)w=0, 
and contains one irreducible constant. Under the transformation z=? 
this equation becomes the Weber equation : 
d?w 
Va. Tn +(n+4—}4æ2)w=0, 


which has the formula [0, 0, 14] (Equation X. of the following section). 
Lastly, if aj —> d2 —> ag -> a4}—> ©, the equation [0, 0, 1s] arises, which 
may be reduced to the standard form : 


VI. ——. +zw=0, 


and contains no irreducible constant. 


Equation VI. is transformed by the substitutions 
w=zty, z=(ĝæ)t 
into a particular case of the Bessel equation, namely 
2 dy dy 1 
0. et tea —})y=0. 
Thus the six types of equation which can be derived, by coalescence of 
singularities, from the equation [5, 0, 0] are as follows : 


I. [3, 1, 0] with three irreducible constants, 


It, [1, 2,0] . .,,° two rs 55 ; 
PLL. (9,05 1]. Se N s ; 
PY 1, TT oy ee Sd fe í 

WoL S a E eee is Y ; 
VL (0, 0, 13] » ho 29 2 


20°32. Equations derived from the Equation with six Elementary Singu- 
larities. i i in i 
2 
d cet} si wae ae es 2 erd 4 OPETE ee w=0, 
r= 


AT 
+i HI (@—a) 
where v 
5 oie 5 
4s =( Sa) — >a,?2-2 ¥ a+ 
r=1 r=1 r=1 
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There are six irreducible constants, namely Aj, 4;, 4g and the anharmonic 
ratios of three tetrads of the numbers aj, dg, . . ., ag. 
Let a;—> © and let 
lim Ao/a5 = —4Cp, lim A/a; = —iC), lim Ala; =łn(n +1) ; 
also let a; =a =a =a4=0. Then the equation which arises is [4, 1, 0]: 


d2w s 4 dw (Co ; cat —n(n +-1)z2 i 
Lo Rie e-o 
4 (e —A,) 


This equation is a generalised form of the Lamé equation; it has four ele- 
mentary singularities and a regular singularity at infinity with exponent- 
difference n+4, and involves five irreducible constants. 
The next equation [2, 2, 0] is obtained from I. by the operations 
a0, a> ü, =>a, al 
and is of the form : 
d2w i ore ae 4 fs Co +2C 12 —n(n +1)z? 
ei dz a a at dz i 42(2—a)2(z—1) 
with four irreducible constants a, Co, C1, n 
Let a=k~? and make the transformation z=sn? (a, k), then with a little 
manipulation the equation may be brought into the form : 


d?y m(m-+-1)k? en? a 
Ila. da? -$a +n(n+1)k? sn? æ + a td =0. 


Equation [0, 3, 0] is most conveniently obtained directly from [6, 0,0]. 
Let a,—> do 0, as—> ag > 1, dg—> œ, and let Co, C1, and n be as above. The 
four exponents a}, ag, ag, ag may be assigned in any arbitrary manner; there 
remain three irreducible constants, let them be a, $, y defined as follows : 


1—y=2(a; +49), 

0=a;(a1 +4) +ae(a2+3)+4C, 

y—a—B=2(a3-+a4), 

0 =ag(ag3 +4) +a4(a4+4) +4{Co+2C, —n(n+1)}, 
aß = —}(Co+C)). 


The equation then ie to the ordinary ae Seale equation : 
Ill. 2(1 ig ee se -ET DE —(a +8 +1) a) 4 z- , —aßw=0. 


The equation [3, 0, 1] is obtained by the dag 
a,-—>0, ag->a, a3—>1, Aas >, 
lim Ao/asag=4Co, lim A,/asa; = tC, lim A>/a4a5 =4C. 


- w=0, 


Let 
a =a, =z =0, 
and the equation becomes : 
dw 2 3 2 = Cot2Cyz+Co22 
ve de® ls tga aiid T 42(z—a)(z—1) a 


with four irreducible constants. If a=k~? and z=sn?(a, k) the equation 
becomes 
: 
—k?2(Cp+2C, sn? x +2C, sn4 2)w=0. 
This equation is are an extension of the Lamé equation. 


* Hermite, J. fiir Math. 89 (1880), p. 9 [Euvres, 4, p. 8]; Darboux, C. R. Acad. Se. 
Paris, 94 (1882), p. 1645. 
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The equation [1, 1, 1] is a confluent case of IV. It is, however, more 
convenient to derive it from [6, 0, 0] as follows. Let ay->a;->~ and let Cp, 
Cı and C be as above. Let a,—>0 with a,;=0 and let a.—>a,->1, forming 
a regular singularity with exponents 0 and r. The conditions for this are 

1 =2(ao +ag), 
0 =a9(a2 +4) +43 (a3 +3) +4(Co +2C; +2C)). 


The equation then assumes the form : 


dw $f l—rldw a+kz 
v. L a e E So 
dz + «ed dz 4z(z—1)~ : 
where a=Cp, k2 = —2C, ; it has three irreducible constants. The substitution 
z=cos? æ transforms it into the Associated Mathieu equation : * 
d2w dw Á 
Va. dae +(1—2r) cot æ a +(a+k? cos? x)w=0. 


The equation [0, 0, 2] having two irregular singularities of the first 
species, the one at the origin and the other at infinity, arises as follows. 
Let ay->a;—> ~ and let Cy, Cı and Cy be as before. Let a,—>ag—>a3->0 with 
a,;=}, a2=0,a3;=0. Then the equation becomes : 


z3 = +2? = +{Co +2C 12 +2C,27}w=0. 


There are only two irreducible constants; if the independent variable is 
multiplied by an appropriate constant, the equation can be reduced to its 
standard form : 


dw _ dw 
Pe Nie Na a E 2 n2 = 
VI. 22 T2 +z oS Hath? +1h2(s-+27-1)}w=0. 
The transcendental substitution z—e2** now transforms it into the Mathieu 
equation : 

2 

oe +(a+k? cos? x)=0. 


Two equations for which the point at infinity is an irregular singularity 
of the second species are obtainable. In the first place, let aj—>ay—>a;—> % 
and let 


lim Ao / 3445 = —}Cp, lim A /a3a4d5, = —43C,, lim Aalaza4đ5 = —ł}C. 

Let a;->0, aọ—>1 with aj =ap=0. There arises the equation [2, 0, 19] : 
VII. d2w E 3 ba Co +2C,2+2C,22 
det Ug  e—1S ds 42(2—1) 


which contains three irreducible constants. The transformation z=cos? a 
followed by a modification of the constants brings the equation into the 
form : + 


w=—0, 


Vila tad +{a—(n+1)l cos 2x-+-4l2 cos 4a}w=0 

. dx2 . 
Secondly, let as—>ay->a;—>*% as in the previous case, and let a;—>a,—>0 
with aj;=a,=}. If Co=—4—4m? the exponents relative to z=0 are }—m 


* Ince, Proc. Edin. Math. Soc. 41 (1923), p. 94. 

t This equation was first obtained by Whittaker, Proc. Edin. Math. Soc. 33 (1914), 
p. 22, by confluence from [2, 2, 0]. It was investigated in detail by Ince, Proc. London 
Math. Soc. (2), 23 (1924), p. 56; ibid. (2), 25 (1926), p. 53; for its physical significance 
see Ince, Proc. Roy. Soc. Edin. 45 (1925), p. 106. 
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and +m. No loss of generality is involved in taking C,;—2k, C.=—}. 
The equation is now reduced to its standard form : 


VII. Ga thE +P foo, 


and involves two irreducible constants. It is the equation of the confluent 
hypergeometric functions * W,,,,,(2). 
Let dg—>d3->a4->a;-—>% and let a;->0 witha,=0. If 


lim 4o/azaza4a5=}Co, lim Aj/agazaga,=4C), lim Ag/aga3a4a5=}C2, 
the equation becomes [1, 0, 13] : 
dw 1 dw , Cyo+2C,2+2C,2? 
Te dz? "2z dz 4z 3 
The equation has only two irreducible constants, Cp2/C; and C)3/C,. The 
quadratic transformation z=&? brings it into the form : 


2 
IXa. a +{Cpo +2C ja? +2C,24}w = 


=0. 


which is a particular case of [0, 0, 1g]. 

Finally, let all the elementary singularities coalesce in the point at infinity, 
then the equation [0, 0, 1,] which arises can easily be reduced to the Weber 
equation : 


d2 
x. a 4+(n+4—}2?)w=0. 


It involves one irreducible constant. 
Thus the ten distinct equations which arise out of the equation [6, 0, 0] 
by coalescence of its singularities are : f 


I. [4, 1, 0] with five irreducible constants, 


It TS, 2,0)’, v onr ne ‘ ; 
III. [0,3,0] ,, three D y i 
LY. 18,0, 1), aoi four B. i f 

M Oa ee i i i 
VI. 0, 0, 2 99 two 29 29 ’ 
VII. ba 0,15] ,, three kA 5j ; 

VIII ry Lisi ,, o two ý: rie j 
LA. Ti 0 lai 5, two ps 4, í 
X. [0,0,1,] ,, one i ‘ 


20°4. Constants-in-Excess.—It may be noted that in the set of equations 
derived from [6, 0, 0] the number of irreducible constants is equal to the 
number of singularities; in the set derived from [5, 0, 0] the number of 
singularities exceeds the number of irreducible constants by unity. In 
general the number of irreducible constants in an equation derived from 
[p, 0, 0] exceeds the number of singularities by p—6. It is interesting to 
inquire how these constants are to be accounted for. 

The typical equation [p, 0, 0] involves altogether 2p —6 irreducible con- 
stants, of which p—3 are accounted for by the arbitrary position of p—3 
singularities, and p—3 remain unspecified. Similarly in the equation 
[p, q, 0] there are p+q—3 arbitrary constants which are not accounted for by 
the positions of the singular points or by the arbitrary exponent-differences 
relative to the q regular singularities. These constants are termed the 
constants-in-euxcess. 


* Whittaker, Bull. Am. Math. Soc. 10 (1903), p. 125 ; Whittaker and Watson, Modern 
Analysis, Chap. XVI. It is essentially equivalent to the Hamburger equation, § 17°62. 
+ The types I., IV., V. and TX. have not yet been investigated in detail. 
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Now consider the class of equations which have one irregular singularity 
of the first species. Any such equation [p, q, 1] may be regarded as generated 
from [p+1, q+1, 0] by coalescence of an elementary with a regular singularity. 
In this process one constant is lost, but it is not a constant-in-excess. There- 
fore [p, q, 1] has the same number of constants-in-excess as [p+1, g+1, 0], 
namely p-++-q—1. Similarly by considering [p, q, lọ] to be derived from 
[p, g+2, 0] by the coalescence of two regular singularities it may be proved 
that the number of constants-in-excess in [p, q, 12] is p-+q—1. In general 
the equation [p, q, 1,| has 2p-+8q-++-s—8 irreducible constants, of which 
p+q—2 are accounted for by the arbitrary positions of that number of 
singularities, g are accounted for by the exponent differences relative to the 
q regular singularities, and s by the constants in the determining factor 
relative to the irregular singularity. There remain p+-qg—1 constants-in- 
excess. 

The constants-in-excess are involved in the group of the equation; by a 
proper choice of these constants the group may be simplified. An example 
is furnished by the Mathieu equation (§ 20°31, IITIa.), in which the constant k 
occurs in the determining factor relative to the irregular singularity at infinity,* 
and the constant a is the constant-in-excess. 


20°5. Sequences of Equations with Regular Singularities—The equations 


of formulze 
By Bie ae be cc eid, Ole aces 
form an important sequence. The first is the Lamé equation 
d2w 3. 4k ldo = n(n+1)z-+h 
A ecu Ce 
r=1 4 TI (z —a,) 
r=1 
Only one of the constants a, is reducible; there is therefore no loss in 
generality in supposing that the singularities are so disposed that 


a +42 +43 =0. 
Let z be transformed by the substitution 


a=} |" {(@—a)(t—a2)(t—a)}— tdt, 


so that z= Ẹ (æ), and the equation becomes 


=0. 


d2w À 
dz —{h+n(n+1) P(x) }w=0. 
The generalised Lamé equation is 


d2w p 4 dw Ag +42 + di ete +4Ap-22-? 
ti AET ae 0 
dz? (2 =} dz 4 ll tsa) 

f=) 


with p—2 constants-in-excess, namely Ap, Aj, ..., Ap—z. Under the 
transformation 


"oc P —} 
coil) 
the equation becomes 
d2w a 
da +{A4p+Ay2+ .. . +4Ap-92?-2}w=0. 


* Ince, Proc. Roy. Soc. Edin. 46 (1926), p. 386. 
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Another important set of Fuchsian equations is the set having p singu- 
larities. The distinct types are 


Lp, 0, 0], [p—1, 1, 0], e 8 89 0, P., 0], 
and each equation has p—38 constants in excess. The equations p=3 are 
equations of the Riemann P-function; the equations p=4 are the Lamé 
equation, and the associated equations derived from the Lamé equation by 
generalising its elementary singularities. The equations for p=5, 6,7, ... 
have not yet been studied. 


20°51. Sequences of Equations with one Irregular Singularity The Weber 
equation [0, 0, 14] 
d2w “oa 
T2 +(n+4—42?)w=0, 


may be regarded as a particular case of [0, 0, 1,]: 


dw o le 
dz +{Ap +A oz > ene +Ap— 9% iw =0, 


which has p—38 irreducible constants. 

It was seen that the equation [1, 0, 1,] (§ 20°31, V.) is transformed by the 
quadratic substitution into [0, 0, 14]. Now the more general equation [1, 0, 1,] 
is 

dw  ,dw 
* dee Tra +3(Bo+Bi2+Bo2r*+ . . . +B,-1771)w=0 


with r—1 irreducible constants. It is transformed by the substitution z=a? 
into 


2 
oR E E A A E .a8t Sy =0 
da2 


and now has the formula [0, 0, 19]. But it is not the typical equation of that 
formula since it contains only r—1 instead of the full number 2r—3 of 
irreducible constants. The sequence of equations [1, 0, 1,] can therefore be 
ignored ; they are effectively included in the sequence [0, 0, 1,]. 

The equation [0, 1, 1,] is transformed by the quadratic substitution into 
Bessel’s equation which is a particular case of [0, 1, 1], the confluent hyper- 
geometric equation. Similarly, the more general equation [0, 1, 1,]: 


2 
on ni +3(Ap2? +HAp-12”-14 . .. +A n? )w=0 
with p irreducible constants, is transformed by the substitution z=a? into 
PW , dw Ax? A 2p—2 2__n2 
eas ae +(Apa??+ Apia +... +4,a2—n?)w=0, 
which is a particular case of [0, 1, 12]. 
20°52. Equations with Periodic Coefficients. Just as the equation |2, 0, 11] 


is transformed by the substitution z=cos2x into the Mathieu equation, so 
also is the more general equation [2, 0, 1,] : 


ow E RTA h aa la 
da tla t 2-15 de 42(z—1) ne 


with p-+1 irreducible constants, transformed into 


d2 
Te HAA POSAM u e +A, cos?? z}w—0, 
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which may be written in the form 
2 
pa +{@)+20, cos 2a+ . . . +20, cos 2px}w=0, 


and is virtually the equation of G. W. Hill in the Lunar Theory. When 
p=l it reduces to the Mathieu equation, when p=2 to Equation VIIa. 
of § 20°32: no particular properties of equations for which p>2 are known. 

If the two elementary singularities z=0 and z=1 of [2, 0, 1,] are caused 
to coalesce in the origin, the equation becomes [0, 1, 1,]. 

The Lamé equation may be generalised in a somewhat similar manner 
by replacing the regular singular point at infinity by an irregular singularity 
of species p—1. The equation [3, 0, 1,—,]| is 

dw f 4 See, A iar pe eae .. « TAR 
dz rh Z—ay gait 7 a, dz a 4(%—a )(%—dg)(2 —ag) 
with p+2 irreducible constants. If a,=0, ag=k~2, ag=1, the substitution 
z—=sn2(x, k) brings the equation into the form 
2 
TR —h% do tAn w+ ... ++A4,sn2? 2)w=0. 


By means of the operations 


bo =0, 


a,-—>0, d>n , az—>1 


[3, 0, 1,-1] becomes [2, 0, 1,] and the generalised Lamé equation degenerates 
into the Hill equation. 


20°6. Asymptotic Behaviour of Solutions at an Irregular Singularity.— 
Since any equation which has an irregular singular point at infinity of odd 
species can be converted by the quadratic transformation into an equation 
with a singularity of even species, it will be sufficient to consider the latter 
type. The equation [0, 0, 1,,| may be written 


d2w 
dz2 +{Apy +A 2? +4323 + By iteg F FA? 8 —M2z2P — 2} =; 
where m0. If a normal solution exists, the determining factor is of the 
form 
et Bet ye t+ -+ + Hap]? 


bd 


and therefore the equation is of rank p. The same is true even when other 
singularities are present. 


MISCELLANEOUS EXAMPLES. 


1. Find conditions sufficient to ensure that [2, 0, 1,] should possess a normal solution. 


Iixamine the possibility of two normal solutions. Express the results in terms of Equation 
VIIa. (§ 20°32). 


2. Illustrate in tabular form the statement that equation [2, 0, 1,] bear the same 
relation to [2, 0, 1,] as [0, 1, 1,] bears to [0, 1, 1,]. 


83. Write down the formule of the 14 typical equations which can be derived from 
[7, 0, 0). 
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CHAPTER XXI 
OSCILLATION THEOREMS IN THE COMPLEX DOMAIN 


21-1. Statement of the Problem.—In Chapters X. and XI. a series of theorems 
was developed, whose aim was to specify the number and the distribution of 
the real zeros of functions of the Sturm-Liouville type. The complex zeros 
of such particular functions as the hypergeometric function, Bessel functions * 
and Legendre functions t have been investigated by modern writers, but 
until quite recently no general theorems covering the whole field of Sturm- 
Lionville functions were known. This gap was filled up by Hille,t who, 
in turn, applied his results to such well-known functions as those of Legendre § 
and Mathieu.|| Hille’s methods will be expounded in the present chapter, 
and illustrated by the special example of the equation 

dw w 

oe” 
whose solutions may be expressed in terms of Bessel functions of the first 
order. 

The method depends upon the study of certain integral equalities, known 
as the Green’s transforms, which are derived from the differential equation 
of the problem. The behaviour of the zeros of a particular solution of the 
equation is reflected in the behaviour of the corresponding Green’s transform. 
It will be found that there exist certain regions of the plane of the complex 
independent variable, known as zero-free regions, throughout which the 
particular solution does not vanish. In the more important cases, the zero- 
free regions will be found to extend over the greater part of the plane, 
thus confining the zeros of the solution to a comparatively small region. 


21:2. The Green’s Transform.—TIn the self-adjoint linear differential 
equation of the second order, 


(A) dÍ ka 14 G(e)0=0, 


it will be supposed that K(z) and G(z) are analytic in a domain D throughout 
which K(z) does not vanish. If 


dw 
W4=W, We=—K(z) de’ 


* See especially Hurwitz, Math. Ann. 33 (1889), p. 246. 
+ Hille, Arkiv for Mat. 13 (1918), No. 17. 
{ Arkiv for Mat. 16 (1921), No. 17; Bull. Am. Math. Soc. 28 (1922), pp. 261, 462 ; 
Trans. Am. Math. Soc. 23 (1922), p. 350. 
§ Arkiv för Mat. 17 (1922), No. 22. 
|| Proc. London Math. Soc. (2), 23 (1924), p. 185. 
508 
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the single equation (A) is replaced by the pair of simultaneous equations of 
the first order 


d 
| T =W,/K(z), 


i: l od. —G(2z)w}. 


dz 


The first equation of this system is also true if each term is replaced by its 
conjugate, thus DSA 
dw =wdz|/K (2). 
It follows that 
Wed, +0 dw, =wetvodz/K(z) —w1w1G(z)dz, 


and, on integrating between limits z; and zg, and assuming that every point 
on the path of integration lies in D, 
z 2 
KA hed A [wa |? dz+ lý | w |2G(z)dz=0. 
%y si K(z) 


This equation is known as the Green’s transform of the given equation; it 
plays a part in the investigation of the complex zeros analogous to that 
played by the original Green’s formula in the case of the real variable. 
Let 
dz/K(z) =dK =dK, +idKg, 
G(z)dz = dG =dG, +idG2, 


Ki, Ko, G4, Qə being real, then the Green’s transform becomes 
ke 29 29 = (Z2 
(C) EA -f | We |E + | | wy |2dG=0, 
2 Si FE. 
and when the real and imaginary parts are separated, 
ie 23 23 (22 : 
R[ 6,2. -f | wa |2dKy +] | w |2dG, =0, 
2 zy zı 
(E) 
AA Za Zo Za 
1 | +] | we |?>dKp +] |w |*dG.=0. 
4 2 21 


21:21. Invariance of the Green’s Transform.—Let Z be a new independent 
variable, defined by the relation 


dz=f(Z)dZ 


where f(Z) is any analytic function. In the new variable, the system (21:2, B) 
becomes 


dw,=w2dZ/k(Z), dw2=—g(Z)w,dZ, 
k(Z)=K(2)/f(Z), g(Z)=G(z)f(Z). 
dZ/k(Z)=diR,  g(Z)dZ=dG 
then the Green’s transform becomes 
EAn we [Pi dik + f p lw |246 =0 
Z, 2 y > 


as (C) above, and therefore the Green’s PEAN is invariant under a trans- 
formation of the independent variable. 


where 


If 
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Three special cases of the transformation deserve special mention. 


(i) Let Z=K(z) and write J(Z)=G(z)K(z), 
then the differential equation and the Green’s transform become respectively 
ao | I(Zyw=0 
dz +dJ(Z)w=0, 


he Za Zoa — Zoa 
Ec ee f” eoa2aa+ f” w, PIZ =o. 
z, Z, A 
(ii) Let Z=G(z) and write H(Z)=G(z)K(z), then 


inatia 


eh Za Zo | We |2 ie "Zo 
= =— dZ 2dZ s 
[Bw] l z, A(Z) +J p 


(iii) To obtain a symmetrical form, let 


aZ=v RO ldz, S(Z)= VGK E), 


then 
d dw 
IZ)S(2) +S Zw=0, 


2 Za Zo | We |2 = Za 
Ti == dZ 2S(Z)dZ = 
[B]; | Z, S(Z) +J Zi Pee 


21:3. Selection of an appropriate Path of Integration——The path of 
integration (z1, 22) has not yet been specified; by choosing the path to be 
such that one or other of the conditions 


dK, IN dK, S0, 
dG,=0, d@,=0 


is satisfied, the formulæ (21:2, E), derived from the Green’s transform, may 
be simplified. 

The curves K,=const., K,=const, are mutually-orthogonal families of 
curves in the z-plane, and will be known as the K-net. In the particular 
case K=1, the K-net consists of the network of straight lines parallel to 
the æ- and y-axes. Similarly the curves @,=const., @.—const. constitute 
a pair of mutually-orthogonal families, known as the G-net. 

Now consider the G-net,* and write 


G(2)=g1(2) +7g0(2), 
where gı and gs are real. Let 4 be a region of the 2-plane for which G(z) is 
meromorphic, and let a be an interior point of 4 for which G(a)+0. Through 
a there passes one and only one curve of each family G =const., Ga =const. 
The slopes of these two curves at a are respectively 


£1(4)/g2(@), —go(a)/g,(a). 


Thus the curves of the family G,;—const. have tangents parallel to the 
w-axis at points where they meet the curve g;(z)=0, and tangents parallel 
to the y-axis at points where they meet the curve g.(z)=0. The reverse is 
true in the case of the family G,=const. 


= 


* Since the K-net becomes trivial in the most important case, namely K=1, it is 
advantageous to concentrate on the G-net. The corresponding results for the K-net. 
will be stated at the end of the section. 
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The only exceptional points of 4 are zeros and poles of G(z). In the first 
place let z=a be a zero of multiplicity k. Then, if 
G(z) =a,(z—a)* +O{(2—a)* +1}, 
| * G(2)da= = (2—a)F+1+0{(z—a)t +2}, 
a 


k+1 
Write 


z—a=re9, a,=pe'?, 
then, separating real and imaginary parts, 


G,(z)—G,(a)=R i Gla)dz= pf +t cos {(k+1)0+$}+O(r"*2), 


G.(z) —G.(a) S G(z)dz= pis rk+1 sin {(k+1)0-+$}+O(r*+2), 


Thus through the point z=a there pass k-++1 curves of each of the families 

G,=const., Ga =const. The curves of the two families alternate with one 

another and consecutive tangents intersect at the constant angle 7/(k +1). 
In the second place, let z=a be a pole of order k, where k>1. If 


G(z)=a,(2—a)-*+O{(2—a)!-¥, 


and if it is assumed that the term in (z—a)~1 is absent from the expansion of 
G(z), then 


4 
|‘ Gejdz=y+ið— (2a)! #4 0f(¢—a)2-4, 
where y+78 is the complex constant of integration. It follows that 


aosan f C@)ds=y— i rik cos {(k —1)9—$} + O(r?-*), 


G.(2) =f G(z)dz=8+ ae sin {(k—1)0 —$} +O(r2-*). 


Since, under the assumption made, G, and G, involve no logarithmic 
terms, every curve of either family which has points in the neighbourhood 
of z=a actually passes through z=a. The curves in question which belong 
to the G,-family are tangent to the lines 


arg (z—a)={ġ +(v +4yr}/(k—1) 
and those of the @s-family are tangent to the lines 
arg (:—a)={$-+vm}/(k—1), 


where, in each case, v=0, 1, 2, . . ., kK—2. 
Lastly, consider the case in which z=a is a simple pole of G(z), and let 


G(z) =a,(z —a)—1+O(1). 
Then 


| ` G(z)dz=y +i +a, log (z—a)+O(z—a), 
and, if a;=a-+-if, 
G,(2)=R | G(z)dz=y +a log r—B0-+0(r), 


G.(z) =1/ " G(z)\dz =8 +8 log r-+a8 +0(r). 


When a0, 8=-0, the point z =a is a spiral point for the curves of both families ; 
when a#0, B=0, the curves of the G,-family near z=a are approximately 
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circular ovals enclosing this point, and those of the G.-family have the point 
=a for a point of ramification of infinite order. When a=0, 8+0, the reverse 
is true. 

The corresponding results in the case of the K-net are as follows. When 
=a is a pole of K(z), the K-net behaves at the point a as the G-net behaved 
when z=a was a zero of G(z). Similarly the behaviour of the K-net when 
=a is a zero of K(z) of order greater than unity, or of order unity, is similar 
to that of the G-net when z=a is a pole, of the same order, of G(z). 


21°31. Special Case : G(z) a Polynomial.—The case in which G(z) is a 
polynomial of degree n is of prime importance ; let 

G(z)=Ap(z—ay)4(z—ag)"2 . . . (3—Gm)’m (Vy tr2+ . - - +¥m=N), 
then the following deductions may be made from the theory of the preceding 
section. Any general curve of either of the G-families which does not pass 
through any of the points aj, də, . . ., Am has no multiple points in the 
z-plane. On the other hand one curve of each family has a multiple point 
of order v;+-1 at az, and therefore there are at most m singular curves of each 
family. 

Every curve intersects the line at infinity in m+1 distinct points, but 
these intersections are the same for all curves of the same family. The 
asymptotes of all the curves are real and distinct and intersect in one point, 
namely the point 


g— Ite ts + + mim 
n 
If arg Ao=ġo, the asymptotic directions of the G,-curves are 
(k-+4)7—$o 

n+l 

and those of the Ģ@»-curves are 
kr —ġo 
n+l ’ 


where k=0, 1,... n. The asymptotes of each family therefore make 
equal angles with one another, and bisect the angles between the asymptotes 
of the other family. 

G,(z) and G,(z) are functions harmonic throughout the finite part of the 
z-plane. Therefore they can have neither maxima nor minima for any 
finite value of z.* It follows that a G-curve cannot begin or end at a finite 
point, nor can a G-curve be closed. Thus a path can be drawn from infinity 
to any chosen point in the z-plane without crossing the curve in question. 


21°4 Zero-Free Intervals on the Real Axis.—Let x, and æ, («,;<«) be 
two arbitrary points of any interval (a, b) of the real axis throughout which 
J(z) is analytic, then if w is any solution of the equation 


d2 
(A) 72 H(ejw=0 


and 
w=w;, w =wə, J(z)=gı(2)+ig2(2), 
the formulæ deduced from the Green’s transform become 


(B) Rfiro]” — f” ws [2dr +f" s0) [Pde =o, 


(€) 1,204] + f” gaa) w [ede =o. 


* Forsyth, Theory of Functions, p. 475, IV. 


www.rcin.org.pl 


OSCILLATION THEOREMS IN THE COMPLEX DOMAIN 518 


It will now be proved that if throughout the interval (a, b) either RJ(z)<0 
or IJ(z) does not change sign, then there can be at most one zero of wdw/dz in that 
interval. 

For let there be more zeros than one in the interval, and let %4 and «xz be 


consecutive zeros. Then, in equation (B), [ww] is zero, whereas if 
gı(@)<0 the sum of the remaining two terms is definitely negative. Again in 
the second equation (C), [mrw] is zero, whereas if go(a) is of one sign and 


vanishes only at discrete points, ‘the second term is not zero. Thus under 
either hypothesis the supposition that there is more than one zero leads to a 
contradiction, which proves the theorem. As a corollary it follows that two 
necessary conditions for oscillation in an interval of the real axis free from 
singular points are that 


(a) RJ(z)>0, 
(b) IJ(z) changes sign or vanishes identically. 


The above theorem will require modification if any singular point occurs 
within or at an end-point of the interval (a, b). To take a particular instance, 
let z=a be a regular singular point of (A) with exponents À; and A, (Ay+-Ag=1). 
Assume also that R(A,)>} and let ww, be the solution corresponding to the 
exponent A,. Then since z=a is at most a pole of order 2 for J(z), the 
integrals in (B) and (C) are finite provided that no singular point other than 
z=a occurs in (a, b). If, then, the conditions previously imposed upon 
J(z) hold, and if also ww->0 as 2->a, then wy ws, will not vanish in the 
interval a<a<b. 


21°41. Zero-Free Regions.—Let 2,2. be any rectilinear segment in the 
z-plane along which J(z) is analytic. Write 
Z=2,-+7re'?, 
then @ is constant along the segment chosen. If w(z) is any solution of 
equation (21:4, A), the Green’s transform becomes 


Ee r 
dr Jo 0 


dw |2 ae 
“3 278 2 “= 
A dr+e |, w |2J(z)dr=0. 


Let 
DTe =fr) Hifa), 
£1(2) cos 20 —g.(z) sin 20 =P(z, 0), 
82(2) cos 20+g;(z) sin 20=Q(z, 0), 


where f1, fo, P and Q are real, and separate the real and imaginary parts of 
the Green’s transform. Then 


flr) —fx(0) — fie 


j r+ | Pte 0)| w |2dr=0, 


fo(r)—fo(0) + k Q(z, 0)| w |2dr=0. 


A line of reasoning similar to that followed in the previous section now leads 
to the following theorem. 

There is at most one zero of wdw/dz on the segment 2% provided that along 
that segment either 


(i) P(z, 0)<0, or (ji) Q(z, 0) does not change sign. 
If, in addition to (i), f;(0)>0, or if, in addition to (ii), fo(0) has the opposite 
2L 
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sign to that which Q(z, 0) has on the segment, then the product wdw/dz has no zero 
at all on the segment. 

This theorem will now be modified in such a way as to lead to a lemma 
which, in its turn, provides an important theorem on the distribution of the 
complex zeros. Consider the pencil of parallel lines (/) 

z =g re’, 

in which 2 is regarded as a variable parameter. Let 7' be a simply-connected 
region in the z-plane throughout which J(z) is analytic, and which is such that 
every line of the pencil which cuts the boundary cuts it in two points. Two 
lines of the pencil each meet the boundary in coincident points; let these 
points be a and 8. The boundary is thus divided into two distinct arcs, one 
of which will be regarded as the locus of zọ and termed the arc C. Then there 
follows the lemma. 


There is at most one zero of wdw/dz on that part of each line | which lies 
within T, provided that throughout T either 


(i) P(z, 0)<0, or (ii) Q(z, 0)+0. 


If, in addition to (i), R{wdw/dr}>0 along C, or if, in addition to (ii) I{wdw/dr} 
has along C the opposite sign to that which Q(z, 0) has throughout T, then wdw/dz 
has no zero in T. 


Now let C be a segment of the real axis, let w(z) be real for all points of C, 
and let 6=47. Then 


—d = 5g Ot ea ARN 
Riot = Rj etw as =0, P(z, 0)=—g1(z)=—R{J(z)}. 
This leads to the important theorem which follows. 

If w(z) is a solution which is real on a segment (a, b) of the real axis ; if, 
further, T is a region symmetrically situated with respect to the real axis, and such 
that every line perpendicular to the real axis which cuts the region cuts its 
boundary in two points and meets (a, b) in an interior point; and if finally 
R{J(z)}>0 throughout T, then w(z) can have no complex zero or extremum * 
in T. 

In the statement of this theorem the words real axis may be replaced by 
imaginary axis and the condition R{J(z)}>0 by R{J(z)}<0. 


If the equation considered is w’+w=0 and w(z) is taken to be sin z, the above 
theorem shows that sin z and cos z have no complex zeros. 


The following theorem and a similar theorem for the imaginary axis may 
be deduced in a similar manner. 

Let the region T be as before, and let w(z) be a solution, real on the segment 
(a, b) and such that in (a, b) wdw/dz has a fixed sign ; let {J(z)} have this sign 
throughout that part of the region T which lies above the real axis, then w(z) can 
have no complex zero or extremum in T. 


21°411. Application.—Consider the differential equation 
eS Yo. 
dst z i 
it has a regular singular point at the origin with exponents 0 and 1, and an irregular 
singularity at infinity. One solution is finite at the origin, and this solution may 


be written as E(z)=izłJ ,(2izt), where J, is the Bessel function of order 1. This 
solution is real for all real values of z, and has an infinite number of real negative 


* An extremum (point for which w'(z)=0) corresponds in the theory of the complex 
variable to a stationary point in the theory of the real variable. 
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zeros.* Any other solution, which is not a mere multiple of E(z), necessarily 
involves log z. Such a solution can be real on a half axis at most ; if it is real 
on the negative half of the real axis, it must oscillate there. A solution which is 
real for positive real values of æ can have at most one positive zero or extremum. 
In general, when w is real, 

i atw’(a) 

t—>+a0 W(x) 

and therefore w increases in absolute magnitude without limit, but there is one 
exceptional solution + for which the limiting ratio is —1, and for this solution 
w—>O0asx—>+o. 

Now consider the distribution of the complex zeros. When R(z)<0, R(—1/z)>0 
and therefore by the main theorem of the preceding section, no solution which is 
real for negative values of the real variable æ can have any complex zeros in the 
half-plane R(z)<0. Moreover, I(—1/z)>0 when I(z)>0. Let w(z) be any solution ; 
if it has a positive real zero or extremum let this be 2%, otherwise let a) be any 
positive number. Then, by the last theorem of § 21°41, w(z) will have no zero in 


the half-plane R(z)>a,). In the case of the exceptional solution, there is no zero in 
the half-plane R(z)>0. 


-> +, 


21:42. The Zero-Free Star.—Consider now a pencil of lines radiating out 
from a point z=a at which J(z) is regular but not zero. Write 


z=a-+rei, 


(2—a)?J(z) =P(z) +7Q(2). 


P(z)=0, Q(z)=0 


intersect at the point a, where each curve has a double point. The directions 
of the tangents to these curves at the point a are given by 


g(a) cos 20 —gə(a) sin 20=0, gə(a) cos 20-+-g,(a) sin 20—0 
respectively. s 

On the ray through a, of vectorial angle 0, mark the point pg, which is 
arrived at as follows. A moving point starts from a and traverses the ray 
until Q changes sign. If P has been positive or changed sign, then the 
point at which Q changes sign is pg. If, on the other hand, P has been 
constantly negative, then the moving point continues still further until P 
changes sign, and then that point is pg. 

The process is repeated for all the rays of the pencil, and the aggregate 
of segments apg is termed the star belonging to a. If a singular point of 
J(z) falls within the star, it is excluded by a rectilinear cut drawn in the 
direction away from a. 

In the neighbourhood of the point a the boundary of the cut consists of 
that branch of the curve Q=0 which lies in the region P>0, together with the 
tangent to that branch at z=a. (Fig. 18.) 

Now it follows from the first theorem of § 21°41 that if z=a is a zero of 
wdw/dz, then this product does not vanish at any point of the star belonging to a, 
including the non-singular points of its boundary. 


The curves 


This theorem can be applied to the solution 
w=2ztJ(2izt) 
of the equation 
dw wo 
r ea 
* Concerning the zeros of Bessel and allied functions, see Watson, Bessel Functions 
Chap. XV. 


t Cf. Wiman, Arkiv for Mat. 12 (1917), No. 14. 
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This solution has a simple zero atz=0. The star corresponding to this point covers 
the whole plane except for the negative half of the real axis. It follows that the 


Q=0 


a ie 


Fic. 18. 
[The region near z=a which does not belong to the star is shaded.] 


solution in question has no zeros except those which lie upon the negative half of 


the real axis. 
t 


21:43. The Standard Domain.—A zero-free region which in general is 
more extensive than the star will now be obtained. Consider the differential 
system in its more general form 


dw, pe We dws 
dz  K(z)’ = dz 
and let K(z) and G(z) be analytic throughout the whole plane except at a 
number of isolated points. These singular points, together with the zeros of 
K(z) are the singularities of the differential system; let them be excluded 
from the plane by a number of appropriately-drawn cuts. In the cut-plane 
the functions K and G, which define the two networks of curves of § 21°3, are 
one-valued. 
A standard path will now be defined as a curve issuing from any ordinary 
point of the plane and satisfying the following conditions. 
(i) It does not encounter a cut, except possibly at its end point. 
(ii) It is composed of a finite number of arcs belonging to the two net- 
works. 


‘aa —G(z)w1, 


(iii) Throughout the path a particular one of the four following pairs of 


inequalities is satisfied, namely 
dG,<0, dG, >0, dG.>0, d@.<0, 
(a) B) y) ) 
dK,>0; dK,<0; dK,>0 ; dK, <0. 


In order to avoid the possibility of discontinuous tangents it will also be 
supposed that at a point where two different arcs meet, the angular point is 
replaced by a small are having a continuous tangent. This can always be 
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carried out in such a way that the characteristic pair of inequalities of the 
curve is not violated. 

Now let the point a be such that, if W(z)=wj,(z)w2(z), then W(a)=0. If 
b is any other point on a standard path issuing from a, then it follows 
immediately from the equalities 


R|] -fi We |?dK, +f | w |2dG, =0, 


rfi] +i f wz [Pd + | | w; |2dG—0, 


that W(z) will have no zero except a on the standard path. 

If the aggregate of standard paths issuing from the point a is called the 
standard domain of a, then follows the theorem. If W(a)=0, W(z) has no 
zero, other than z=a, in the standard domain of a. 

Similarly there may be constructed the standard paths of all the points 
of a continuous curve C upon which the variation of the sign of K(z)w4(z)wo(z) 
is known. The aggregate of these standard paths is known as the standard 
domain of C with respect to the solution considered. 


21:431. Example of a Standard Domain.—In the case of the equation 


it is found that 
K(z)=2, G(z)=-—log z. 
To make G(z) single-valued, the plane is cut along the negative half of the real axis. 


Now, if z=re’#, the standard curves are made up of ares of the networks of 
curves 


«=const., y=const.;. r=const., _ §=const., 
and the four characteristic pairs of inequalities are effectively 
dr>0, dr<0, d0 <0, dé>0, 
(a) PEES: CRARO) j 

dx >0 : dæ <0 ; dy>0 ; dy<0. 
Let there be a solution such that W(a))=0, where a, is a point on the negative half 
of the real axis. Then standard curves issuing from a, can be made to cover the 
following regions. 

When (a) is satisfied the region is R(z)>ap, | z| >| æ |. 

There is no region in which (£) is satisfied. 

When (y) is satisfied, the region is I(z)>0. 

When (6) is satisfied, the region is I(z)<0. 
Thus the standard domain covers the whole of the plane with the exception of that 
part of the real axis for which R(z)<|a)|, and it follows that no solution of the 


equation considered which has a negative real zero z=a, has a complex zero or a 
real zero z>| ap |. 


21:5. Asymptotic Distribution of the Zeros.—The theorems which have 
been developed in the preceding sections have as their aim a more or less 
complete solution of the problem of determining extensive regions of the 
z-plane which are free from zeros of a particular solution of the differential 
equation in question. A complementary problem will now be taken up, 
namely to investigate the distribution of the zeros in the neighbourhood of 
an irregular singular point.* 


* Similar problems have been studied in connection with the Painlevé transcendents 
by Boutroux, Ann. Ec. Norm. (3), 80 (1913), p. 255 ; (3), 31 (1914), p. 99, and in connection 
with the solutions of linear differential equations by Garnier, J. de Math. (8), 2 (1919), 
p- 99. 
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The differential equation 
d A a 
(A) de K(z) z +G(z)w =0 


is transformed, by the change of independent variable 
; G(z) 
pa | oll hae, 
e M K (2) 
into 


d dw 
(B) sal +8(Zy0=0, 
where 
S(Z)=v{G(2)K(2)}. 
It may also be written in the form 
d? du 
(C) aga +Z) gy te= 
where 
d 
F(Z)= 57 (log S(Z)} 


The change of dependent variable 


W =\/{S(Z)}w 
now transforms the equation into 
dW 
(D) “gz +12} =0, 


where 
dF 
PIZ) = 1172 
w 2z Sron 


The new variable Z, regarded as a function of z, is infinitely many-valued. 
It will be assumed that Z may be so determined that ®(Z) is analytic through- 
out an infinite region 4 of the Z-plane having the following properties : 

(A1) JA is simply connected and smooth. 

(A2) Every line parallel to the real axis cuts the boundary J" of the 
region (i) in a line segment, or (ii) in a point, or (iii) not at all. 

(A3) 4 lies wholly within a sector 

—7+8< arg Z<7—8, |Z| >R>0. 

A region which satisfies these conditions is said to be of type A. When I 
is cut by every parallel to the real axis the region is said to be of type Aa, 
otherwise it is of type Ab. The conditions A ensure that 4 contains a strip 
Ap of finite width defined by inequalities such as 


R(Z)>A>Ry, B,>1(Z)>B2. 
It is also assumed that at every point of 4, ®(Z) satisfies the condition 


M 
(B) W2)< Z’ 


where M and v are positive numbers. 
It follows from the existence-theorems that any solution W(Z) of (D) is 
bounded in the strip 4p. Consider the expression 


f{Z)=Wo(Z)-+[ sin (TZ) OL) W(T) AP, 
where W,(Z) is a solution of i 
Wo" +Wo =, 
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and the path of integration is parallel to the real axis. It is found that 
f"(Z) +f(4) —P(Z)W(Z) =0, 


and therefore, if f(Z) is a solution of the integral equation 
(E) f(Z)=W(Z)+ , in (P—Z) OT) AT) af, 


then f(Z) is also a solution of the differential equation (D). In this sense 
(E) may be spoken of as the equivalent integral equation.* 


21:51. Discussion of the Integral Equation.—Before considering the 
integral equation itself, it is necessary to obtain an expression for the upper 
bound of the integral 


KANU 
(F) I(z; n=] HA 
where yp is real and 
HZ>; 

where z is not a negative real number, and the path of integration is parallel 
to the real axis. Let 

z=re®, t=r(v4+e), 
then 


; ES 
iĝ kx —rl—-P EE 
I(re >, y) r f [opet |e 
=rl-4J(6; p). 
Now 
|o +e |-r=(1 +2v cos 0+02)—H/2 
4v STe al 
= R a -mh Aak, 
(1+0) fi (Fo)? 
When |6|<z, the second factor may be expanded as a series in v/(1+v)?; 


the resulting series for |v--e8|—" is uniformly convergent for 0<v<%æ. By 
integrating this series term-by-term, employing the formula 


wo kd: 

I, Ree 5g =B(k+1, w+k—1) 
_ I(k+)I(u+k—1) 

T(w+2k)’ 


it is found that 
10; 1S MGn th Mu+k—) 


= Tuji Pu 2h) 


_ Ap & Deki) 
Me) =f (4u+4+h) 


D tet: sat, 


(4 sin? 36)* 


sin?* 40 


and consequently + 
F(p—l, 1; 34+3; sin? $6) 


Os: ie 
I(re ; g) (u—l1)r#-1 
* It is a singular integral equation of the Volterra type. The following discussion è 
of the integral equation is due to Hille, Trans. Am. Math. Soc. 26 (1924), p. 241. cv 
: 0 ae 
i iĝ. ua 25 i 
t In particular, I(re'?; 2)= rsin 0 eo» ? a 
« 2 
»* bs 
Ñ i 
Ú V 
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Now it may be proved that,* when 0<|6|<z, 
F(u—1,1; 34+3; sin? 30)=—F(u—1, 1; u+}; cos? 16) 
I(un +4 
Hava FD) sin 0j1-e, 


Since each of the two hypergeometric functions in this equation has a 
positive sum when p>1, 0<|0|<z, it follows that 


e] 
Now the hypergeometric function in the expression for (re ; u) increases 

with |0| when 0<|6|<z, and therefore if |@|<47, 

I(re‘9; pw) <I (ret; p) 

Vaut?) a-u, 
(u—1)I (3u) 
On the other hand, if 47<|0|<z, 
2y/mI (łu +4) ly [tr 
(u—1)I (èu) 

Now when p>po>1, the expression 


eye ee Th 
V (eI) bp) 
is bounded, let its upper bound be C. Then finally, 


(rei; p)<?2V TE OMT) |» sin ofre, 


(re; p)< 


(G) T(z; p)<c 


Ri-+ 
V(u—1)’ 
where, if z=a-+iy, 
R=|z| when 0<|arg z|<3z, 
R=|y| when łr<ļarg z|<r. 


Now consider the integral equation 


W(Z)=W,(Z)+ | : sin (T —Z) B(T) W(T) aT, 


and write 
K(Z, T)= sin (T—Z) O(T). 


It will be shown, by a method of successive approximation, that a solu- 
tion of the integral equation exists. Define the sequence of functions 
war), ¢. 5 Wallah n where 


W,(Z)=Wo(Z)+[_ K(Z, T)WAT)AT, 
and, in general, 
W,(Z)=Wo(Z)+ f Kz, T)\W,-(T)aT (n=1,2,8,...). 
Then 
Was(Z)—W(Z)= |" K(Z, TW (1) —W yD) AP. 


* The proof follows from the formula (§ 7:231) expressing F(a, 8; y; x) in terms of 
F(a, P; a+B—y+1; 1—z) and (1—za)¥~%~®F(y—a, y—B; y—a—B+1; 1—2) and from 
the fact that F(a, B; a; z)=(1—a)~*. 
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Let L be the upper bound of |W (Z)| in 4); since T—Z is real on the path 
of integration, 


M 
|K(T, Z)|<|¢(T)|< [Zp 
Now let it be supposed that for some value of n 


CM NILE 
(WZ) -W-Z I< A ane 
then 


CM\" L (° MaT 
(Wa (2 -WZ race [TF 


CM \+ L 


nz tP’ 


that is, the inequality holds for the next value of n. But since 


<( 


|W (Z)—WelZ)|<| | ‘ K(Z, T)Wo(T)dT| 


° MLdT 
z [T ji+y 
CML 
vif Z|" 
the inequality holds for n=1, and the proof by induction follows. 
Consequently W ,„(Z) converges uniformly in 4ọ to a limit-function W(Z) 
which is analytic throughout 4o and satisfies the integral equation. More- 
over W(Z) is the only bounded solution of the integral equation, for if a 


second bounded solution existed, the difference D(Z) would satisfy the 
homogeneous integral equation 


D(Z)= | i K(Z, T)D(T)aT. 


Let 4, be that part of 4) for which R(Z)>a, where a is to be determined, 

then it may be verified that, if x, is the upper bound of | D(Z) | in 4a, then 
M 

viar e 

Thus if a is so chosen that a”°>œ>CM|v?, this inequality will lead to a contra- 

diction unless 4,=0, which proves that D(Z) must be identically zero. 

The proof holds for any strip of type 4) which 4 may contain. It 
follows that the integral equation possesses, in that part of 4 which lies in 
the half-plane R(Z)>0, a unique analytic solution. Now consider the half- 
plane R(Z)<0, and let b be an arbitrarily large positive number. Then a 
positive number M, exists such that, in 4, 


| P(Z) |< 


Ha< 


T. Taek 

| Z -+b jit" 

The only modification necessary to complete the proof in this case is that 
due to the altered form of the inequality (G). It follows that a unique 


solution also exists in that part of 4 which lies on the negative side of the 
imaginary axis provided that 


R(Z)>—b, |1(Z)|>p. 


Let D be a part of 4 in which I(Z) is bounded, R(Z) is bounded below, 
and |1I(Z)|>p when R(Z)<0. Let A be the upper bound of | W(Z)| in D 
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and let 2;=#,+7y, be a point at which this upper bound is attained, then 
if L is the upper bound of | W,(Z) | in D, 
ii dv CM 
L Ss a fait 
ee +4M | | | 21-0 [1+ parte viR’? 
where 
R,=| zy | when @ı>0, 
Rı=|yı| when «2,<0. 
Now if D is so chosen that R} >2CM/vż}, then 4<2L and 
2CLM 
| | W(Z)—WlZ) |<", 
where R=| Z| or | Y | according as X>0 or X<0. 
It is not difficult to obtain similar equalities which are valid in that part 
of A in which I(Z)>By,. For the integral equation 


W+(Z)=Wo+(2)+ | K*+(Z, T)W+(T)daT, 
Zz 
in which 
W+(Z)=e4W(Z), Kt+(Z, T)=e2-MK(Z, T), 
is satisfied by 
W+(Z)=e'42W(Z), 

and it may be proved that |W+(Z)| is bounded for I(Z)>B,. By an 
appropriate choice of Bo, the upper bound of | W+(Z)| in the region con- 
sidered may be made less than twice the upper bound L+ of | Wo+(Z) | in that 
region. It follows that 
2CL+M 

iZ = es 
G {W (2) W,(Z)} I< vik ’ 
where R is as before. An analogous formula may be obtained for that part 
of A for which I(Z)<B,. 

On account of these inequalities W(Z) is said to be asymptotic to W)(Z) ; 

in the same way it may be proved that W’(Z) is asymptotic to W’)(Z). 


21°52. Truncated Solutions.—Now let W,(Z) be the solution asymptotic 
to eiZ. Then the integral equation 


U(Z)=1+ 5. i {eT-2)—DP(T)U(T)AT 


is satisfied by U(Z)=e-2W(Z). From this integral equation it may be 
shown * that W,(Z) is analytic in the sector 

—m+e< arg Z<2r+e, |2|>p, 
and that 


ezm (Zz) 14 hO, 


where | @,(Z) | is bounded in the sector. Similarly, if W.(Z) is the solution 
asymptotic to e— "4, 
82) 
Z 

It follows from these formule that W,(Z) and W.(Z) have no zeros out- 
side a sufficiently large circle; they are said to be truncated in 4. The 
same is true of the derivatives W,'(Z) and W.'(Z). 

Now when the region 4 is of type Aa, in which case every line parallel 


e'4W(Z)=1+ 


* For a proof valid when v=1, see Hille, Proc. London Math. Soc. 23 (1924), § 2°24. 
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to the real axis intersects the boundary, W,(Z) and W,.(Z) are the only 
solutions truncated in 4. For any other solution may be written in the 
form 
W(Z)=C,W(Z)+C,W(Z) (C,C2=-0), 
and is asymptotic to 
W(Z)=Cye'4 + Coe. 


Without any loss of generality Wo(Z) may be assumed to be sin (Z—a); 
its zeros are then a,—a-+n7. Now since the region is of type Aa, the strip 
Ay may be so chosen as to contain all the zeros of W)(Z) on and after a 
certain value of n, say No. Let the parts of 4 which lie above and below 
Ay be denoted by 4; and 4_, respectively. Then, in 4o, 


W(Z) = sin (Z—a) +0), 
in 4,, 
eiZW(Z) = eiZ sin (Z—a)-+ oe, 
and in dg, 


e-“2W(Z) =e—* sin (Z sajt e, 


In each case, in 4), 


2CL)M 
| AZ) |<<? (A=—1, 0,+1) 


when 
| Z p>2CMjs, 
where Là denotes the upper bound of | eùiZ sin (Z —a) | in 4). 


ug let I, be the circle of small radius e surrounding the point a„, then 
on I’, 


; 2 
| sin (Z—a) >a 


and if 
l;v 
vie 
then 
0(Z)| 2 
i a 


This proves that sin (Z—a) is the dominant term for W(Z) on any circle I’, 
which lies in 4 and without the circle | Z | =y. 

Let 4+ be that part of 4 which lies outside the circle | Z |=y. Then 
within each circle I", in 4+ lies one and only one zero of W(Z)* Let 4* be 
what remains of 4+ when the interior of each circle I’, in 4+ is removed. 
Then W(Z) has no zero in 4*. In the same manner it may be proved that 
the zeros of W’(Z) in 4+ lie one within each of the circles 

| Z—a’,, | =e, 
where a„ =a +ġr. 

Thus the zeros of W(Z) and W’(Z) may be denoted respectively by 4, 
and A’, where 

lim (A,,—a,)=0, lim (A’,—a’,)=0, 


and the set of points A, is said to form a string of zeros of the oscillatory 
solution W,(Z). The two truncated solutions, and these only, have no 
string of zeros. 


* Cf. Rouché, J. Éc. Polyt. cah. 39 (1862), p. 217. 
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Where the region 4 is of type Ab, an infinite number of solutions exist 
which are truncated in 4, namely those which are asymptotic to a function 
W,(Z) whose zeros lie outside of 4. On the other hand if. on and after a 
certain value of n, the set of points a,=a-nz lies in 4, a solution can be 
constructed whose string of zeros is approximated by (a,), and this solution 
is asymptotic to W)(Z)=C sin (Z—a). 

Thus whatever be the type of the region, a solution can always be found 
whose zeros approximate to the set (a+-n7) if this set ultimately lies in 4. 
To indicate the dependence of the zeros upon a, write A,(a) instead of 4, 
and W(Z, a) for W(Z). The question now arises as to how 4,(a) varies with 
a. Let a=o-+i7 and assigning to 7 the constant value 79, let o vary from 
oo to o9+7. Then A,(a) describes a continuous curve between the points 
A,,(a), where ag=oo+i79, and A,,+,(a9). As o continues to increase, A,(a) 
describes a curve joining the zeros of the string and approaching its asymptote 
I(Z)=7 . This curve is called the zero-curve of the differential equation. It 
is evident that through every point in 4+ there passes one and only one 
zero-curve. 


21°53. Distribution of Zeros in the z-plane.—The foregoing results are 
referred back to the z-plane by means of the substitution 


zaf Je 


This substitution sets up a conformal transformation between the Z- and the 
z-plane. The simply connected domain 4 on the Z-plane will transform 
into a simply-connected, but in general overlapping domain D in the z-plane ; 
the transformed domain lies in the most general case upon an infinitely- 
many leaved Riemann surface. Any solution w(z) is analytic throughout the 
domain D, but on the boundary of this domain there may be one or more 
singular points corresponding to z=% . 

The results which have been obtained concerning the distribution of zeros 
upon the Z-plane may now be re-stated in regard to the z-plane. The circle 
|Z|=y corresponds to a curve dividing the region D into two parts; let 
D+ be the part corresponding to 4+. The points a, become points a, and 
the circles T„ become closed contours C,, enclosing the points a,. D* is 
defined to be that part of D+ which is left when the interior of the contours 
Cn are removed. If, on and after a certain value of n the points a, all lie in 
A, the corresponding points a, will lie in D. To the solution W(Z, a) corre- 
sponds the solution w(z, a), where 

w(z, a) ={S(Z)}~ 1 W(Z, a), 
and one and only one zero of w(z, a) lies within each of the contours C,, in D+ 
whereas no zero at all lies in D*. 

The zero-curves in the Z-plane are represented by zero-curves Œ on the 

Riemann surface which are asymptotic to the curves 


Ae) 
Through every point a in D passes one and only one zero-curve C(a). Let 
the points a, be marked upon Ç(a) in the direction of increasing values of 


R(Z), where $ 
nn =B) |" a/R Jel (n=1, 2, 8, . . .) 


and the path of integration is the curve ((a). Then there exists a solution 
w(z, a) such that its zeros 4, can be so ordered that 


lim (A,—a,,)=0. 
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Consider two circles Z4 and X, drawn in the Z-plane with radii R, and Rə 
respectively where R.>R,>R, and suppose for simplicity that each of these 
circles cuts I’, the boundary of 4, in two and only two points. In the z-plane 
the circular arcs 2, and X, transform into curves S4 and Sg which, together 
with the transformed portions of I" enclosed between X; and X, form a 
curvilinear quadrilateral [D]. This quadrilateral is cut by Ç(a) in two points, 
say 2, on S; and z2 on Sy. Then the number of zeros of w(z, a) in [D] is 
given by the formula 
-tef f, AG) at 
N[D|= = f” IRG {dz +0 


where the path of integration lies along C(a) and —1<0< +1. 
Similar results may be obtained with regard to w'(z, a) by considering 
the formula 
dw ad 
Me. CAB 
in which the first factor alone is relevant. 


l _,dZ 
LE(Z)W(Z){S(Z)\-* a> 


21:54. Equations with Polynomial Coefficients.—A definite and important 
example is provided by the case in which K(z) and G(z) are polynomials in 
z; let 

K(z)=2°+ .. ., G(z)=goxr+ - - - (&F0). 


In order that the point at infinity may be an irregular singular point it 
will be supposed that g>k—1; let m=g—k-+2 so that m>1. 


Since 
E ANA d pRa 
4 =f Pe eee om 
Zis in general an Abelian integral of the third kind. For large values of z, Z 
has the form 


Z = Ë gohabm{1 + Cit log 2 +0(8-1)}, 


in which the logarithmic term occurs only if m is an even number. Con- 


versely ; 
meide 


2 
where 2 is a double series of ascending powers of Z m and log Z, which is 
convergent for sufficiently large values of | Z |. 

Again, since . 


__ @(e)K'(2) +6"(2)K(2) 
MA)=— Kay’ 

it follows that 
PZ) FA +0"), 


and therefore 
mz) =8* z-\143} 


where p3 is a double series of the same type as above. 


Similarl 
imilarly spa? 
O(Z)=—, >, Z fast 


and therefore (Z) satisfies a condition B with v=1 in any region outside a 
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sufficiently large circle |Z|=R in which arg Z is bounded. Let 4 be the 
region 

|Z|>R, R(Z)>0. 
For a sufficiently large value of R this region is conformally represented on 
the z-plane by a sectorial region Dy in which 


~ {(2.—1)n—0} —8< arg 2<* {(2u +1)" —0} +8, 


where 6 is a small positive number, 0 is arg gp, and p has the value 0,1, . . ., 
or m—1 corresponding to the chosen determination of Z!/™, 
If z=re', the asymptotic zero curves in the z-plane are of the form 


rim sin 4(m0+69)-+ lower terms =const., 
and their asymptotic directions are 


1 


The solution w(z, a) is not, in general, one-valued in the neighbourhood 
of infinity, but if represents that part of the Riemann surface of log z which 
lies outside a sufficiently large circle, w(z, a) is one-valued on ®. The zeros of 
w(z, a) thus form m strings which are asymptotic to the directions 6, in each 
leaf of D. If N(r) denotes the number of zeros in a string within the circle 
|2|=r then as r->%, 


2 
= tył 
N(r) > zzl 80| rim, 


The results of § 21:52 show that there are two solutions which are trun- 
cated in the direction 6,, from which it follows that the total number of 
truncated solutions does not exceed 2m. It will now be shown that the 
actual number of truncated solutions is m. 

Consider the region 4’ whose boundary is the large circular arc 


|Z|=R, —47+8< arg Z<hr—S, 
and the tangents drawn to the extremities of this arc and extending to 
infinity in the half plane I(Z)<0. The region thus defined is of type A, and 
in it ®(Z) satisfies a condition B. Let W,(Z) and W.(Z) be the truncated 
solutions asymptotic to eZ and e~t? respectively. Now W,(Z) is asymptotic 
to e'4 in the more extended region 
—7< arg Z<27, 


and, as may be seen by considering a region symmetrical to 4’ with respect 
to the imaginary axis, W (Z) is asymptotic to e~ 4 in the more extended region 
—27< arg Z<7. 
If therefore | I(Z) | >, 
W ,(Z)->0 in the upper half of 4’, 
W.(Z)->0 in the lower half of 4’, 


and in view of the properties of the integral equation satisfied by W(Z), 
these conditions suffice uniquely to determine W,(Z) and W.(Z) respectively. 

In the z-plane there are m distinct regions D’, which correspond to J’, 
and D’, is such that 


Ou—-ite< arg Z<On41—€ (u=0, i I . o o m—1). 


Consecutive regions D’, and D’,., have a common part namely a region Uy 
where 
Out+e< arg z<Oyu41—e. 


www.rcin.org.pl 


OSCILLATION THEOREMS IN THE COMPLEX DOMAIN 527 


Now there is one solution truncated in D’, which tends to zero in Uy, and a 
solution truncated in D’, which also tends to zero in Uy. But as only one 
such solution can tend to zero in Uy, the two solutions in question must be 
identical. The number of truncated solutions thus reduces to m; that this 
number is actually attained may be seen by considering the equation 

dw 

d2 +2°w =0. 


If w,(z) is the solution which tends to zero in Up, this solution is truncated 
in the adjacent directions 6, and 6, ;, and moreover, it preserves the same 
asymptotic representation in the three adjacent regions Uy—,, Up and 
ine 


MISCELLANEOUS EXAMPLES. 


1. Prove the formula 


_ +22 Za | wa |? 22 a 
[see = | n K dz+ | | w, |°G(z)dz=0. 


2. Considering the dynamical system 


dz 
aq ot ty, 


where g, and g, are functions of t, employ the results of § 21-4 to prove that a particle 
starting from the origin at time ¢t, with a given velocity will continue to move away from 
the origin so long as g,(¢)<0 and the sign of g(t) remains unchanged. 


8. Extend the results of §§ 21:4, 21°41 to the general self-adjoint equation of the second 
order. 


4. Let F(z) be real and positive when z is real and greater than @,, analytic throughout 
a region D including the real axis for R(z)>a,, and such that either 


R{F(z)}>0 or TK F(z)}=-0 
in D ; let W(z) be a solution of 
dw . 
such that W(z)—>0 as z—>o in D along a parallel to the real axis, then under very general 
assumptions, W(z) has no zero nor extremum in D. 


5. Construct the standard domain for a solution of 
dw w At 


dz? z 
which has a complex zero z=a+ib. 


6. Prove that when (Z) is analytic and satisfies a condition B in the half-plane Y, 
I(Z)>B,, every solution is asymptotic to one sine-function in Y +, the extreme right-hand 
part of the region, and asymptotic to another sine-function in Y—, the extreme left-hand 
part of the region. Discuss the zeros of this solution. 


7. Given the function sin (Z —a), there exsts one solution W +(Z) asymptotic to it in Y+, 
and another solution W—(Z) asymptotic toitinY—. But if r=I(a) is large, there exists a 
solution W(Z) asymptotic to sin (Z — a) throughout Y, and the strings in Y + and Y— join into 


a single string. There are no zeros above this string and only a finite number of zeros in 
Y below it. 


www.rcin.org.pl 


528 ORDINARY DIFFERENTIAL EQUATIONS 


8. The asymptotic zero-curves of the equation 
dw w 
SE ext) 
dat ig 
are parabolas with focus at the origin and the negative real axis as axis. Work out the 
distribution of the zeros in the neighbourhood of the asymptotic parabola. 
9. The general solution of the equation 
d*w 
de +G(z)w = 
in which G(z) is a polynomial in z, can be represented in the form 
w =W,(z) — Aw,(2), 


where w,(z) and w,(z) are linearly independent solutions and A is a complex parameter. 
Show that a necessary and sufficient condition that the solution be truncated is that À is 
one of the asymptotic values of the meromorphic function A(z) =w,(z)/w,(z). 


[Nore.—A number a is said to be an asymptotic value of an integral or meromorphic 
function f(z) if there is a simple curve tending to infinity along which f(z)—>a.] 
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APPENDIX A 
HISTORICAL NOTE ON FORMAL METHODS OF INTEGRATION 


A‘1. Differential Equations to the End of the Seventeenth Century.—The early 
history of a branch of mathematics which has enjoyed two and a half centuries of 
vigorous life naturally tends more and more to be masked by the density of its 
later growth. Yet our hazy knowledge of the birth and infancy of the science of 
differential equations condenses upon a remarkable date, the eleventh day of 
November, 1675, when Leibniz first set down on paper the equation 


Jydy=1y?, 
thereby not merely solving a simple differential equation, which was in itself a 
trivial matter, but what was an act of great moment, forging a powerful tool, the 
integral sign. 

The early history of the infinitesimal calculus abounds in instances of problems 
solved through the agency of what were virtually differential equations ; it is even 
true to say that the problem of integration, which may be regarded as the solution 
of the simplest of all types of differential equations, was a practical problem even 
in the middle of the sixteenth century. Particular cases of the inverse problem 
of tangents, that is the problem of determining a curve whose tangents are sub- 
jected to a particular law, were successfully dealt with before the invention of the 
calculus.* 

But the historical value of a science depends not upon the number of par- 
ticular phenomena it can present but rather upon the power it has of coordinating 
diverse facts and subjecting them to one simple code. 


A‘11. Newton and Leibniz.—Thus it was that the first step of moment was 
that which Newton took when he classified differential equations of the first order, 
then known as fluxional equations, into three classes.f 

The first class was composed of those equations in which two fluxions æ and y 
and one fluent æ or y, are related, as for example, 


ae AREER, re 
(i) 2 =f); (ii) F =S), 

or as they would to-day be written 
(i) fa, Gi) X-u. 


The second class embraced those equations which involve two fluxions and two 
fluents thus 


y =f(a, y). 
x 


The third class was made up of equations which involve more than two fluxions ; 
these are now known as partial differential equations. 
Newton’s general method was to develop the right-hand member of the equation 


* For example, by Isaac Barrow (1630-1677). 
t Methodus Fluxionum et serierum infinitarum, written about the year 1671, published 
in 1736 [Opuscula, 1744, Vol. I. p. 66]. 
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in powers of the fluents and to assume as a solution an infinite. series whose co- 
efficients were to be determined in succession. For example, if the equation to be 
solved was 


Y -243g —2y +2? +Y, 
a 


a solution of the form 
y¥=A,+A,7+A,n7?4+Agv?+ ... 
was assumed. Then 


$ =A, +2Ae+ 8A? + a 


and by substituting in the equation it was found that 
A,=2-—2A), 2A,=3—2A,, 84,=1 +A,—2A,, Bae 


It was noted that A, could be chosen in an arbitrary manner, and it was con- 
cluded that the equation possessed an infinite number of particular solutions. Yet 
the real significance of this fact that the general solution of an equation of the first 
order depends upon an arbitrary constant remained hidden until the middle of 
the eighteenth century. Newton did, however, observe that any solution of the 


equation 
y=f(@) 


remains a solution after the addition thereto of an arbitrary polynomial of degree 
n—1.* 

One of the earliest discoveries in the integral calculus was that the integral of 
a given function could only in very special cases be finitely expressed in terms of 
known functions. So is it also in the theory of differential equations. That any 
particular equation should be integrable in a finite form is to be regarded as a 
happy accident ; in the general case the investigator has to fall back, as in the 
example just quoted, upon solutions expressed in infinite series whose coefficients 
are determined by recurrence-formule. 

The general statement of the problem of integrating a given differential equation 
was first formulated by Newton in the following anagram : + 


Ga, 2c, d, ae, 18e, 2f, Vi, 3l, 9n, 40, 4g, 2r, 48, 8t, 120, a, 


which was subsequently deciphered thus: Data aequatione quoicumque fluentes 
quantitates involvente, fluxiones invenire et vice versa. 'Two methods of solution are 
stated in a second anagram which when unravelled runs as follows : Una methodus 
consistit in extractione fluentis quantitatis ex aequatione simul involvente fluxionem 
ejus ; altera tantum in assumptione seriei pro quantitate qualibet incognita, ex qua 
cetera commode derivari possint, et in collatione terminorum homologorum aequationis 
resultantis ad eruendos terminos assumptae seriei. 

The inverse problem of tangents led Leibniz on to many important develop- 
ments. Thus, in 1691, he implicitly discovered the method of separation of variables 
by proving that a differential equation of the form 


da 
Yay =X(æ)Y (y) 


is integrable by quadratures.t A year later he made known the method of inte- 
grating the homogeneous differential equation of the first order, and not long after- 
wards reduced to quadratures the problem of integrating a linear equation of the 
first order. 

To Leibniz is due the modern differential notation and the use of the sign of 
integration. The notorious controversy § which centres round Newton and Leibniz 
had the effect of depriving English mathematicians of the use of this powerful 


* Tractatus de quadratura curvarum, written about 1676, published for the first time as 
an appendix to the Opticks (1704) [Opuscula, 1744, Vol. I. p. 244]. 

+ It occurs in a letter to Leibniz (through the intermediary of Oldenburg) dated the 
26th October, 1676. 

ł This theorem was communicated to Huygens towards the end of the year 1691, 
Briefwechsel von Leibniz, 1, p. 680. 

§ See Gibson, Proc. Edin. Math. Soc. 14 (1896), p. 148. 
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system of notation, and for more than a century England was barren, whereas the 
Continent flourished in the field of analysis. 


A‘12. The Elder Bernoullis.—In May, 1690, James Bernoulli published his 
solution of the problem of the isochrone,* of which a solution had already been 
given by Leibniz. This problem leads to the differential equation 


dy /(b*y —a*) =dxv/(a*). 


In this form the equation expresses the equality of two differentials from which, 
in the words ergo et horum Integralia aequuntur, Bernoulli concludes the equality 
of the integrals of the two members of the equation and uses the word integral for 
the first time on record. From this beginning also sprang the idea of obtaining the 
equation of a curve which has a kinematical or a dynamical definition by expressing 
the mode of its description in the guise of a differential equation and integrating 
this equation under certain initial conditions. Instances of such curves are the 
spira mirabilis or logarithmic spiral, the elastica and the lemniscate. 

To John Bernoulli (a younger brother of James) is due the term and the 
explicit process of seperatio indeterminatarum or separation of variables.; But it 
was noticed that in one particular yet important case this process broke down ; for 
although the variables in the equation 


axdy —ydx=0 


are separable, yet the equation could not be integrated by this particular method. 
The reason was that the differential dæxjæ had not at that time been integrated ; 
in fact Bernoulli, assuming that the formula 


aida =a -5 a+?) 
+1 


holds when p= —1, comes to the conclusion neutrius habetur integrale. In this par- 
ticular instance the difficulty was overcome by the introduction of the integrating 
factor t y*—1/x? which brings the equation into the form 


x > 


when it is immediately integrable and has the solution 


yt» 


g 
where b is any constant. 


In the same year, however, the true interpretation of f dx/x as log x became 


known,§ and the scope of the method of separation of variables was vastly 
extended. 
The equation known as the Bernoulli equation, 


ady =ypda +by”qdx, 


in which a and b are constants, and p and q are functions of x alone, was proposed 
for solution by James Bernoulli in December, 1695.|| As was pointed out by 
Leibniz { it may be reduced to a linear equation by taking y'!—" as the dependent 
variable. John Bernoulli chose a different line of attack, making use of the process 


* Acta Erud. May, 1690 [Opera, 1, p. 421]. 

+ Acta Erud., November, 1694; given in a letter to Leibniz, May 9, 1694. 

t From a letter to Huygens dated 14/24 June, 1687, it appears that Fatio de Duillier 
applied this process to the equation 8ady—2yda=0. No earlier instance of an integrating 
factor seems to be known. 

§ It may have been known to Nicolaus Mercator (N. Kaufmann) in 1668. It was 
certainly known to Leibniz, through the problem of the quadrature of the hyperbola, 
in 1694. Napier’s Mirifici Logarithmorum Canonis Descriptio was published in 1614, some 
fifty years before the invention of the infinitesimal calculus. 

|| Acta Erud. (1695), p. 553 [Opera I. p. 663]. 

§| Acta Erud. (1696), p. 145. 
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by which the homogeneous equation was reduced to an integrable form; he made 
the substitution 
y=m2z, dy=mdz-+2zdm, 


where m and z are new variables, and thus obtained the relation 
amdz +-azdm =mzpdzx -+-bm"z"qda. 


The fact that one unknown y has been replaced by two unknown m and z intro- 
duces an element of choice which is exercised in writing 


amdz=mzpdx, 
whence 


adz —pde. 


This auxiliary equation can be integrated, giving z as a function of æ. Then in the 
remaining equation 
azdm =bm"z"qdx 


the variables are separable ; the equation can be integrated and thus m and there- 
fore y are explicitly found in terms of g. 


A‘2. The Early Years of the Eighteenth Century.—By the end of the seven- 
teenth century practically all the known elementary methods of solving equations 
of the first order had been brought to light. The problem of determining the 
orthogonal trajectories of a one-parameter family of curves was solved by John 
Bernoulli in 1698; the problem of oblique trajectories presented no further 
difficulties. 

The early years of the eighteenth century are remarkable for a number of 
problems which led to differential equations of the second or third orders. In 
1696 James Bernoulli formulated the isoperimetric problem, or the problem of 
determining curves of a given perimeter which shall, under given conditions, 
enclose a maximum area. Five years later he published his solution,* which 
depends upon a differential equation of the third order. 

Attention was now turned to trajectories in a general sense and in particular to 
trajectories defined by the knowledge of how the curvature varies from point to 
point; these gave rise to differential equations of the second order. Thus, for 
example, John Bernoulli, in a letter to Leibniz dated May 20, 1716, discussed 
an equation which would now be written 


d*y _ 2y 

dæ? a2 
and stated that it gave rise to three types of curves, parabole, hyperbole and a 
class of curves of the third order. 


A‘21. Riceati and the Younger Bernoullis.—An Italian mathematician, Count 
Jacopo Riccati, was destined to play an important part in furthering the theory 
of differential equations. In investigating those curves whose radii of curvature 
were dependent solely upon the corresponding ordinates, he was led to a differential 
equation of the general form 

Sy, y’, y’)=9, 


that is to say to an equation explicitly involving y. y’ and y” but not æ. By 
regarding y as an independent variable and p or y’ as the dependent variable, and 
making use of the relationship 
dp 
yY =p — dy’ 
* Acta Erud., May, 1701 [Opera 2, p. 895]. 


+ The general solution may be written 


ae b2 


where a and b are constants of integration. When b=0 the curves are parabolæ, when 
a=% they are rectangular hyperbole, in other cases they are of the third order. 


www.rcin.org.pl 


APPENDIX 533 


Riccati brought the equation into the form * 


/ dp\ _ 
Sy. Ps Py =o 
and thus reduced it from the second order in y to the first order in p. 


The particular equation to which the name of Riccati is attached was first 
exhibited in the form + 


Before the equation can be dealt with some restrictive hypothesis as to u or q 
must be made. Riccati chose to suppose that q was a power of a, say æ”, and 
thus reduced the equation to the form 


nam +n— 1 = pugan. 


The problem now became one of choosing values of n such that the equation could 
be integrated, if possible, in a finite form. 

This problem attracted the attention of the Bernoulli family. Following 
immediately upon Riccati’s paper is a note by Daniel Bernoulli, who claimed that 
he and three of his kinsmen had independently discovered the value of n by means 
of which the variables became separable.t What these solutions may have been 
is not known; Daniel Bernoulli concealed his own solution under the form of an 
anagram which has not yet been deciphered. § 

Daniel Bernoulli published the conditions under which the equation, written 
in a form equivalent to 


a +ay’=bam, 


is integrable in a finite form, namely that m must be of the form —4k/(2k+1) 
where k is a positive integer. || 


A‘3. Euler.—The next important advance was made by Euler, who proposed 
and solved the problem of reducing a particular class of equations of the second 
order to equations of the first order. The germ of Euler’s method lies in replacing 
æ and y by new variables v and t by the substitution 


a=e%, y=ert, 


where a is a constant subsequently to be determined. In modern symbolism the 
formule of transformation are 


ar a dt 

—~ = ~eul—a))_ 47h, 

ma FA ? 

dy 1 dt „dt 

—— = — 1—2 ) — — = . 
Hae HEE +25 +(1 axt} 


The idea of the method is to choose a, if possible, in such a way that no exponential 
terms shall appear in the transformed equation, which implies a certain degree of 


* Giornale de’ Letterati d’Italia, 11 (1712). The device by which the lowering of the 
order is effected had already been used by James Bernoulli. 

+ Acta Erud. Supp. 8 (1723), pp. 66-73. The equation arose as the result of reducing 
the equation a”"d*x=d*y-+dy? to the first order through the substitution dæ/dy =q/u, where 
u and q are, in the first place, supposed to depend upon g and y. 

t Ibid. p. 74: Praescribit frater meus, se illud solvisse ; sed praeter illum alii quoque 
existunt solutores, solutionem enim eruerunt Pater et Patruelis Nicolaus Bernoulli pariter 
ac egomet. Daniel was the second son of John Bernoulli; Nicholas the younger was his 
elder brother, and Nicholas the elder his cousin. 

§ The anagram is reproduced in Watson, Bessel Functions, p. 2. 

|| Exercitationes quaedam mathematicae (Venice, 1724), pp. 77-80 ; Acta Erud., November, 
1725, pp. 473-475. 

{| Comm. Acad. Petrop. 3 (1728), pp. 124-137. 
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homogeneity in the original equation. Thus consider, as a particular instance, the 


equation 
— 2 2 
which is transformed into 


a=ndntp-pa— Den E E 2 j pi +2 S +(1 ~a)t} —qemar. 
The exponential term cancels out if 
aap —1 
m+p ” 


and with this choice of a the equation takes the form 


dt mT a dt ,m—n+1 n+p—1 p 
aa peal zeas pesh _ eS ERT om ——_——_ e 
ot ete AT ae 


It is now simpler than the original equation in the sense that the independent 
variable v is not explicitly involved ; let v be replaced by a new variable z defined 
by the relation 


then the equation is reduced to the first order in z andi. Several types of equations 
of order higher than the second may be reduced to a lower order by similar methods. 

The fundamental conception of an integrating factor is also due to Euler,* 
for although instances of its use in the integration of a differential equation of 
the first order had already been given, Euler went further and set up classes of 
equations which admit of integrating factors of given types. He also proved that 
if two distinct integrating factors of any equation of the first order can be found. 
then their ratio is a solution of the equation. In the development of the theory 
of the integrating factor an important part was played by Clairaut.t} 


A‘4. Linear Equations.—With a letter from Euler to John Bernoulli, dated 
September 15, 1739, begins the general treatment of the homogeneous linear 
differential equation with constant coefficients.t It appears from Bernoulli’s 
replies that before the year 1700 he had studied the differential equation 


o=y+ax +b FY +o TY Ton a Han T, 
He first multiplied it throughout by the factor a, then defining z by the relation 
oe chie . cy te 
ptl dæ pt+l1 dx’ 
and making use of the formule 


a1 Y —a(p+1)z—alp +1), 


bar 2 FY = —2b(p ++ p+) È +0(p +1)(p +2)ary, 


etc.. he transformed the equation into one of the form 


dz d?z d"—1z 
ne 7 , 72 ila ao 
0=aaPy-+a z+b2 7s aa, ea E E pei 
Now a depends upon p, and p may be so chosen as to reduce a to zero. by which 
means the order of the equation is reduced by unity. This process of reduction 
can be repeated as often as is necessary. 


* Comm. Acad. Petrop. 7 (1734), p. 168 ; Novi Comm. Acad. Petrop. 8 (1760), p. 3. 

t Hist. Acad. Paris, 1739, p. 425; 1740, p. 293. 

{ Bibl. Math. (3), 6 (1905), p. 37. On the discovery of the general solution of this 
equation, see Eneström, Bibl. Math. (2), 11 (1897), p. 43. 
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Euler’s method of dealing with the linear equation with constant coefficients 
was as follows.* If y=vw is any solution of the differential equation 


Bdy , Cd*y , Day Nd"y 
0=A — —— af ae se peat 
Ay ges = hare DAA Te a 
then y=au is a solution, where a is any constant. Moreover, if n particular solu- 
tions (valores particuliares) y=u, y=v, . . . are obtainable, then the complete 


or general solution (aequatio integralis completa) of the differential equation will be 
y=au+fo+ ..., 


where a, f, . . . are constants. 


Now if the root z= of the algebraic equation of the first degree g—pz=0 


satisfies the algebraic equation of the n” degree, 
A+Bz+Cz?+ ... +Ne2"=0, 


qu 
then the solution y =ae? of the differential equation 
dy _ 
qy —P =EN 


will satisfy the differential equation of order n. Thus there are as many particular 
solutions of this form as there are distinct real linear factors in 


A+Bz+Cz?+ ... +N2". 
The complication introduced by a multiple factor (q —pz)* is met by the substitution 


gz 
y =e? u, 


whereby a particular solution involving k constants is found : 


qz 
y=e? (at+fa+ye?+ ... +Kak-1), 


When a pair of complex linear factors arise they are united in a real quadratic 
factor p —qz +rz? or 


— q 
—2 3", h = == 
p—2zV pr cos ¢+ where cos $= 57 
To this factor corresponds the differential equation 
a = dy , dy 
0=py —2zV pr cos ¢ -2 PERS: 
The transformation 


y=e* zii $u, f= V pr 


reduces the equation to 
2 
T E +(rf? cos?ġ —2f? cos*4 +p)u=0, 


which is of the form 


an equation which had already been solved.t Repeated quadratic factors were 
next dealt with and the discussion of the homogeneous linear equation with 
constant coefficients was complete. 

Kuler next turned his attention to the non-homogeneous linear equation 


ee... AE 


me 
* Published in Mise. Berol. 7 (1743), pp. 193-242. 


+ Euler, Inquisitio physica in causam fluxus ac refluxus maris, 1740. Daniel Bernoulli 
had solved it independently, Comm. Acad. Petrop. 13 (1741), p. 5. 
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a particular case of which, namely 


‘ dx? 


he had also discussed in 1740. The method now adopted was that of a successive 
reduction of the order of the equation by the aid of integrating factors of the 
form e¢*dx. Thus, in the case of the equation of the second order, 


| ear X dx = | [corde + e292 Bdy -ear ad 


Ba 
=e A' y+ —_— Y aa 
By differentiating and comparing like terms it is found that 


B’=C, A'=B-aC=*, aie 4 Bat Oa, 


Thus a, A’ and B’ are found, and the equation is reduced to an equation of the same 
form as before, but of lower order, namely 


e~as [eax de= =A yt 2M, 


An integrating factor for this equation is e®tdx where a+-8= a: and therefore a 


and f are the two roots of A —Ba+Ca?=0. 

In the case of the equation of order n, there are n integrating factors of the 
type e*tdx, by means of which the equation is reduced in order step by step and 
finally integrated. The complications due to equal or complex roots of the 
equation in a were also disposed of by Euler. 

To Euler is also due the process of integrating by series equations which were 
not integrable in a finite form. Thus, for example, he integrated the equation * 


ay A c*y 


dei t gama 


in the form 
m +1 X 
y=kæ 2 (1—Bæ?m4Dæm—. . . )sin (En +9) 
m+1 2 
—kæ 2 (Aam—Cx3m4... . ) cos ( L +8). 


A*41. Lagrange and Laplace.—The problem of determining an integrating 
factor for the general linear ohare Ny 


where L, M,N... . T are Hes oy t, led Lagrange to the conception of the 
adjoint equation.t If the equation is multiplied throughout by zdt, where z is a 
function of t, then the equation can be integrated once if z is a solution of the adjoint 
equation 


Lz— > ah) arr ee 


In this way Lagrange solved the equation į 


Ay + Binh) Y yone Y + 5 Sb: sp 


where A, B, C, . . ., h and k are constants and T is a function of t. He formed 
* Novi Comm. Acad. Petrop. 9 (1762/63), p. 298. It is virtually the Bessel equation. 
+ Misc. Taur. 3 (1762/5), pp. 179-186 [G2uvres, 1, pp. 471-478]. See also Euler, 


Novi Comm. Acad. Petrop. 10 (1764), p. 134. 
t Ibid. pp. 190, 199 [Guvres, 1, pp. 481-490]. 
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the adjoint equation and assumed that it was satisfied by z=(hk-+kt)'. The 
index r was then found to satisfy the equation 
A —Bk(r+1)+Ck*(r+1)(r+2)+ ... =0. 
Lagrange also proved * that the general solution of a homogeneous linear 
equation of order n is of the form 
Y= HY t «++ Fn: 


where Yi, Yo, + - +> Yn are a set of linearly independent solutions and c4, Cos . . 
are arbitrary constants. 


Laplace generalised Lagrange’s methods + by considering not a single integrating 
factor but a system of T In the equation 


ality 


d Nn. 
F =y+H% A E Yy EEN Ha- EY, 
dx” 
where X, H, H’, . . . are functions of a, Laplace made the substitution 
dy 
p d =T, 
O Ta +y 
where w and T were functions of æ to be determined. The equation then became 
dT dT d™—-17' 
xXA=T — ——— (n—1) ; 
+w pH +o de? + - +a ae 
where 
wa(r—1)—H(n—1), 
dw 
dw 
+w’ —- dasi s, 
w +w +w Au F 
The first n—1 equations determine w’, œ” . . . in terms of w,H’,H”,.... The 


last equation then becomes an equation of order n—1 for w ; the equation for T 
is also of order n—1. Thus the given equation of order n has been replaced by 
a pair of equations of order n—1, which are not, in general, linear. If, however, 
n—1 particular solutions of the equations in w and in T are known, the general solu- 
tion of the linear equation in y can be obtained by quadratures. 

In particular, if the given equation is of the second order : 


X= ay tH Y ay EY 


da®’ 

then is determined by the Riccati equation 7 
do Hoo 
dæ ae. 


let 8 and £’ be two independent solutions. ` T' is determined by a similar equation, 
let two solutions be T and T”. Then the given equation has the general solution 


y=] (c4 [Fe S6a0)+6 58 (c+ T Je ‘da), 


Lagrange also discovered in its general form the be of variation of para- 
meters į by means of which. if a linear equation can be solved when the term 


* Ibid. p. 181 [Guvres, 1, p. 473]. 
+ Misc. Taur. 4 (1766/9), p. 173. 
t Nouv. Mém. Acad. Berlin, 5 (1774), p. 201 ; 6 (1775), p. 190 [Geuvres, 4, pp. 9, 159]. 
The method had been used by Euler in 1739 in his investigations on the equation 
dy s 
a +ky=X. 


It was also known to Daniel Bernoulli (Comm. Acad. Petrop. 13 (1741), p. 5). 
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independent of y and its derivatives is made zero, its solution when that term 
is restored can be obtained by quadratures. . 

On the basis of Lagrange’s work d’Alembert considered the conditions under 
which the order of a linear differential equation could be lowered.* D’Alembert 
also derived a special method of dealing with the exceptional cases of the solutions 
of linear equations with constant coefficients, and initiated the study of linear 
differential systems.| His main work lies, however, in the field of partial differential 
equations. 


A‘5. Singular Solutions.—Singular solutions were discovered in a rather sur- 
prising manner. Brook Taylor ł set out to discover the solution of a certain 
differential equation which, in modern symbolism, would be written 

dy? 
1 2 (2) —4y3 —4y?, 
ea) ae 


He made the substitution 
Y =u, 


where u and v were new variables, and A and Ẹ constants to be determined, and so 
transformed the equation into 


; \2 
(1 +2*)*( Gu tw) =4uÀ +w +2 —4u2v?, 


In this equation there are three elements whose choice is unrestricted, namely À, 
V and v; u is then the new dependent variable. 
Firstly let 
v=1+ 22, 


then, after division by (1-+æ?)?, the equation becomes 
2 
(290u-+20) = 4yA+2y3 — 402, 
Now let A= —2, }=1 and the equation reduces to 
du? 
Apu 20 =40 —4u*, 
that is 
du ( =, 
2)o,2 — = he Wy EOE 
(1+a*)u 2nuv y +v = v, 
or, since v=1+2?, 
du du\* 
— —— — == 
u anus +o) 1 
Now, if this equation is differentiated with respect to a, the derived equation is 


d’u/ du 
dx? » ie —au)=0 
and breaks up into two equations namely 
pai =0 R —au=0 
der dæ i 


du i 5 f 
The first gives de =a, a constant; when this value is substituted in the 


differential equation for u, the latter degenerates into the algebraic equation 
(u—az)?=1 —a?. 
The general solution of the original equation is therefore 
v 1+a? 
Y= ut {an+ (1—a?)}*" 
* Misc. Taur. 3 (1762/5), p. 381. 


t Hist. Acad. Berlin, 4 (1748), p. 283. 
t Methodus Incrementorum (1715), p. 26. 
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The second equation, 


= gu =0 
iz ; 
taken in conjunction with 
Ee =, (2y 
ty TO 
gives 
Zeu? iy? 
l=u?— PRE 
v v 
or 


and therefore 


This is truly a solution of the original equation, but it cannot be derived from the 
general solution by attributing a particular value to a. It is therefore a singular 
solution. 

Nearly twenty years later Clairaut published his researches * on the class of 
equations with which his name is now associated. Here, also, the general and the 
singular solutions were arrived at by differentiation and elimination, and the fact 
that the singular solution was not included in the general solution was made clear. 
Geometrically the general solution represents a one-parameter family of straight- 
lines ; the singular solution represents their envelope. Closely allied to the work 
of Clairaut are the researches of d’ Alembert + on the more general class of equations 


of the form 
‘dy dy 
yao 2) +o 2). 


A‘6. The Equations of Mathematical Physies.—The history of formal methods 
of integration practically ends at the middle of the eighteenth century. In con- 
clusion it remains but to mention the Laplace partial differential equation f 

ETAK er 

oa? Tas tae os 

æ oy Oz 

This and allied equations associated with various types of boundary conditions led 
to the ordinary differential equations, such as those of Legendre and Bessel which 
together with the hypergeometric equation suggested much of the modern analytical 
theory. As the power of analytical methods grew, the problem of formal integra- 
tion dropped into comparative insignificance in comparison with the wider problems 
of the existence and validity of solutions. 


* Hist. Acad. Paris, 1734, pp. 196-215. 
+ Hist. Acad. Berlin, 4 (1748), pp. 275-291. 
ł Hist. Acad. Paris, 1787, p. 252. 
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NUMERICAL INTEGRATION OF ORDINARY DIFFERENTIAL 
EQUATIONS 


B*1. The Principle of the Method.—Of all ordinary differential equations of the 
first order only certain very special types admit of explicit integration, and when an 
equation which is not of one or other of these types arises in a practical problem 
the investigator has to fall back upon purely numerical methods of approximating 
to the required solution. 

It will be supposed that the equation to be considered has been reduced to the 
first degree, and can therefore be expressed in the form 


=f(2, y). 


It will also be supposed that the initial pair of values (a, Yọ)is not singular with 
respect to the equation, and that, therefore, a solution exists which can be developed 
in the Taylor series, 


wy 4% l in a +E) + ce) a 


where 
h=2-a, k=y—Y 
and h is sufficiently small. 
Now the coefficients in the Taylor series may be calculated as follows : 


de I y), 

d*y of of 

tat ap thoy 

Py PS oy OF Ol, (E yA 
det aaay H ap ae > 


dæ? 
but the increasing complexity of these expressions renders the process impracticable. 
The actual method adopted in practice * is an adaptation of Gauss’ method of 
numerical integration.{ Four numbers k,, ko, ks, ky, are defined as follows : 
ky =hf(xo, Yo): 
ko =hf(@+ah, Yo + fk), 
ky=hf(a@)+a,h, Yot+Biki+yiko), 
ky=hf(@+-aoh, Yot+Boki+yok. +k), 
* In its original form the method is due to Runge, Math. Ann. 46 (1895), p. 167 ; later 
modifications are due, among others to Kutta, Z. Math. Phys. 46 (1901), p. 485. A 
detailed exposition of this and other methods is given by Runge and König, Numeriches 


Rechnung (1924), Chap. X. 
t Whittaker and Robinson, Calculus of Observations (1924), p. 159. 
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where the nine constants a, 8, . . ., 6,, and four weights R,, R, R;, R, are to be 
determined so that the expression 
R ıkı +R k,+R3ky+Ryky 


agrees with the Taylor series up to and including the term in h‘. 


B-2. Equations connecting the Constants.—The expressions k,, k, ką are 
developed in powers of h by making use of the Taylor expansion in two variables 


1 I 
f(a +p, y +4) =f(x, y)+Df(x, y)+ zi? se: y+ zP Ne, y)+ .. 
where 
Dife, y)=(p= +42). 
‚=P Vy f(@, y). 
Thus, to evaluate k,, let 
é ô 
mAn “f Ploy? 
where fy=f(%; Yo), then 
Ž + Bly wala Oat oH Aly or <) =n 
and therefore 
} h2 h? P 
pee: —Dit+ ayers + bie | $ 
2! 3! á 
To evaluate k,, let 


ô a 
ee Herity) fos 
then 


a ĉ ô ð ð 
alo HEikityika) z =i(a, 2 + Biles) + be 


=hD,+73(k,—hf,) 5 


h 
=D, +y, |D, f+ zP: It ee | 
and therefore i ; 


ky =h[ FADS + D+ SD. 


+ ity) {yD + S fyD f +WD sf Dify+ s 3] i 
0 


where 


fun. 


>= = 


oy 
Lastly, to evaluate k,, let 


é ə 
yaa, TPrty2+bfoa 
then 


a f] 
ash +(Boki+yoks + Oaks) a WD a+} valley hfe) +a = 


-aD +h'| yy) Daft Dott o taina oenn.. 4] 
0 


and therefore 
k= h| f+0D.f+ 5D + an 


+h*(y2D,f+6Dof) fy+ EOD SDS+ D AS 
TAN YDif+8,D,f)Dyfy+ + - ] . 
0 
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Now k itself has the development 


k= [y+ Dr E DSD Hwy spy rien +apiopy +--+), 
0 
where 
ô ô 
gi +i y 
and this development is to agree, as far as the terms in kķ* inclusive, with that of 


Rik, +Rpk.+Reks+Raky, 


whatever may be the function f(a, y). 
Now, to the order in question there are eight terms in the development of & ; 
if each of these terms is equated to the corresponding term in the development of 


Rıkı+ . . . +R,k, the following eight relations must hold : 
Ry +R, +R, +R, =1, 
1 
RD, f +R,D,f +R,D;f 7 ech 
2! 
R,D,°f+R;D2*f +h,D;°f = eat 
3! 
R,D,*f+R,D,°f +R,D,*f = 4 P's 
1 
R3y Dif +R 2D, f+6D>2f) =o PSs 
2! 
Ry Dif  +RAYD:?f +D) =F, 
3 


R,y,D,fD, yt R(y2Dif+52Df)DsSy= Tr y PÍDfy» 


1 
Ryy 16D, f = zitl- 


These equations are homogeneous in the operators D,, Də, Dz, D with constant 
coefficients. These operators must therefore bear a constant ratio to one another 
which can only be the case if 

a=f, 


a,=Bi+y1; 
a =f +yz +82, 
and consequently 
D,=aD, D,=a,D, D;=a,D. 


In view of these relations the eight equations assume a form independent of the 
function f(x, y), namely 


BAR, FR, ike =], 

Ra +R,a, +R,a, = 4, 

R,a*?+R,a,*> +R,a,* = 4, 

R,a°+R,a,;> +R,a,* = 4, 

(A) Ray, +R,ay,+a,6.) =4 


R,a*y, +Rala? ya +a?) =a; 
R,aayy,+R,(ay, + a,62)a, Rl 
\ 
\ Rayı» = =. 


\ 


Thus between the thirteen unknowns R,, . . ., Ry, a, .. ., Ôo there are eleven 
equations, so that two further consistent relations may be set up between the 


unknowns. 
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B’3. Determination of the Constants.—To the fourth of the equations (A), add 
the second multiplied by aa, and the third multiplied by —(a-+a,), then 


(B) Ryay(a—a,)(a,—a) = “S? — £2 +4, 


From the fifth and seventh equations it follows that 
a 
(C) R,ay (a,—4)) = mi 
and from the fifth and sixth : 


R,a,ð(a,—a)= fy — =. 


When R, is eliminated between this equation and the eighth of the set (A), it is 
found that 
. e i a,(a—ay) 
Ya Jisai’ 


and, substituting this expression in (C), 
a 
Ryay(a—a,)(aq—a,) (24-1) (2-2), 
Finally, comparing this equation with (B), 


Mie AER 4 4 —(2q—1)( St -e)s 


whence 
ada 2 =a. 


Now it is clear from the eighth of the equations (A) that a cannot be zero, 
it therefore follows that 
a=k 


The same equation shows that R, cannot be zero, and it is now evident from 
equation (C) that R, cannot be zero. 

The first four equations of the set (A) determine R,, Ra, R, R, uniquely in terms 
of a and a, provided that their determinant, which, since a,=1, has the value 


(D) aa,(a—a,)(a,;—1)(1 —a), 
does not vanish. The values found are 
1—2(a+a,) 2a,—1 
R,= arene al e. pee: Air 
(E) ag hes Taag Ai 2" 12a(a,—a)(1—a)’ 
1—2 2(a+a,)—38 
R= = R,=3+ 1) 


12a,(a,—a)(1—a,)’ 12(1—a)(1—a) ` 
The fifth, sixth and seventh of equations (A) now determine y,, y, and 6, in 
terms of a and a, provided that their determinant 
(F) Roa , Ra, Ra, =R,R,?a*a,(a,;—a)(a,—1) 
Rao Ra Rae 
R,aa,, Ra, Ra, 


| 
| 
| 


does not vanish. The values obtained are 
yii a,(a,— a) 
2a(1 — 2a)’ 
(G) PRR (1—a){a+a,—1—(2a,—1)?} 
2a(a,—a){6aa,—4(a-+-a,)+3} 
_ _ (1—2a)(1 —a)(1 =a) 
\ iki a(a,—a){6aa;—4(a +a) +8} 
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Finally f, 8, and £, are obtained from the equations 


B=a, 
(H) B= — Yi 
Ba=l —ya— ô 


Thus the six coefficients £, 8,, 2s 71, Yos Ô, and the four weights R,, Ra, Ra, R, 
are expressed in terms of a and a, which may be regarded as arbitrary. 


B4. Particular Values of the Coefficients and Weights.—Any two conditions, 
consistent with the previous equations, may be imposed. For example, a sym- 
metrical expression for k is obtained if 


R,=R, R,=R;. 
This is, however, equivalent to the single condition 
a-+a,=1, 
under which the weights and coefficients take the simple form 


1 1 
12R,=12R,=—6— ee at 12R,=12R,= Proy 


ad, aay 
(K) a+a,;=1, a,=1, 
a, a,(a—ay,) a 


= zg’ 2 9a(6aa,—1)’ m al. 
The second condition may be imposed by supposing the range (ap, Xa +h) to be 
divided into three equal parts so that a=4, a,=—%. Then 
R,=}, 
R=, a=}, p=}, 
R=, a:=§, ~Pi=—}, yı=l, 
R,=4, a,=1, f,=1, p= @,=1. 
This gives the formule due to Kutta : 
ky=hf (xo, Yo), 
ka=hf(a+$h, Yot th), 
Ky=hf(a+3h, Yo— bhi +k), 
Ky=hf(@ +h, Yok —ke+ks), 
k=}(k,+8k,+38k,+k,). 
It is interesting and important to examine the cases which arise when the 


determinants (D) and (F) vanish. There are three, and only three, possible cases 
in which the solutions are finite, namely 


(i) a=a,, (ii) a=1, (iii) a,=0. 
The first case, for the finiteness of R, and R,, implies the further condition 
a=a,=}; 
either R, or R may now be regarded as arbitrary, but 
R,+R, =}. 


Let R,=R,=}, then 
R,=4}, 
R,=}, a=}, B=}, 
R=}, a=}, Bi=0 y,=4, 
R=, a,.=1, £,=0, y:=0, 6,=1. 
This gives rise to a very convenient set of formule, due to Runge : 
ky =hf(%p; Yo), 
ky=hf(t)+$h, Yo +k), 
ky =hf(% +h, Yothke), 
ky=hf(a +h, Yo+ks), 
k=}(k,+2k,+2k, +k). 
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When the equation to be integrated takes the speciai form 

dy 

dz =f (æ), 


Runge’s formula reduces to Simpson’s rule i 


Toth 
k=" Nade = B fla) + Af 0 +I +e) 
To = 
The second and third cases do not lead to formule of any particular importance. 


B’5. Arrangement of the Work.—The practical problem may be stated as 
follows : To tabulate the solution of the differential equation 


dy» 
a =f(@, y) 


which reduces to y=y, when way, the tabular interval being h. Let a,=a--rh, 
and let y, be the corresponding value of y 

Runge’s formula is, on account of its particular simplicity, adopted as the 
standard, and the work of evaluating y, is carried out in the following self- 
explanatory scheme :— 


Xo Yo S(®os Yo) ky (ky +k) 
ato+4h Yoh, S(@o+4h, Yor He) keg eee TA, 
Lo t+sh Yo tka S(®o t+ $h, Yot tka) kz sum 
Voth Yot ks S(@o+h, Yotks) k, k=} sum. 

gı Yı 


The work is repeated with (%4, y,) as the pair of initial values, giving y,, and so on. 

So far no estimate of the error due to the neglecting of terms in h5 and higher 
terms has been made. An estimate of the error, when h is reasonably small, may be 
made by repeating the working with the double interval 2h. Let e be the error in 
Yı so that approximately 


e=ch5, 


where c is a constant. Then the error in y,, calculated in two stages, is 2e=2ch', 
On the other hand the error in y,, calculated in one stage, is 


é’ =82ch'5, 
and therefore 
2e—7,(e’ —2e) 
=15(Y2' —Y2); 
where y, is the value determined by two stages, and Yo" the value determined in a 


single stage. 

The pire will be illustrated by calculating the valós for æ =0°4 of the solution 
of 
I =y? 
ante 
which reduces to zero for z=0. When the calculation is performed first by two 
steps and then in a single step, the working is as follows : 

2N 
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Tabular Interval: h=0°2. 


0 0 | 0 0 -020040 
S T 0 | “100000 -020000 -040020 
0-1 -010000 | 100100 -020020 -060060 
o2 -020020 -200401 -040080 -020020 
o2 ‘020020 — | -200401 -040080 -060688 
o3 040060 | -301605 -060321 -120825 
03 050180 | -302518 -060504 ‘181513, 
oas | “080524 406484 "081297 060504 
0-4 "080524 e onibar ee 


Tabular Interval: h=O-4. 


= y Í hf 

0 0 | 0 0 -081301 

0-2 0 | 200000 -080000 -160640 

o2 "040000 | 201600 080640 | “241941 

O-4 080640 | 406503 162601 -080647 
a A e O A - il ; 


The difference between the two determinations is ‘000125, which points to an 
error of roughly 000008 in the first determination. The errors are both in excess, 
and therefore the corrected value is 


0°080516. 


It may easily be verified that the solution in question may be developed as 
follows : 


y=} the" + i tor? n Fi iyo?! + s.. 
and that the true value of y, for a=0°4, is 


00805161 .. 


B’6. Extension to Systems of Equations. —The foregoing processes of numerical 
integration may be extended to systems of any number of equations of the first 
order, and therefore to equations of order higher than the first. For a system of 
two equations 


dy _ dz _ 
= =f(@, Y, z), = =g(æ, Y, 2), 


if the initial conditions are that 


Y=Yo. Z=% When z=Z 
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then Runge’s formule for the increments k and l which y and 2) receive when 2, 


is increased by h are 
ky =hf(%o, Yos Zo)» 
ka =Nf(ay +h, Yot thy. % +411), 
ks =hf(a + 3h, Yot dha, % +41), 
Ky =hf(ay +h, Yo +k 3s Ya +l), 


1, =hg(Xo, Yos Zo)» 


1, =hg(ay +h, Yot thy, % +$h), 
1, =Ng(@y +h, Yo+t do, % + Ko) 


ly "i =hgZ{ xo +h, Yo hg, Zo +l); 


k=}(k,+2k,+2k,+h,), 
1=}(1, +21, +2l;+1,). 


EXAMPLES FOR SOLUTION. 


1. Given the differential equation 


dy y—& 
de y+’ 


with the initial conditions 7,0, y,=1, tabulate y for 7=0°2, 0°4, . . ., 1:2 to six places of 
decimals. [The accurate solution 


ee ae ae Ae 
4 log (w*+-y?)+are tanz "5 


gives y =1:1678417 when x=1°2.] 


2. For the above range of values, and initial conditions tabulate the solution of 


[When #=1°2 the value of y correct to seven places of decimals is 0°5387334. This example 
is treated in detail in Runge-K6nig, Numerisches Rechnung.| 


3. The equation of the Bessel functions of order zero 


dy d 

x z + 2 +ay=0 
is equivalent to the system 

dy 2 

dx 2’ de” 
and the solution 

y=J (x) 
corresponds to the initial conditions 
%=0, Yo=l, %=0. 


Tabulate J,(a), to five places of decimals, at intervals of 0°2 from «=0 to e=1°2. 


mA rauir 
ay ese ama Att s 


yA 
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LIST OF JOURNALS QUOTED IN FOOTNOTES TO THE TEXT 


[For fuller information concerning these Journals, and for a list of the libraries in 
which they may be found, the Catalogue of Current Mathematical Journals, etc., 
published by the Mathematical Association, may be consulted.| 


Abh. Akad. Wiss. Berlin . 


Abh. Ges. Wiss. Gött. 
Acta Erud. 
Acta Erud. Suppl. 


Acta Math. s ; 
Acta Soc. Sc. Fenn. . 


Am. J. Math. 

Ann. di Mat. 

Ann. Ec. Norm. 

Ann. Fac. Sc. Toulouse 


Ann. of Math. 


Ann. Scuola Norm. Pisa y 


Archiv d. Math. u. Phys. 


Archiv for Math. 
Arkiv för Mat. . 


Bibl. Math. 

Bull. Am. Math. Soc. 
Bull. Acad. Sc. Belg. 
Bull. Sc. Math. . 


Bull. Soc. Math. France ; 
Bull. Soc. Philomath. Paris 


Camb. Math. J. 
Comm, Acad. Petrop. 


Abhandlungen der königlichen Akademie der 
Wissenschaften in Berlin. 

Abhandlungen der königlichen Gesellschaft 
der Wissenschaften zu Göttingen [continua- 
tion of Comm. Gott.]. 

Acta Eruditorum publicata Lipsiæ. 

Acta Eruditorum quæ Lipsiæ publicantur 
Supplementa. 

Acta Mathematica, Stockholm. 

Acta Societatis Scientiarum Fennice, Hel- 
singfors. 

The American Journal of Mathematics, 
Baltimore, Md. 

Annali di Matematica pura ed applicata, 
Rome and Milan. 

Annales scientifiques de PÉcole Normale 
supérieure, Paris. 

Annales de la Faculté des Sciences de 
Toulouse. 

Annals of Mathematics, Princeton, N.J. 

Annali della R. Scuola Normale superiore di 
Pisa. 

Archiv der Mathematik und Physik (Grunert’s 
Archiv), Greifswald and Leipzig. 

Archiv for Mathematik og Naturvidenskab, 
Christiania (Oslo). 

Arkiv för Matematik, Astronomi och Fysik, 
Stockholm. 


Bibliotheca Mathematica, Stockholm and 
Leipzig. 

Bulletin of the American Mathematical 
Society, Lancaster, Pa., and New York. 
Bulletins de ’ Académie royale des Sciences 

de Belgique, Brussels. 
Bulletin des Sciences mathématiques, Paris. 
Bulletin de la Société mathématique de 
France, Paris. . 
Bulletin de la Societé philomathique de Paris. 


The Cambridge Mathematical Journal. 
Commentarii Academiz Scientiarum Im- 
perialis Petropolitanæ [Continued as 
Novi Comm. ]. 
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Comm. Gott. 


Comm. Math. Soc. Kharkov 


C.R. Acad. Sc. Paris. 


Forhand. Vid.-Selsk. Christiania 


Gött. Nach. 


Hist. Acad. Berlin 
Hist. Acad. Paris 


J. de Math. 
J. Ec. Polyt. 


J. fiir Math. 
Math. Ann. 
Mathésis 


Mém. Acad. Sc. Paris 


Mess. Math. 
Misc. Berol. 


Misc. Taur. A ‘ 
Monatsh. Math. Phys. 


Nouv. Mém. Acad. Berlin 


Ofv. Vet.-Akad. Stockholm 


Phil. Trans. R.S. 

Proc. Am. Acad. 

Proc. Camb. Phil. Soc. 
Proc. Edin. Math. Soc. 
Proc. London Math. Soc. 
Proc. Roy. Soc. Edin. 
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Commentarii Societatis Regiz Scientiarum 
Gottingensis. [Continued successively as 
Novi Commentarii, Commentationes and 
Commentationes recentiores.] 

Communications and Proceedings of the 
Mathematical Society of the Imperial 
University of Kharkov. 

Comptes Rendus hebdomadaires des Séances 
de l’Académie des Sciences, Paris. 


Forhandlinger i  Videnskabs-Selskabet i 
Christiania (Oslo). 


Nachrichten von der königlichen Gesellschaft 
der Wissenschaften zu Göttingen. 


Histoire de l’Académie royale des Sciences et 
des Belles-Lettres de Berlin. 

Histoire de Académie royale des Sciences, 
Paris. 


Journal de Mathématiques pures et appliquées 
(Liouville), Paris. 

Journal de I Ecole Polytechnique, Paris. 
[Reference is made to the Cahier, each of 
which is separately paged. The number 
of cahiers to the volume is irregular. ] 

Journal fiir die reine und angewandte Mathe- 
matik (Crelle’s Journal), Berlin. 


Mathematische Annalen, Leipzig. 

Mathésis, Recueil Mathématique, Gand and 
Paris. 

Mémoires de VAcadémie des Sciences de 
l'Institut de France ; since 1805, Mémoires 
présentés par divers savants .. .. 

The Messenger of Mathematics, London and 
Cambridge. 

Miscellanea Berolinensia, Berlin. 

Miscellanea Taurinensia, Turin. 

Monatshefte fiir Mathematik und Physik, 
Vienna. 


Nouveaux Mémoires de l’Académie royale des 
Sciences et Belles-Lettres, Berlin. [Con- 
tinuation of Hist. Acad. Berlin.| 


Ofversigt af Kongliga Vetenskaps-Akademiens 
Förhandlingar, Stockholm. 


Philosophical Transactions of the Royal 
Society of London. 

Proceedings of the American Academy of 
Arts and Sciences, Boston, Mass. 

Proceedings of the Cambridge Philosophical 
Society. 

Proceedings of the Edinburgh Mathematical 
Society. 

Proceedings of the London Mathematical 
Society. 

Proceedings of the Royal Society of Edinburgh. 
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Quart. J. Math. $ ; 


Rend. Accad. Lincei . 


Rend. Circ. Mat. Palermo 
Rend. Isi. Lombard. . 


Sitz. Akad. Wiss. Berlin . 


Trans. Am. Math. Soc. 
Trans. Camb. Phil. Soc. . 


Trans. Roy. Soc. Edin. 


Z. Math. Phys. . 
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The Quarterly Journal of Pure and Applied 
Mathematics, London. 


Atti della R. Accademia dei Lincei, Rendi- 
conti, Rome. 

Rendiconti del Circolo Matematico di Palermo. 

Reale Istituto Lombardo di Scienze e Lettere. 
Rendiconti, Milan. 


Sitzungsberichte der königlichen preussischen 
Akademie der Wissenschaften, Berlin. 


Transactions of the American Mathematical 
Society, Lancaster, Pa. and New York. 

Transactions of the Cambridge Philosophical 
Society. 

Transactions of the Royal Society of Edin- 
burgh. 


Zeitschrift für Mathematik und Physik, 
Leipzig. 
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í. Treatises. 

(1) Forsyth, A. R., Theory of Differential Equations, Cambridge, 1900-1902, six 
volumes, of which the first four deal with ordinary differential equations, 
namely : 

Vol. I. Exact Equations and Pfaff’s Problem. 
Vols. II., III. Ordinary Equations, not Linear. 
Vol. IV. Ordinary Linear Equations. 


(2) Craig, T., Treatise on Linear Differential Equations, New York, 1889. 


(3) Page, J. M., Ordinary Differential Equations, with an Introduction to Lie’s 
Theory of Groups of One Parameter, London, 1897. 


(4) Bateman, H., Differential Equations, London, 1918. 


(5) Goursat, E., Cours d Analyse mathématique, Paris, Tome II. (4th ed. 1924) 
and Tome III. (3rd ed. 1922). 


(5a) A Course in Mathematical Analysis, translated by E. R. Hendrick and 
O. Dunkel, Vol. II., part 2, Boston, 1917. 


(6) Jordan, C., Cours d Analyse de École Polytechnique. Paris, Tome III. (3rd 
ed. 1915). 


(7) Picard, E., Traité d Analyse, Paris, Tome II. (3rd ed. 1926), Tome III. (2nd 
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(8) Schlesinger, L., Einfühung in die Theorie der Differentialgleichungen auf 
funktiontheoretischer Grundlage, Berlin and Leipzig (8rd ed. 1922; a 
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(9) Schlesinger, L., Handbuch der Theorie der linearen Differentialgleichungen, 
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(10) Schlesinger, L., Vorlesungen über lineare Differentialgleichungen, Leipzig and 
Berlin, 1908. 


(11) Keenigsberger, L., Lehrbuch der Theorie der Differentialgleichungen, Leipzig, 
1889. 


(12) Heffter, L., Einleitung in die Theorie der linearen Differentialgleichungen mit 
einer unabhängigen Variabeln, Leipzig, 1894. 


(13) Horn, J., Gewéhnliche Differentialgleichungen beliebiger Ordnung, Leipzig, 
1905 (Sammlung Schubert L.). 


(14) Bieberbach, L., Theorie der Differentialgleichungen, Berlin, 1923. 
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II. Monographs. 
(1) Enzyklopädie der Mathematischen Wissenschaften, Leipzig : 
II. A 4a. Painlevé, P., Gewéhnliche Differentialgleichungen ; Existenz 
der Lésungen, 1900. 
II. A 4b. Vessiot, E., Gewéhnliche Differentialgleichungen ; Elementare 


Integrationsmethoden, 1900. 
[These are reproduced, in an improved form, in the Encyclopédie des 
Sciences mathématiques, Paris and Leipzig, Tome II. vol. 3, fase. 1, 1910.] 
II. A 7a. Bécher, M., Randwertaufgaben bei gewöhnlichen Differential- 


gleichungen, 1900. 
II. B 5. Hilb, E., Lineare Differentialgleichungen im komplexen Gebiet, 


1915. 
II. B 6. Hilb, E., Nichtlineare Differentialgleichungen,. 1921. 
II. D8. Liebmann, H., Geometrische Theorie der Differentialgleichungen, 


1916. 


(2) Klein, F., Uber lineare Differentialgleichungen der zweiten Ordnung. Gottingen, 
1914 (autographed ; a printed edition is said to be in preparation). 


(8) Bécher, M., Uber die Reihenentwickelungen der Potentialtheorie, Leipzig, 
1894. 


(4) Painlevé, P., Legons sur la théorie analytique des équations différentielles, 
professées à Stockholm, Paris, 1897 (lithographed). 


(5) Boutroux, P., Leçons sur les fonctions définies par les équations différentielles de 
premier ordre, Paris, 1908. 


(6) Bécher, M., Leçons sur les méthodes de Sturm dans la théorie des équations 
différentielles linéaires et leurs développements modernes, Paris, 1917. 


[Several monographs in preparation for the Series: Mémorial des Sciences Mathé- 
matiques deal with various aspects of the theory of ordinary differential equations.] 
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Borel, E., 202 

Bortolotti, E., 116 

Bounitzky, E., 210 

Bouquet, see Briot 

Boutroux, P., 353, 517 

Briot, C. A. A., and Bouquet, J. C., 281, 
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129 


Cailler, C., 191 

Caqué, J., 63 
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Dini, U., 266 
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Jacobi, C. G. J., 22, 125, 144, 465 


Kauffmann, N., 531 

Klein, F., 93, 108, 248, 393, 494 
Kneser, A., 269, 278, 275 

Koch, H. von, 388 
Koenigsberger, L., 281 

Kremer, G., 34 


www.rcin.org.pl 


554 


Kummer, E. E., 162, 180, 183 
Kutta, W., 540 


Lagrange, J. L., 87, 119, 122, 124, 142, 187, 
536-588 

Lamé, G., 248, 378 

Laplace, P. S., 187, 193, 587, 539 

Legendre, A. M., 40, 164 

Leibniz, G. W., 3, 18, 21, 22, 529-531 

Liapounoy, A., 155, 883-384 

Lie, S., 98 

Lindelöf, E., 68, 91, 164 

Lindemann, C. L. F., 395 

Liouville, J., 68, 210, 268, 271, 294 

Lipschitz, R., 68, 75, 76 

Lobatto, R., 188 

Lommel, E., 184 


Malmsten, C. J., 141 

Mansion, P., 87 

Mason, M., 210, 231, 240, 242, 266 
Mathieu, E., 175 

Mayer, A., 56 

Mellin, H., 191, 195 

Mercator, see Kauffmann, N., Kremer, G. 
Mercer, J., 276 

Mie, G., 66 

Milne, A., 408 

Mittag-Leffler, G., 288, 375, 388, 408 
Moigno, F. N. M., 76 

Monge, G., 57 

Morgan, A. de, 87 


Napier, J., 581 
Newton, I., 529-580 


Osgood, W. F., 67 


Painlevé, P., 281, 287, 292, 311, 317, 344- 
346, 353, 355 

Papperitz, E., 391 

Peano, G., 68, 66, 116, 408 

Perron, O., 66, 181, 185, 300 

Petrovitch, M., 87 

Petzval, J., 188, 201 

Pfaff, J. F., 57 


TOWARZYST:;0 


Bi mer? mr 
BERN ie. 


INDEX OF AUTHORS 


Picard, E., 68, 281, 288, 296, 317, 875 

Picone, M., 226, 236-237 

Plemelj, J., 471 

Pochhammer, L., 416, 455 

Poincaré, H., 5, 73, 296, 297, 303, 388, 428, 
444, 445, 447 

Poisson, S. D., 238 

Poole, E. G. C., 385 

Porter, M. B., 205 


Raffy, L., 45 

Riccati, J. F., 23, 25, 294, 582 

Richardson, R. G. D., 287, 248 

Riemann, G. F. B., 76, 162, 281, 357, 372, 
389, 460 

Rodrigues, O., 165 

Rouché, E., 528 

Runge, C., 540 


Sanlievici, S. M., 237 
Schläfli, L., 462, 467 
Schlesinger, L., 273 
Schloémilch, O., 466 
Schwarz, H. A., 393 
Serret, J. A., 23 
Severini, C., 68 
Sharpe, F. R., 202 
Sonine, N. J., 467 
Stokes, G. G., 172, 174. 
Sturm, J. C. F., 223, 231, 235, 252 


Tannery, `J., 365 

Taylor, B., 87, 538 

Thomé, L. W., 125, 3864, 417, 422, 424 
Tzitzéica, G., 242 


Vivanti, G., 116 


Weber, H., 159, 184 
Wedderburn, J. H. M., 68 
Weierstrass, K., 277, 281 

Whittaker, E. T., 159, 178, 508-504 
Wiman, A., 515 

Wright, E., 34 

Wronski, H., 116 


Young, W. H., 288 


WADO? AWAY 


"oe WANE WYRE 


GABINET MATEMATYCZNY 
Towarzystwa Naukowego Warszawskiego 


www.rcin.org.pl 


TOWARZYST.i6 


GENERAL INDEX 


[Numbers refer to pages ; those in italics relate to special examples. | 


Abelian integral, 
periods of, 461 

Abel identity, 75, 119, 215, 242 

Addition formule for circular, hyperbolic, 
and elliptic functions, 25, 61 

Adjoint equation, 123, 131; reciprocity 
with original equation, 124 ; composition 
of, 125; criterion for number of regular 
solutions, 422 

Adjoint systems, 210; self-adjoint systems 
of the second order, 215. See also 
Sturm-Liouville systems. 

Analytical continuation of solutions, 286 

Asymptotic development of solutions of linear 
equations, 169 ; of Bessel functions, 171, 
468 ; use of, in numerical calculations, 173 ; 
of parabolic-cylinder functions, 184; of 
characteristic numbers and functions, 270 ; 
of first Painlevé transcendent, 352; 
derived from Laplace integral, 444; of 
confluent hypergeometric functions, 465 ; 
of solutions of a system of linear equa- 
tions, 484 

Asymptotic distribution of zeros of solutions, 
515-527 


Bernoulli equation, 22, 531 

Bessel equation, 171, 184, 501; general 
solution, 403 

Bessel functions, definite integrals for Jn(æ), 
190, 203 ; contour integrals, 466, 468 

Bilinear concomitant, 124 ; proved to be an 
ordinary bilinear form, 211 

Bilinear form, properties of, 208 

Binomial equations, 312; integration of 
the six types, 315 

Boundary conditions, 204; of adjoint 
system, 212; of self-adjoint system of 
the second order, 216; of Sturm-Liou- 
ville system, 217, 235, 238 ; periodic, 218, 
241-242 

Boundary problems, 204, 230 ; 
odic conditions, 242 

Bounded coefficients, 
equations with, 155 

Branch points, movable or parametric, 289, 
298 ; conditions for absence of, 306-811, 
322, 346 

Briot and Bouquet, 
generalised, 297 


Canonical form of total equation, 58 

Canonical sets of substitutions, 361 

Canonical system of linear equations, 471 

Cauchy-Lipschitz method, 75-80 ; extended 
range of, 80 

c-diseriminant and its locus, 85, 92 

Characteristic determinant and equation of a 
system of linear equations with constant 


equation satisfied by 


with peri- 


systems of linear 


equation of, 295; 


coefficients, 144; of the general linear 
equation, 858; of a system of linear 
equations, 469 

Characteristic exponents of an equation with 
periodic coefficients, 382 

Characteristic functions, 218, 233, 235, 287 ; 
orthogonal property, 238; of a system 
with periodic boundary conditions, 247 ; 
in Klein’s oscillation theorem, 249 ; 
asymptotic development, 270; closed, 
273 

Characteristic numbers, 218, 220, 232, 233, 
235, 237, 247, 249, 253, 260; reality of, 
238, 240 ; index and multiplicity of, 241 ; 
asymptotic development, 270 

Characteristic values of the parameter in 
Mathieu equation, 176; in a non- 
homogeneous equation, 266 

Characteristics of a simultaneous linear 
system, 47, 49, 50 

Clairaut equation, 39, 539 

Class of a singularity, 419 

Comparison theorem, Sturm’s first, 228 ; 
second, 229 

Compatibility, index of, 205, 207 

Complementary function, 115-; of the linear 
equation with constant coefficients, 135 ; 
of the Euler linear equation, 142 

Confluence of singular points, 495 

Conformal representation, 33 

Conies, differential equations of families of, 
5, 15, 32 

Constant coefficients, linear equation with, 
138, 534-536; the complementary 
function, 185 ; particular integrals, 138 ; 
application of the Laplace method to, 
442; systems of linear equations with, 
46, 144-155 

Constants-in-excess, 504 

Contiguous functions, 459 

Continued fractions, representation of 
logarithmic derivatives of solutions by, 
178 ; terminating, 179; connexion with 
the function ,F, (a; y; æ), 180; with 
the Legendre functions, 182; other 
examples, 184-185 

Continuity in initial values, 69 

Convergence of series-solutions, 64, 72, 74, 
266, 283, 286, 398 

Critical points, movable, necessary con- 
ditions for the absence of, 321-825. See 
also Branch points. 


D’Alembert’s method in the theory of linear 
equations, 136, 538 

Darboux equation, 29 

Degree, 3; equations not of the first, 34, 
82, 304-816 
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Determining factor of a normal solution, 
424; calculation of, 425 

Diagonal systems, 148, 150, 157; simple, 
153 


Doubly-periodie coefficients, equations 
having, 3875-381. See also Lamé 
equation. 


Duality, principle of, 40 


Equivalence of simultaneous linear systems 
with constant coefficients, 146. See also 
Diagonal systems. 

Essentially-transcendental functions, 318 

Euler equation (total), 25, 61 

_ Euler linear equation, 141, 534 
Euler’s theorem on homogeneous functions, 
10; extended, 15 

Euler transformation, 191, 202 

Exact equation, 16, 19 

Existence theorems, 62-81, 91, 281-286 

Exponents (indices) relative to a singular 
point, 160, 360; differing by integers, 
163, 369 ; solutions corresponding to sets 
or sub-sets of, 362, 364, 400 


Floquet theory, 381-384 ; 
Hill’s equation, 384 

Formula of an equation, 497 

Frobenius, method of, 396-403 ; application 
to the Bessel equation, 403 

Fuchsian theory, 356-370; 
Floquet theory with, 385 

Fuchsian type, equations of, 370 

Fundamental set (system) of solutions of a 
linear equation, 119, 159, 403 ; of solutions 
of a system of linear equations, 469 


application to 


analogies of 


Gegenbauer function C,,°(z), equation of the, 
99 


Geometrical significance of solutions of an 
ordinary differential equation, 13, 35 ; 
of a total differential equation, 55 

Grade of normal or subnormal solution, 
427-428 

Green’s formula, 211, 215, 225, 255 

Green’s function, 254, 258; of a system 
involving a parameter, 258-263 

Green’s transform, 508 ; invariance of, 509 

Group, continuous transformation, 93-113 ; 
equations which admit of, 102 ; extended 
group, 1038 

Group, monodromic, 389; of the hyper- 
geometric equation, 391; derived from 
contour-integral solution, 458 


Hamburger equations, 480-436 ; conditions 
for normal solution, 432 

Hill’s equation, 384, 507 

Homogeneous equations, of the first order, 
18, 37; of higher order, 44 

Homogeneous functions. See Euler’s 
theorem. 

Homogeneous (reduced) linear equations, 20, 
114, 1338 

Hypergeometric equation, 161, 781, 183, 
394, 416, 502; solution by definite 
integrals, 195 ; confluent hypergeometric 
equation, 464, 468, 504; generalised hyper- 
geometric equation, 391 ; other equations 
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of similar type, 180, 184, 198, 202, 
394. See also Bessel equation, Legendre 
equation. 


Index of compatibility, 205 ; determination 
of, 207; of adjoint system, 213; effect 
of small variations on, 219 

Indicial equation, 160, 367, 369, 371, 397, 
419 

Infinitesimal transformations, 94 ; notation, 
96. See also Groups, continuous trans- 
formation. 

Infinity, singular point at, 160, 168, 291, 353, 
356, 371, 424, 430, 469, 495, 507 

Inflexions, locus of, 89 

Initial values (initial conditions), 62, 71, 
73, 115, 119; variation of, 68 ; singular, 
288-290, 304. See also Boundary con- 
ditions. 

Integrability, condition of, 16, 19, 53, 58 

Integral-curve, 13, 15, 32, 33, 36, 40, 55; 
cusp on, 83; singular, 84; particular, 84 ; 
algebraic, 90 

Integral equation, 63, 200, 261, 519 

Integral equivalents, in Pfaff’s problem, 57 

Integral, first, 12 

Integrals, solution by, single, 186-197, 201- 
203 ; double, 197—199 ; contour, 438—468 

Integral-surface, 47, as a locus of cha- 
racteristic curves, 48 

Integrating factor, 19, 27, 60, 531, 534-587 

Invariant of a linear equation of the second 
order, 394 

Irreducible constants, 490, 497 

Irreducible equations, 128, 304 


Jacobians, 7 
Jacobi equation, 22, 31 
Jordan and Pochhammer, integrals of, 454 


Klein’s oscillation theorem, 248 


Lagrange identity, 124 

Lamé equation, 248, 378, 395, 500, 505 ; 
extended, 502 ; generalised, 496, 502, 507 

Laplace integrals, for the Legendre functions, 
193-195, 467; solution of standard 
canonical system by, 479 

Laplace transformation, 187—189, 438—444 

Legendre equation, 164, 192, 462; 
associated equation, 183, 500 

Legendre functions, P,(v) and Qn(æ), series 
for, 165; continued fractions and, 182 ; 
definite integrals, 192-195, 202, 464; 
contour integrals, 462-464; associated 
functions, 183, 195 

Legendre polynomials, 165, 193 

Limits, method of, 282 

Linear differential equation, 3, 534-538 ; of 
the first order, 20 ; of order n (existence 
of solution), 73, 284. See also under the 
names of special equations, Boundary 
problems, Singularities, etc. 

Linear differential systems. 
linear differential 

Linear independence of solutions of a linear 
equation, 402. See also Fundamental set 


See Systems, 
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Linear substitutions, 118, 209, 357-362, 388, | Periodic transformations, 200 


470 
Linear systems. 
linear. 
Line-element, 13; singular, 83 
Lipschitz condition, 63, 67, 71 
Logarithmic case, 164, 364, 369 
Logarithms, conditions for freedom from, 
404 


See Systems, simultaneous 


Mathieu equation, 175, 500, 503, 508 ; non- 
existence of simultaneous periodic solu- 
tions, 177; associated equation, 503 

Mathieu functions cen(æ) and sen(æ), 177 

Matrix solution of a simultaneous linear 
system. See Peano-Baker method. 

Mayer’s method of integrating total differ- 
ential equations, 56 

Mellin transformation, 195; application to 
the hypergeometric equation, 195 

Mercator’s projection, 34 


Non-homogeneous linear equation, solution of, 
122; with constant coefficients, 188, 535 

Non-homogeneous linear systems, compati- 
bility} of, 214, 266; development of 
solution, 269 

Non-linear equations of the second and 
higher orders, 317-355 

Normal solutions, 423-427, 436—437, 469, 
478 ; of the Hamburger equation, 432- 
436 

Numerical integration of equations, 540-547 


Operators, linear differential, 114; factori- 
sation, 120; adjoint, 125; permutable, 
128 ; with constant coefficients, 133 

Order, 3; integrable equations of higher 
than first, 42; depression of, 121 

Ordinary differential equation, 3; genesis 
of, 4; solutions of, 11; geometrical 
significance, 13. 

Orthogonal property of characteristic func- 
tions, 237, 263. 

Oscillation of solutions, 224 ; conditions for, 
227 

Oscillation theorems, Sturm’s, 231-237 ; 
Klein’s, 248 ; other forms, 252-253 


Painlevé transcendents, 345 ; freedom from 
movable critical points, 346-351 ; asymp- 
totic relationship with elliptic functions, 
352 

Partial differential equation, 3; formation 
of, 6, 9; equivalent to simultaneous 
linear system, 47; homogeneous linear, 
50; satisfied by functions invariant 
under a given group, 99 

Peano-Baker method in the theory of 
simultaneous linear systems, 408 

p-discriminant and its locus, 88, 92, 304, 
308 

Periodic boundary conditions, differential 
systems with, 242-248 

Periodic coefficients, equations having. See 
Doubly-periodic coefficients, Simply- 
periodie coefficients. 

Periodic solutions, existence of, 386 


Permutable linear operators, 128, 133 
Pfaff’s problem, 57-60 

Picone formula, 226 

Planes, partial differential equations of, 6 
Prime systems, 153 

Primitive, 5 

Puiseux diagram, 298, 301, 427 


Quadratures, determination of particular 
integral by, 122, 140 


Rank of an equation or system of equations, 
427-430, 469; equations of unit rank, 
443 ; reduction of rank, 445; equations 
of higher rank, direct treatment, 448 ; 
solution of standard canonical system of 
rank unity by Laplace integrals, 479 ; 
solution of system of rank two, 480; 
solution of system of general rank, 482 

Recurrence-relations, between coefficients 
in the series-solution of a linear differ- 
ential equation, 397, 421, 433 ; between 
contiguous functions, 460 

Reducibility of an equation having solutions 
in common with another equation, 126; 
of an equation having regular singu- 
larities, 420 

Regular singularity. See under Singularity. 

Regular solutions of a linear differential 
equation, 364; of a system of linear 
equations, 369; development in series, 
396 ; possible existence of, at an irregular 
singularity, 417; general non-existence 
of, 421 

Riceati equation, 23, 293, 311, 315, 335, 
341. 533 

Riemann P-function, 162, 389; its differ- 
ential equation, 391; contour-integral 
solutions of the equation, 460 ; extended 
P-function, 496 

Riemann problem, 389 ; generalised, 490 


Schwarzian derivative, 394 

Self-adjoint. See Adjoint equation, Adjoint 
systems. 

Semi-transcendental functions, 318 

Separation of variables, 17, 530-5831 

Separation theorem, Sturm’s, 223 

Simply - periodic coefficients, equations 
having, 175, 247, 381, 415, 506. See also 
Hill’s equation, Mathieu equation. 

Singular points (singularities), 13, 69, 160, 
286; fixed and movable, 290; closed 
circuits enclosing, 357, 385; regular 
(conditions for), 161, 365-369 ; real and 
apparent, 406, 416 ; irregular, 168, 417— 
437 ; equivalent, 469 ; elementary, 495 ; 
confluence 495; species of irregular, 496. 
See also Branch points, Critical points, 
Infinity. 

Singular solutions, 12, 87, 112, 308, 355, 588 

Solutions, 3. See also Fundamental set, 
Normal solutions, Regular solutions, 
Singular solutions, Subnormal solutions. 

Spheres, partial differential equations of, 6 
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Standard Domain, zero-free, 516 

Sturm-Liouville development of an arbitrary 
function, 273; convergence of, 275; 
comparison with Fourier cosine develop- 
ment, 276. 

Sturm-Liouville systems, 217, 227, 235, 238, 
241, 270 

Sturm’s fundamental theorem, 224. See also 
Comparison theorem, Oscillation theorems, 
Separation theorem. 

Subnormal solutions, 427, 437 

Successive approximations, method of, 63- 
75, 91, 263 

Surfaces of revolution, partial differential 
equation of, 9 

Systems, simultaneous linear algebraic, 205 

Systems of differential equations, simul- 
taneous, 14, 45; existence of solutions, 
71, 284, 408; conversion of linear 
equation into, 73, 411; equivalent 
singular point of, 469 ; formal solutions, 
478; characterisation of solutions at 
infinity, 485. See also under Bounded 
coefficients, Constant coefficients. 

Systems, linear differential, 204 ; determina- 
tion of index, 207; adjoint, 210; non- 
homogeneous, 213, 266; self-adjoint of 
second order, 215; involving a para- 
meter, 218 ; effect of small variations in 
coefficients, 219. See also Sturm-Liouville 
systems. 
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Tac-point and tac-locus, 85, 88 

Total differential equations, 3, 16; forma- 
tion of, 10; integrability, 52; geo- 
metrical interpretation, 55; Mayer’s 
method, 56; Pfaffs problem, 57; 
canonical form, 59 

Trajectories, orthogonal, 
oblique, 33 

Transformation-groups. See Groups, con- 
tinuous transformation. 


32, 92, 582; 


Transformations, 496; projective and 
quadratic, 497. See also Linear substitu- 
tions. 


Truncated solutions, 522 


Uniform solutions, class of equations having, 
872 


Variables, equations not involving one of, 
36, 48, 311; equations linear in, 38 
Variation of parameters, 21, 122, 245 


Weber equation, 159, 501, 506 

Wronskian, 116; Abel formula, 119; 
value after description of closed circuit, 
357 


Zero-free intervals, 512 

Zero-free regions, 513; star, 515. 
Standard Domain. 

Zeros. See under Sturm’s fundamental 
theorem. 


See also 
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